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To the Teacher

This book contains the entire year 13 requirements for Mathematics in Samoa Secondary
Schools.

The level number and objectives at the front of each chapter refer to the New Zealand
Curriculum for which this title was originally published. Teachers must refer to the
Mathematics Curriculum Statement for Samoa Secondary Schools during their planning
of units of work and ensure that students are fully aware of the achievement objectives
from this document.
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1. BASIC A]de;;ﬁ:l;gRA

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 5 ALGEBRA
« to evaluate linear expressions by substitution

« to combine like terms in algebraic expressions

LEVEL 6 ALGEBRA

* 1o substitute values into formulae

LEVEL 7 ALGEBRA

* to carry out appropriate manipulation and simplification of algebraic
expressions

Intfroduction and Conventions

Basic algebra needs to be understood and practised so that problems can be
accurately and quickly solved.

If x and y represent two numbers then:

a. x+ yrepresents the number obtained by adding y to x.

b. x -y represents the number obtained by subtracting y from x.
c. xy represents the number obtained by multiplying x and y.

d. i% represents the number obtained by dividing x by y.
e

x? means x X x; in the term x?, 2 is the power (or exponent or index) of the
base x.

Note: xy can also be represented by x X y.
% can also be represented by x + y.

Using the above, 5x%y + 2x* represents 5 X x X x X y + 2 X x X x X X.

Substitution

A formula is an equation which uses variables and symbols to describe a
mathematical relationship. Substitution means replacing the variables with
numbers, and usually results in a calculation.
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Example A: Find the value of C in the formula C = 2A — 4B when A =5

and B = 2.

Solution: substituting A=5 and B = 2

givesC=2x5-4x2
=10-8
L C=2

Repeated Substitution by Calculators

3. Evaluate the following:

Example B: The formula for the area of a circle is A = nR?where A is the
area and R is the radius. Find the area to 2 decimal places, if ©=3.142 and
R =8.215cm.

Solution: A = nR?
S A =3.142 x (8.215)* cm? [substituting]
= 212.04cm? (2 decimal places)
Example C: V =3x>- 8y% Find V whenx=-3, y = 1.
Solution: v = 3(:3) - 8(dy
SV =27-2
V=25

Note: In problems involving the substitution of negative numbers and
fractions it is essential to use brackets when making the substitutions.

Thus in Example C: 2
V=3x-32_8x~ [removing brackets too soon]
=27-4 2

= -31, which is wrong [if calculated as written down)

Exercise 1a

1.

Evaluate the following expressions:

a. AxXBifA=3B=7 b. BCifB=4,C=5

¢. 2PQiftP=4,Q=6 d. 3PQifP=50Q=7

e. TAXSBifA=10,B=9 f. 4Pifp=-3

g SQRifQ=-3,R=4 h. 7PAifP=-2 A=.3

i. ABCifA=3,B=4,C=-1 J+ 2AX3BifA=-3B=-4
Evaluate:

a. 2P+3QifP=4,Q=-2 b. PQ+5ifP=-5Q=3

c. 3P+7ifP=-4 d A-BifA=7,B=9

e. A-2BifA=-3,B=%8 f. 3P-QifP=-2,Q=5

g 8Q-PifQ=3,P=.5 h 6-P+Q)ifP=3Q=9
i. 2P-B+3ifP=4,B=-5 jo  AB+CifA=3 B=4,C=5

a. A2ifA=3 b 4X2ifX=2

c. 4P*ifP=2 d. 4PQifP=3,Q=2

e. A'+A’ifA=2 f. A'+B?ifA=1,B=5

g X-XifX=5 h. 3(A*+B)ifA=1,B=2

i. P-Q°'-1ifP=4,Q=1 j. ABifA=4B=2

k. X2ifX=-4 . 2A%ifA=-4

m. 3X2-2Y?ifX=5,Y=10 n 5X+X2ifX=-3

0. (A+BRifA=4B=-7

4. Evaluate the following:

a. A:BifA=2B=4 b. 6AP+3ifA=4,P=7
2

c. & ;B) ifA=4,B=1 d. %—PifP=5,Q=z

e. 2A+4B)+7ifA=14,B=7f %—gifA=4,B=9,c=3
. 3

g B+CifB=4,C=2 h rify=3

gigif3=3,c=9,1)=1

%ifs=-2,c=-9,A=3

i. 22Bifa=4B=6,C=7 ]
k. iz:EifA=3 1.

)
INETTE _ PV en_ oo
m. «C—lfA—9,C— 3 n. [Q] iftP=-8,Q=-2

Repeated Substitution by Calculators

Many substitution problems can be done more easily using an electronic calculator.
Often it is desirable to do the same calculation with a variety of different values.

Although this can be done using any scientific calculator, the task is enormously
simplified if the calculator is programmable.

Example D: Calculate the value of 2A + 3B over a large number of values.
The following program in the programming mode of any Casio programmable
calculator will enable this repeated calculation to be done very simply.

7>A:?27>B:2xA+3x%xB

On pressing the [EXE] key the symbol ? appears, inviting the value of A to be
typed in.
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The [EXE] button is pressed and another ? appears. The value of B is entered
and [EXE] is pressed. This causes the answer to be displayed.

Pressing [EXE] again restarts the program for the next values of A and B.

Students using programmable calculators made by other companies will have
to refer to the owner’s manual to get the equivalent program.

Exercise 1b

1. a. What changes would be necessary in the program in Example D to get a
program which would do repeated calculations of 4A — B +2C?
b. How many times would ? appear when the program was run once?

2. a. What changes would be necessary in the program in Example D to get a
program which would do a repeated calculation of 3A*?
b. . How many times would ? appear when the program was run once?

Simplifying

Simplifying means writing an expression as simply as possible. It is important to
simplify in order to make the processes of substitution and calculation swift.

An algebraic term is made up of one or more variables, a coefficient and one or
more exponents. Variables are letters which represent numbers. (The value of
variables can change.) A number multiplying the variables is called the coefficient
of the variable. An exponent is also called a power or index.

Example E:

For the expression 3x, the variable is x and the coefficient of x is 3.

For the expression 8a?, the variable is a, coefficient is 8, and power of a is 2.
For the expression 2a’b®, the variables are a and b, the coefficient is 2, the
power of a is 3 and the power of b is 8.

Like terms are terms with the same variables and the same powers. Thus 2x and
14x, 3y* and 4y* are like terms, but 2x? and 3x%, 4xy and 16x?y are unlike terms.

Unlike terms cannot be combined into a simpler expression when they are added or

subtracted together.

Simplifying

5

If a, b and c are any real numbers then the following laws are true:

Addition Multiplication

- Commutative Law a+b=b+a axb=bxa

Associative Law a+(b+c)=(@+b)y+c | ax(bxc)=(axb)xc

Distributive Law

ax(b+c)=axb+axc

The order of arithmetical operations is given by the mnemonic BEDMAS and is

explained below.
Start Calculation

IB do operations within brackets first then

[E  exponents (powers)|

11\),[ division and multiplication are done next and finally

]

addition and subtraction are done last

Finish Calculation
Note:

a. If several of the operations, addition and subtraction are involved they
are done in order from left to right. The same is true for multiplication
and division.

b. If more than one set of brackets is involved, they are removed in order
from left to right.

A
S

Example F:

a. 2a+5a=2Xa+5xa
=2+5xa [distributive law]
=7xa [adding coefficients]
=7a

b. 1la-3a=1la+ 3a [subtracting is ‘adding the opposite’]
= 8a [adding coefficients]

Note: In practice, the coefficients of a are added together.
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¢ 2ax3b=2xax3ixb

=2x3xaxh [commutative law]
={(2x3)x(axh) [associative law]

= ﬁ oA b

= fab

Note: In practice, the coefficients are multiplied together.

d. 3ax4b+2xab+4ad=12ab+ 2ab +4ad [simplifying]
= l4ab + 4ad |adding 12ab and 2ab)

Note: Further simplification is not possible because 14ab and dad are unlike
terms and cannot be added together to give a simpler expression.

e. 12a+3=12a x% [division is replaced by multiplication by the

reciprocal |
:]2){%!3
=4dxa [sincelzx%ﬂil
=4a

Note: In practice, all that is required is to divide 12 by 3.

1

f. AB+B=ABx [division is the same as multiplication by the

B .
reciprocal |
:Axﬂxi
=Axl [‘cancelling’ B]
=A

Note: In practice, all that is required is to cancel out the B's: AB + B = "'—;3 =A,

Exercise 1c: Basic Problems

I. Simplify the following expressions as much as possible:

a 3x +4x b. 5A-3A+2B+3B
c. 11Q+4Q+5P+6Q d. (6P +30Q+2Q) + (4P + 2Q)
e. 1IP-5P f. 2r +3x +2y
g 6A+9B-2A h. 12P—(2P+7P)
i. (9A-2A)+ 3B +2A j 18Q + 24B - 7B — 9P

2. a 4xB b. AxE c. Bx5x4
d IxAx4xB e. 4xAxXT f. 12xCxDx3
g 4x5%xQxA h. 8B x6A i. 3Ax5BP
j. 12Cx5PQx4R

3 a 6A+2 b. 12B+3 c. SA+A

ISAB + SA e. 36ABC +6AC r iR

Powers or Exponents

ABC AC . 5B
& “AB h. 4B T
ki s AT , -AB L 3
BN " 3BC A

Bt
m. B

Powers or Exponents

Products of the same number or variable can be simplified by writing them in
power form as illustrated in the following example. Powers are also called
exponents or indices.

|2 is the base, 4 is the power]

Example G: 2x2x2x2=2
[A is the base, 3 is the power]

AxAXA=A
ZARIAXIA = A=A

Products of powers of the same base can be written as the base to the sum of the
powers:

| AIHA!! = Arﬂ.#u
Example H: a. A'A%=A""" b. 8% 16=2"x2"
= AR — =T
= A =7
| (A" =A™
Example I: a. (P7)'=Pp"~* b, (2% = 29x
= p1* =9n
[(AB)" = A"B"

Example J: (3x)' =3
=27x

Example K: Simplify: A'A7 + 3AT x SA* + A’x A" + 6A""

Solution: A'A” + 3AT x SA* + A" x A+ 6AY
= A"+ I5AT 4+ A+ 6A0 [evaluating products]
=22AM0 4 AN [adding all the A™ terms]

Note: The expression 22A" + A" cannot be simplified any further because 22A'™
and A" are unlike terms and cannot be added together to give a simpler

expression.
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Example L: A" + A’ =A

=A°
36A ! 3A s
Example M: ;LF =— [dividing numerator and denominator by 12
and the smallest power of A which is A"]
_3A
2
25:4%"

Edeple N: Sxmpllfy 30x1(1y7

Solution:  The numerator and denominator have common factors 5, x'° and y".

5. 4 0
25x%y _ 25x Xyt [as xf =)§10,‘ix5]
304 :’>O,rm.)73.y4 [asy =y.y ]

5

i’x‘» . 1o 3
=3 0y [cancelling x , ¥']
5x° o
= 6y [simplifying]

[x": 1 and%:x’"solongasx;to

Example O: If x # 0 show that: a. x°=1 and

1 on.
b. X (iftx=0)

Solution: a. X' =x""
=x"+x"  [dividing by x" since x # 0]
=1

0

b. % = XF [since x’ = 1]
=x" [subtracting indices]
= x—n

Exercise le: Further Simplification

Exercise 1d

1. -Simplify as much as possible:

a. AXA b. AXAxAXBXxB c. PxQxPxQ

d. 2XAXA e. Px3x4xPxQ f. 6PxXTPxQ

g 6Px35Px6QxQ h S5Ax9x6 i. 3AXAXB

jo 4Lx3LxL k. AxA? L 2XAX3X4XA’

m P2xQxQxP? n. 3M?x 4M? 0. ABCxBC
2. Simplify:

a.. SA+2B+3A b. 7P-10P

c. S5AB+3AB +BC+2BC d. 3A+2A+3A+2AB

e. 4xy-Txy f. 3A+2B-8A-4B

g 4A2+5A +2A + 3A? h. AB+BC+3AB-BC

i. 6PQ-3PQ+P-4P joo 15-3x+2-3x

k. 7P-13+3P+2 . 4B+3A+2C-B+8A

m. A-B+3B-3 n. 4PQ+AB +6AB - 11PQ

0. 6A*-3+4A7-4

3. Simplify the following:

a 5A=+5 b %

d. 49PA +7Q e. loé"c

g A’+A h. SM?=+5M

: 10 2032 - 2

. kK  64P2Q?+PQ
8AB’

M AB

4. Simplify:

a. S5AX3B b. 2AX(3AXA)

d. AZxA? e. 4P x5pP!

g. (3P xP h. (4R x 3R

j. ABC x2ABD k. 5A+A

m. 1242+ 3x n 48+ 12xy
N q 4A’B

P A * JAB
2 4B

S A L 3AB

Exercise 1e: Further Simplification

Simplify the following (where possible);

1. 6x+ 12x 2, 6xx 12x
4. 2x°x 5x2 5. 6x5% 2x°
7. 6y+ 13y 8. 6yx? x 3yx’

10. 59 6y° 11. 6y°x 8y*

o rm Mo

DY Ww

5AB+B
ABC

BC .
1000M°?N =+ 25M

50M%+ 10

4A X 6B <P
(6P x 3P) % 2Q
(3P)* x (2A)}
8AB + 2A
25x% +25x2
36AB°

3AB

3x8 + 4x
(x6)% x 3x1!
2y* + 3y
(y6)3 - 2y15
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13. 18a+2a 14, 8a?x2a’ 15. 3a®+ 22’
16. a®x 3a’ 17. 8a®x 3a? 18. (a%)* x 3a?
19. 18b+4b 20. 3b x (4b)? 21. 5b%+ bt
22. (2b)®x 2b* 23. 18b® x 4b* 24. (b + bV
25. (3x%)*+ 3% 26. 948+ 3%° 27. 13x+12y
28. 4x? + Sxy 29. 6x% - 13x 30. 4xy-—2yx
31. 2x°+ 5x° 32. -2x+ 15x 33, 2%+ 54
34. (2x)*x 15x 35. -2xx5x 36. (3y)’ + (4y)
37. (3y)* -4y 38. -3y + (4y) 39. 3y+4y
40. (3y?)*xdy 41. 3yx (-4y)? 42. -3y’ x4y
43, (-3yY x-4y* 44, 2x5 + 332 - x* 45. (6x) +(2x)?
45, 20X . (60 x (20)° 48 3o’ x @
T @ T @y T
2
2 2 2
1, GYx e 5. [M
9 1522
IO T - T . T T T T T T T ™
Problems and Investigations ‘
1. Use 4 x’s and the numbers 2, 3, 5, 7 to obtain calculations which give the
following:
13x, x7, 23 + 222, x5 + 1, 32, 2x19, 0, 2x'2 + 342, 4142, 30x° + Tx ‘
“ [Eg: Find a calculation which gives 105x° + 2x. Answer: 3x. 5x. 7x + 2x] \
! |
\ .’('3+y3+ z3+xy2+x22+yx2+yzz+ zx2+ Zyz \
! where x, y, z can take values from 1, 2, 3, ... 9. Itis claimed that P is always 1
i the reciprocal of a natural number. Investigate this. ‘
'3.a Investigate the expressions 2*12® and 43P and determine if they can ever ‘
\ have the same value.
i b. Ifitis possible for equality to occur, find the relationships between ‘
‘\ A,B,C,D. \
4. a. Investigate the following expressions by substituting a variety of values ‘
\ for m and n and finding a simpler form in which they can be expressed.
. 32" Y s I Ut ‘
\ boet ™! T 2m gl m2 |
i . (12)()“-1 16m» 1(3x)m ;
\ v. 22n3n-3xn+, V. 24m9m- lxm.3 \
| b. Prove your simplification. ‘

1

2. LINEAR EQUATIONS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 5 ALGEBRA

* 1o solve linear equations

LEVEL 6 ALGEBRA

* to form and solve linear equations

LEVEL 7 ALGEBRA
* to write appropriate equation(s) or inequation(s) to describe a practical
situation

Intfroduction

An equation is a mathematical sentence which is true for certain numbers.
In a linear equation, the power of the variable is 1.

Example A: x+ 3 =5 is a linear equation which is true for x = 2 but false
for any other values of x suchasx=4 orx=-1.

Solving Equations

Solving an equation means finding the numbers which make the equation true. The
hasic method for solving linear equations is to isolate the variable on one side of
the equals sign. This method involves “undoing” operations by doing the inverse
operation to both sides of the equation.

Example B: The variable x in the equation x + 5 = 2 is isolated by removing
the 5 from the left-hand side to isolate the x. This is done by subtracting 5
from both sides of the equals sign.

xX+5=2
L x+5-5=2-5 [subtracting 5 from both sides]
Lox=-3 [simplifying]

Note: Subtracting 5 from both sides keeps both sides of the equation equal to

each other.

12 Linear E

Example C: S
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Example C: Solve the following equations.

a. 2A =7 b.5R-3=9
2A 7 NN .
3 =3 [dividing both sides by 2] SR =12
s A =33 [simplifying]
~ R=24
3A+5
c. —S==7A
o 3A+5=14A [multiplying both sides by 2]
~ 11A=5
5
A= m [dividing both sides by 11]
d. 8-3x=7
8+-3x=17 [changing -3x to + -3x}
B3x=-1 [subtracting 8 from both sides]
- x=  [dividing both sides by -3]
=1
T3

Exercise 2a

1. -Solve each of these equations:

[adding 3 to both sides]

s R= 15—2 [dividing both sides by 5]

[subtracting 3A from both sides and swapping sides]

4. Bx=7 b.. 11P=23 ¢ 8C=3
d Z+3=2 e. Z+27=8 £ 3=12
g =2l h. -3P=-2 i P-12=-
i =11
2. Selve each of these equations:
a. 4x-1=7 b 2P+ 11=-2 ¢c. -2A+3=14 d. -2P+11=-3
e. 8-3A=4 f Zu5=7 g £-7=2 h 2-2=4
: =k : _aa=L
i 8-3A=3 jo 19-3A=7
3. Solve each of these equations;
2 4 7R -5R
a. -3-)6«—8 b. -s'p-——l <. —2--— d. T—-—g
4P o 3R 4 4P SRg=-
€. ?4-11-2 £ 4;7 g 5 3=2 h. 2B 3=-1
i Zx+12=2.4 s P+-§:5

Exercise 2a 13

4. Solve each of these equations:
a x+x+2x=7
d: 4P-3)=19 e
2. SP+2(P+1)=12
Lo 17-2P+3) =25

5. -Solve each of these equations:
6x=3x+12
SA=17+3A
15R-11=5R +13

6R +12=2R - 19

Stx +7)=3(x=2)

b

moe 00

b. 3x-4=0
6(R-3)=19

cpeag

5A-2A+5=12
SR+3)+2R-3)=25
SP-B+P)=12 ‘
28-(1-P)=42

e

dx=2x~13
3P+1=2P+11

16R + 11 =2R +47
6(R~-3)=3R +25
8P+3)=-3P=4P+1)-12

Note: In all remaining examples reference to ‘both sides’ will be omitted.

Example D: Solve the following equations.

3
x+1

L 5=20Cx +1)

=2

x+3
3

=4

5(x—1)-%=8
15— 1)= (2x +6) =24
© 15x—15-2x—6=24
- 13x—21=24

. 13x=45

x——-ﬁ

=356
_313

i, 2% (x—1)—

[multiplying by (3x + 1)]
[expanding]
[subtracting 2}

{dividing by 2]

[multiplying by 2]
[multiplying by 3]
[expanding]
[simplifying]
[adding 21]
[dividing by 13]
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Exercise 2b

1. Solve:
a. Sz4+3z+11=12 b, 3L+2)+5L=27
¢ T2x+1)+50-3)=12 d HT+3)-5T+4)=8
e. 7-2(3-2R)=38 f.SQT+3)=2T+4
g 4QL+1)=3(4-L) h. 5G3R+1)=4
i S3R+1)43QR+7)=1IR+42 j. ST+3T+2)=2T+1)
k. 4P-3P-4=5FP+11)+38
. 4P+ 1)+20QP+3)=4FP +2)-3(P-1)
2. Solve:

X x 2t T_1
a. 3+y=2 b FTYTS

R+1 2R3 _ Rl
c. T t—5 =4 d s—=2R

P+1 P-3 P+4 P+1 P-1_1
e 73 2 "6 f. 4 3 "%

3 2 AA+1) A=l
g SA+=ka-3 o AE2-A

2

i %(A+1)+§(A—l)=2 oAt

A-1 1 A+3 _2A-1
k. JA+5° 2 1 A A

m 3-2(A-3)=4A-3

Solving Equations using Calculators with Equation-
solving Modes

Certain calculators enable the student to enter an equation directly and press a

button to get the answer. One of the most powerful is the Hewlett Packard 48G.

Example E:
Solve 2)(: 3 _ 3)(2_7 & g > _ 2 to3decimal places.

Solution: These instructions would apply for an HP 48G. Students using
other types of calculator would need to refer to their owner’s manual.

Solving Equations using Spreadsheets 15

First step: press ‘solve’
Second step: enter ‘solve equation’
Third step:  type in the equation

Note: 2x2- 3

Fourth step: select ‘solve’
Answer: 9.25

isenteredas 2 xx+3)+4

Exercise 2¢

If the student has a calculator with anequation-solving facility, he or she should
practise solving some of the equations in Exercise 2b. For simpler examples, it is
quicker to work equations out by hand but for complicated examples it is
definitely quicker and usually more accurate to solve them using a calculator with
this facility.

Solving Equations using Spreadsheets

Equations of any type may be solved to whatever degree of accuracy is required by
the use of spreadsheets.

Example F:

xX+5
Solve s~ =3

Solution: By trial and error a value for x is found which, when substituted
x+5 x-2

into the formuta 5 1 gives a result which is quite close to 3.
(10+5) (10-2) 1 o B
5 - T = 23 [substituting x = 10]

This value of x gives a starting point for a series of x values which are found
in the cells A42 — A51 in the diagram below, taken from Microsoft Excel for
Macintosh.
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% File Edit Formula Format Data Options

g

1D 233333333 15 291666667
11 15.1
B E 1Y | ;
AL 3 e
14 N 15.4
15 ‘ 155
A 1381
17 - 15.7
18 158
19 . 159
A | B | C D | E F
38 [Solve | (x+5)/5—(x—2)/12=3
39
40 |x
41
42 10| 2.33333333] 15| 2.91666667) 15.7| 2.99833333
43 11 245 15.1| 2.92833333| 15.71 2.9995
44 12| 256666667, 15.2 2.94| 15.72| 3.00066667
45 13| 2.68333333] 15.3| 2.95166667| 15.73| 3.00183333
46 14 2.8] 15.4| 2.96333333| 15.74 3.003
a7 15/ 2.91666667| 15.5 2.975! 15.75| 3.00416667
48 16| 3.03333333| 15.6| 2.98666667| 15.76| 3.00533333
49 17 3.15] 15.7| 2.99833333| 15.77 3.0065
50 18/ 3.26666667| 15.8 3.01| 15.78] 3.00766667
51 19| 3.38333333| 15.9| 3.02166667 15.79| 3.00883333

The cell B42 is selected and the formula = (A42 + 5)/5 — (A42 - 2)/12 is
typed into the formula bar. This formula is then entered into the cells B42 to

("; 3 _ (ilgﬁ when the values of x listed in the A

column are substituted into that expression.

B51 giving the values of

It can be seen that in cell B47 the value is less than 3 and in B48 it is more
than 3: hence, we deduce the root lies between 15 and 16.

A further series of x values are inserted in cells C42 to C51 going from 15 to

(x; > _ (X—l;ﬁ values are in the cells to the

15.9. The corresponding

immediate right. Inspecting these shows the root to be between 15.7 and 15.8.

This process is repeated once more showing the root to lic between 15.71 and
15.72; hence a 1 decimal place approximation is 15.7.

Solving Equations using a Programmable Calculator

17

Exercise 2d

A B ¢ | » E F
64 [Solve (2x+4)/5—(x=2)/8=3
65
66 |x
67
68 1 1.325 7 2.975 7 2.975
69 2 18] 71 3.0025, 7.01 2.97775
70 3 1.875] 720 3.03] 7.02 2.9805
71 4 2.15] 74 3.0575 7.03 2.98325
72 5 2425 75 3.085 7.04 2.986
73 6 27 76 3.1125| 7.05 2.98875
74 7 2975 7.7 3.14] 7.06 2.9915
75 8 325 7.8 3.1675| 7.07 2.99425
76 9 3525 7.9 3.195/. 7.08 '2.997
77 10 3.8 8 3.2225] 7.09 2.99975
78 11 4.075 325 7.1 3.0025

1. The apove spreadsheet shows a partial solution to an equation. What is the
equation which is being solved?

2. To how many decimal places can we give the solution to the equation?
3. Between what two integers does the root lie?
4. What was typed into the formula bar?

5. What value would be in cell B71 if, instead of solving the above equation, we

2x+5) (-2 .
3 =T = 3 using the same values in cells A68 to A787

solved

Solving Equations using Programmable Calculators

. x+5 x-2 .
Example G: Solve 5 — 13 = 3 using a programmable calculator

without an equation solving imode.

Solution: By trial and error the root will be found to lie between 15 and 16.
The reason for this is that when 15 is substituted a value less than 3 is
obtained and when 16 is substituted a value greater than 3 is obtained. The
root must vlie between two of the numbers 15.0, 15.1, 15.2, . .., 15.9, 16.0.
Trial and error shows it to be between 15.7 and 15.8.
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The root must lie between two of the numbers 15.70, 15.71,15.72, . . .,
15.79, 15.80. Trial and error shows it to lie between 15.71 and 15.72.

The root must lie between 15.710, 15.711, 15.712, ..., 15.719, 15.720. Trial
and error shows it to lie between the numbers 15.714 and 15.715.

Continuing this process will allow the user to get whatever degree of accuracy is

required.
Exercise 2e

1. What changes would be made to the program if the solution to

x+7 x=3 .

2L = ?

3 i 8 was required?

2. What changes would be made to the first program if a solution was required
correct to 5 decimal places?

3. Suppose an equation was being solved, and the solution was 6—125. What

would be the solution using the program in the example, if the only change
was in the formula for the equation?

Word Problems

Problems given in words (word problems) need to be changed to a mathematical
equation to be solved. This process is called mathematical modelling. The

general approach is illustrated by the following example.

Example H: Shane is taller than Jason by 2.4cm. Jason is taller than Ian by
1.3cm. Their combined height is 452cm. What are their heights?

Solution: Let lan’s height be h
. Jason’s height ish + 1.3 [Jason is 1.3cm taller than lan]

Shane’s height ish + 1.3 + 24=h+3.7 [Shaneis2.4cm taller than Jason]
Since their combined height is 452cm we have:
h+h+1.3+h+37 =452
s 3h+5 =452 [simplifying]
. h =149 [subtracting 5 and dividing by 3]

Thus lan is 149cm tall; Jason’s height is 149 + 1.3 = 150.3cm and Shane’s

height is 149 + 1.3 +2.4 = 152.7cm.

Word Problems 19

Example I

Solution of Example H using a spreadsheet:

A | B c D
Three Boys Problem

Jason | Shane [lan | Total

4| 1013 103.7| 100] 305
5| 151.3 153.7] 150 455
6| 1493 151.7] 148] 449
7 —— 1

1503]  152.7] 149] 452

1
2
3

This so.luti(?n was found using the spreadsheet Microsoft Excel, as were the
others in this chapter. Similar results will be obtained by using identical
methods on most commonly-used spreadsheets.

The cell, A4, was selected and into the formula bar was typed = C4 + 1.3;
thejn this was entered into the column below Jason (this formula relates Iain’s
height to Jason’s). Similarly, into B4 and the cells below it was entered

=A4 + 2.4 (relating Jason’s height to Shane’s). By a quick process of trial and
error (entering different values for Ian) the correct solution is found when
Ian’s height is 149cm .

A | B |C D A |
| | B ] D
;_‘ | Three Bjoys.ﬁPﬁroplem “ 1|Three Boys Problem
i — o ; ]
3|Jason  Shane  |lan |Total %Dason ‘IShane _ llan |Total |
_:jﬁ B 101@}_’7 5 77103.?‘ _100 305 4 101.3] _103.7] 100 305
s| T . » 1 Is|” 1s13] 1537 150 455
|6 - L] 6 - .
e —— ] e
Example J:

Solution of Example H using a programmable calculator.

With a Casio calculator the following program will solve the problem (owners
of other brands check their owner’s manual).

7>:I+13-J:J+24->S:1+S+1->T

By. keeping a record of the values input for Ian’s height, the correct value can
quickly be found.
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Exercise 2f: Solving Word Problems

For each of the following, find: (i) an equation; (ii) a solution using your equation

or any other method,

L

10.

11

Item B costs $1 more than Item A Sandra purchases 5 of type Aand 6 of
type B.  Her total expenditure is $32.40. How much does Item A-cost?

Tom has some money: Bruce and Dave each have $1 more than Tom, and
Paul, Dan and Neil each have twice as much as Tom. Together the six boys
have $15.50. How much does each have?

A man has three children who each want a calculator for Christmas, He buys
the two older children the same model and the youngest child gets a basic
model costing $20 less. What is the value of €ach type of calculator if the
man spends a total of $86.50 on the calculators?

- The perimeter of a room is 50m. The length exceeds the width by 3.3m.

Find the length of the room.

Four consecutive natural numbers have a sum of 110. ‘What is the smallest of
these numbers?

A girl purchases a number of items each costing $17.35. Her bank account
was $1000.00 before she made the purchase. 'Afterwards it was $687.70.
How many did she purchase?

Tina and Jane purchase raffle tickets and agree to share the money in the ratio
of how much each paid. They win $117.00 and Jane, who pat in $2.00, gets
$26.00. What was Tina’s share of the cost of the raffle tickets?

The distance from B to C is % of the distance from A fo B. The distance
from A to B exceeds that from B to C by 20km. How far is it from A to B?

A man purchases a number of tools at $5 each. Unfortunately, five do not
work but by selling those that do at $12 each he is able to make $45 profit.
How many tools did he buy originally?

All prices are to rise by 15% as a result of a new tax. A shopkeeper had
increased the cost of a particular item by $5.00 before the new tax:came
into effect. As a result of the second price rise, this item now costs $13.80.
‘What did it cost originally?

Inflation is running at a certain percentage. After onekyear an item which
cost $36.00 costs $40.86. What is the inflation rate?

Inequations 21

12.

13.

14,

15.

The deriominator of a fraction is 44 more than the numérator. The fracuon,
when simplified, is 1,3] Find the numerator.

My son is 31 years younger than me. In one year’s time my son’s age will be
one quarter of my current'age.: How old am I?

One girl has four times as much money as her friend. She gives her friend
$12.00 and as a result they now have the same amount of money. How much
did éach have originally?

A husband and his wife decide to invest in a business. The first time they do
this he invests $3 000.00 and she invests $5 000.00. The next time they
invest, they each contribute the sarie amount.  After the two investments are
made the ratio of the husband’s investment to his wife’s’is 13:17.. How much
did each invest the second time?

Inequations

lnequatipns are mathematical sentences in which one of the following inequality
symbols is used (instead of an equals sign as in an equation).

symbol symbol means example

> is greater than 5>1,y>-26

> is greater than or equal to 8 2> x, 45 245

< is less than 1<3,-2<-1,a<b+1
< is less than or equal to 5<£5,a+b<257
# is not equal to 3#£2

b8 is not greater than 2%4,3%3

X is not greater than or equal to 2x5

£ is not less than 4£3,2¢2

£ is not less than or equal to 5«4

# is the same as < or >.

£ is the same as 2.

£ is the same as >.

% is the same as <.

X is the same as <.

,Sulving an inequation means finding the values which make the inequation true.
I.hc tgchmque is similar to that of solving an equation except that the inequality
sign is reversed when multiplying or dividing by a negative number.
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Example K: Solve 5-3x<8
Solution: 5-3x<8

5+3x<8
3x<3 [subtracting 5]
xz 2 [inequality reverses when dividing by -3]
x2-1
On a number line the solution set appears as: o—1 i >

-1 0 1
Exercise 2g

For each of the following inequations find the solution set. Answers should be
given as an inequality,

1. 3x>5 2. 2x-1<4
3. 5-3x>-4 2. ¥

x+3 x=1 x+3 _x-1
5. > —T?.l 6. 2 <—3 1

2 1

7 Ba-2-ja+n2x+3 8 §-F0-

243 _3x -1 dx -1 x+
g, 22 3 10. A

11. Anyorne wishing to keep animals of a certain breed must pay an annual
licence fee of $45 irrespective of how many they keep. There is an annual
cost per animal of $167.50 covering feeding, etc. ‘The total cost of keeping
these animals must always be less than $1070 per year.

a. -Write an inequation for the number of animals kept per year.
b.+ Find the largest number which can be kept.

12, The weight of an empty barrow is 20 kg. The barrow contains bricks with an
average weight of 1.3 kg. The total weight of a barrow containing bricks
must exceed 108 kg.

a.  Write an inequation for the number of bricks in the barrow.
b. Find the minimum number of bricks the barrow can hold.

13. The weight of an empty box must be less than 0.8 kg: ‘Apples weigh 0.21 kg
onaverage. A full box weighs 17.2 kg.
a. Write an inequation for the number of apples in the box:
b. Find the minimum number of apples in the box.

14. Danny and Denise went shopping. Danny had $50, Denise had$6(} Danny

| Problems and Investigations
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has to bank one third of what he didn’t spend. Denise has to bank two fifths

of what she didn’t spend.  Their combined banking has to exceed $15.

a. Choose appropriate letters and write an inequation summarising the
above.

b. If Denise didn’t spend $22, find the largest amount Danny could have
spent.

. A farmer milks all except 3 of her cows and 7 of her goats. She gets checked

by MAF who ﬁnd of her mitked cows have animpurity in their milk, and
1 of her milked goats also. - If the number of animals with impurities is less
than 15 then MAF will not fine her.

a. -Write an inequation summarising the above.

b. If she runs 23 goats find the maximum number of cows she could run
and not be fined.

A rental.car comparny runs small cars and large cars. It must run at least 4 of
each type.- The total number of cars must never ‘exceed 20. The number of
small cars must never exceed the number of large cars by more than 3. The
profit per day per small car is $25 and per large car is $35. Find the
maximum profit per day.

A dealer in vehicles sells bicycles, cars and tricycles. He always has some of
each in stock.. A child counts the number of wheels he saw and told his
mother that he counted 150 (ignore spare tyres, etc). Investigate this and

find the largest possible number of each type of vehicle there could have
been in the showroom.
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3. EXPANDING AND FACTORISING

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 5 ALGEBRA

LEVEL 7 ALGEBRA

* to carry out appropriate manipulation and simplification of algebraic
expressions

* to factorise and expand algebraic expressions

Expanding

Brackets are removed from and inserted into algebraic expressions using the
distributive law. The distributive law states that if a, b and ¢ are numbers then:

alb+c)=axb+
= ab + ac

axc

Expanding an expression means removing brackets by multiplying using the
distributive law. Where possible, the expression is then simplified.

Example A:
a. 5x(3-2x) =
b. 2x*(3x° + 2x)
c.

(2x +3) (4x +5) = 2x + dx + 2x + 3)5
= 4x(2x +3) + 52x + 3)

Sxx3-5x%2x
= 15x — 10x?

=2 X33 + 2x* X 2x
= 6x° + 4x3

=8x*+ 12x+ 10x + 15
=8x*+22x+ 15

[expanding by using the
distribution law]

[using the distributive law]

[using the distributive law]
[multiplication is
commutative]

[expanding]

[simplifying]

Exercise 3b: Expanding and Factorising 25

Note: (2x + 3) (4x + 5) is expanded by multiplying every possible pair from
the brackets [indicated by arrows] then simplifying.

(2x+3)(4x+5)=8x2+ 10x + 12x + 15

|| t I=8x2+22x+15

d. 2x-Dx+3=2x-D(x+3)(x+3) [expanding (x + 3)?]
=2x+ D +3x+3x+9) [2x — 1 changed to
2x +71]
=2x+ DX+ 6x+9) [simplifying]
=20+ 127+ 18x+ 32+ 6x+ 79 [expanding brackets]
=23 +112%+12x-9 [simplifying]

Exercise 3a: Expanding

Expand these expressions:

1. 5QBx+1) 2. 5x(2x+3) 3. (x+ 92+ y)

4. 2x+DBx+4 5. BA=2)4A +3) 6. (2x+ D(x=3)

7. (6P = 8)(2Q + 3) 8. (2A+B)3A~-B) 9. (x—yBr=y+ 2)
10, (c+29)3x+2y=3) 11 x=y+4)x—-y+2)y 12. (x4 17

13, Bx—4y)? 14. P+R-2) 15. (A+BY
16, (x+2)%x— 2)* 17 (x+ D~ x =) /
IR, (3AZ+ 2BA + B%)(4A% - 3AB + 5B?) 19, (- 2x + 3)?

20, (2x +3y¥
Example B: Expand and simplify 4(2x +y —2) - 3(x — y - 3).

Solution:

H2x+y-2)-3(x—y-3) =8x+4y-8-3(x-y-3) [expanding first bracket]
=8x+4y—-8-3x+3y+9 [expanding second bracket]
=5x+Ty+1 [simplifying]

Exercise 3b: Expanding and-Simplifying

Simplify the following expressions as much as posmblc

I S(x+ 1) +2(x+3) - L 2 HMA+B)+ HA - B) .
J6(x+y)-3y C 4. 6(x+2y+3)+2(x~ 2y - 2)

5. 72x+30)-2(x +y) . 6. 5(A-3B)-2(B+A)

T 2 +3x+2tx-1) 8 x(2x+3)-3(x+4)

9. 3% +4x+5-xx-2) 10 5x-(x-7 ,
]I; Tx+ 1?2 =(2x+3)7 Q%% - 3x+2) 12, GA+ 1Y A 2A3+3A+1),

VAP -2A-1P 4 Per D I)3
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Factorising

Factorising an algebraic expression means writing the expression as a product of
factors which are simpler algebraic expressions. This is done by first looking for
common factors of the terms in the expression.

A common factor is a number or expression which divides each term without
remainder.

Example C:
a. 6x—12 can be written 6 X x —6 X 2
Thus 6x — 12 can be factorised to give 6(x — 2).

[6 is a common factor]

b. 2A7+TA=AX2A+Ax7
=AQRA+T)

[A is a common factor]

¢. SL%m’n? - 10L’m’n? + 15Lm?n* = 5L’m’n*%(L — 2m + 3n)
[SL?m?n?is a common factor]

Example D: Factorise: AP—AQ +2Q - 2P

Solution:
AP-AQ+2Q-2P=AP-Q) +2(Q-P) [factorising AP — AQ and
2Q — 2P separately]
[-P-Q=Q-P]

[(P - Q) is a common factor]

=AP-Q) -2(P-Q)
=(A-2)(P-Q)

Factorising Quadratics

An algebraic expression of the form Ax? + Bx + C, where A, B and C are numbers,
is called a quadratic expression or just a quadratic.

In the simplest case, when the coefficient of x” is 1, the quadratic simplifies to
X2+ Bx + C. Such expressions are factorised by finding two numbers which
multiply together to give C and add together to give B.

Example E:

a. To factorise x* + 7x + 12, look for two numbers which add to give 7 and
multiply together to give 12. The numbers are 3 and 4 since 3 +4 =7
and 3 x4 =12. Thus ¥ + 7x + 12 = (x + 4)(x + 3).

b.  Factorise A>~7A - 18 = (A - 9)(A + 2) [since -9 +2 =-7 and -9 X 2 = -18]

If Ais not 1, the quadratic to be factorised is Ax? + Bx + C. To find the factors

2 x 2 matrices are set up, in which the first column has pairs of numbers which
multiply to give A and the second column has pairs of numbers which multiply to
give C. When the diagonal products of the matrices add to give B, the pairs of
numbers which will factorise the equation have been found.

The Difference of Two Squares 27

Example F: Factorise 4B? + 4B - 15

Solution: Set up some 2 x 2 matrices in which the first column has a pair of
numbers which multiply to give 4 and the 2nd column has a pair of numbers
which multiply to give "15. Look for the matrix where the sum of the diagonal
products is 4.

Matrices diagonal gives:
2 -15
2 1 2x1+2x-15=-28 [factors incorrect]
2 -5 .
2 3 2X3+2x-5=+4 [factors incorrect]
z 5 2x-3+2x5= f
>3 X-3+2x5=4 [factors correct]

o 4B*+4B - 15= (2B + 5)(2B - 3) [reading matrix horizontally]
With practice most factorisations can be done mentally.
Example G: 6x2—13x-28 = (2x—-7)(3x +4)

3 -7
(2 4) 12+-14=-2 [factors incorrect]

2 -7
and (3 4) — 8+-21=-13 [factors correct]

The Difference of Two Squares

The difference of two squares x> — y? has a particularly important factorisation
which is:

X—y=(x-yx+y)

‘This can be confirmed by expanding the right-hand side. Expressions which can be
written as the difference of two squares are easily factorised.

Example H: 49x* - 36B? = (7x)* - (6B)? [writing 49x?and 36B? as ‘squares’]
= (7x-6B)(7x + 6B)
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Exercise 3c: Factorising

Factorise the following: (express with brackets) ‘
1. ax—ab 2. ab-a? 31x%=x

4. 4ax + Bay 5. X2+ Tx+12 6. x2+13x+ 36

7. P2+ 12P + 27 8. P2_3PQ +2Q? 9. R? - 6RP + 8P

10. 2= xy - 42y° 11. P2+ 4PQ - 5Q 12. P*—3PQ - 10Q?

13. R? + 10RS + 248? 14, x*-49 15.. P> 36P

16. L2~ 5L +6 17.- M2+ 16M + 60 18. M2 ~7M -8
19.25M? —:100 20022 #3x +.1 21. x*~6xb + 5b°
22. 2% +7x+3 23, 4P+ 21P+5 24, 32 +4z7-7
25, 4P+ 5P ~ 21 26, 122 ~11x+2 27. LP*-2LP-24
28. 14 + 11lx~ 1542 29. Tp* + 6pg—q* 30. 817~ 3247
31. 27Px* — 3Py? 32. 5022 33, 3AP?-4AP+A
34. 92+ X 35. 18xy=21x" - 14x 36. 8p°q +16p'q® + 24p’q*
37. poqirt — 9x10 y12 38, X —bW+ b1’ 39. A(C-D)y+BD~0C)

402 +#2x+ 1 +ax+a
The Sum and Difference of Two Cubes

The difference of two cubes (x* — ¥*) and their sum, (x* + y*), can be written:

-y = =N +xy+Y)
Y=+ -xy +y)

This can be confirmed in each case by expanding the right-hand side.

Example I:

a ¥r-1=x-1 [writing x> — 1 as a difference of two cubes]
=(x— D2+ lx+ 10 [since ¥ =y’ = (x — )2 + xy + )]
=Gk-DE*+x+1)

b. A’+8=A+2
= (A+2)(A*-2xA+2%)
=(A+2)(A’-2A+4)

[writing A? + 8 as a sum of two cubes]
[since x* + y* = (x + y)(¥? —xy + »*]
[simplifying]

Exercise 3d; More Difficult Factorisation

Factorise the following:
L 1+x3
4. 64— 27K?
7. mn -0’ + (m+ 0y
10. ab(z+ 1) =z(@* + b?)

2.72°-8 3.27=7 '
5. m*—n® 6. Ax +Ay-Bx—By
8. (x+3P-2x+3)-8 9. (x+yP-(atby

Exercise 3e: Simplifying Quotients 29

Simplifying Quotients

Quotients are expressions which have a denominator and a numerator. They are
easily simplified if the denominator and numerator can be factorised to give a
common factor.

Example J: P 8x+12  (x-6) x-2)
ample s T2 T -6 x+6)

[factorising numerator and
denominator]

) .
=z [cancelling the common

X +6 factor, (x — 6)]

Note: Cancelling can only be done if the numerator and denominator are both
expressed as products which have common factors.

Exercise 3e: Simplifying Quotients

Simplify the following expressions as much as possible:

| P45 Xt dx+4 3 24 5x
T+ 1) © x4 5x+ 6 ]
x2 - 49 (x+1)2 X249 +20
4 25 14 » 3 5, x2-16
’ (x+ 1)
p2+ 11p+28 g _pr1s g aZ—ab
" pleTpH12 © pP¥dp+3 ©ooab
" 3y2-27 ” 292+ 3y + 1 " a2-(b-o)’
©12y2 + 36y T yZe 2yl ! b2—(a—c)2
T : 14 x3+y3 15 X2+ ax+br+ ab
Cas Yk o xyr v T2 2ax+ a?
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Problems and Investigations | 4. RATlONAL EXPRESS|ONS

1.. Here are some mathematical expressions which are equivalent to 8x + 5.

i Ar+dr+S QL Sxa1)_3 | ACHIEVEMENT OBJECTIVES
‘ (n completion of this chapter, students should be able, at:

(If two mathematical expressions are equivalent then they always have the LEVEL 5 ALGEBRA

same value no matter what value the variable takes.) 10 simplify algebraic fracti
e lo simplilfy aigepraic jrac 1ONS

a...-Write ten other expressions equivalent to 8x + 5. = to factorise and expand algebraic expressions
b. i Find a mathematical expression equivalent to 8x + 5 which canbe
written in the form A(x+ 1)+ Bx + C where A, B, C are natural LEVEL 7 ALGEBRA
numbers (positive integers). « 10 carry out appropriate manipulation and simplification of algebraic
ii.- ‘What is the total number of such possible equivalent expressions to expressions
8x+5?
2. a. Investigate the following pattern of sums. Rational expressions are sometimes called algebraic fractions. They are
P2, P+243, P+ D43+ 4, ' fractions involving letters as well as numbers. The procedures used to simplify
b. - ‘Find a formula for the sum of n consecutive cubes. rational expressions are similar to those used with fractions involving only
¢.. - How many cubes would you have to add to exceed 1 000-000? numbers.
d. Prove that the sum of consecutive cubes is the difference of two squares;
& . Multiplication

x a . .
Example A: Express 7%~ as a single fraction.

)

A a .
Xe=y¢ [numerators and denominators are

Solution: 3
multiplied together]

o

2
Example B: Simplify £ x Ixz
I
. oy 2 xyd
Solution: IxZxi=
y z 3 3
X Xyz
_ Xy.zz [writing z* = z . z (see Ex. N, Chapter 1)]
xxy.z X=x.x
zZ
=3
X

Sothe expressions are best factorised before any multiplication is done:
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2435+ 2 5 (x+D(x+2 5
Example C: X~ x = x+2) isi
P el AL D@+ X (c+1) [factorising]
5 .
=712 [cancelling (x + 1) and (x + 2)]
Exercise 4a
1.. - Simplify each of the following:
3 a Sa ¢
o bl i T 7z 3 c
a 7 X3 b. 5 X5 c (Zx%)x*t;
a a 3 ab Pq 3r
d: b X c € Zl— X "‘6— f -“r— X —q—
5229 2
Qan o2 5.4 1 6k - gk
g 3 ox- h (Exw)x§ ?’Ex?
1 b 2 3 2 xyz
Jooidxz kLt 2 L2y
472 Yy o4 Yot
2. Simplify each of the following:
x+1. x%+3x v X ><x2+4x+3
A f X%+ 3x
2
oLy -9+ 14 4x+3 xx2+9x+14
iS5+ 6 A2idro0] PHllr+28 Pydr+ 4
Division

Division means multiplication by the reciprocal of the divisor.

2
Example D: Simplify 5 + 5

2 2
iany 2o X _ 9 ATl :
Solution: 5 +5 = % X < [multiplying by the reciprocal]
_ 9
3x
=3x
Example E:
2 2 2 2
X -y ar —ay X -y 2x + 2y

Pty +y T vy T 2, 2oy 4y < ax—ay [multiplication by reciprocal]

_ G- +y) 2 +y)
TN +y) Xab—y)

[factorising]

=2 [cancelling]
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(xercise 4b

I, Simplify each of the following:

2 a ab d X2y
. E —C‘ b. _(‘:— = E C. y T3
2,.ay.2 a, S\ fa S ab. . a2
d.(5X3)~3 e. (CX3)X(bX3) f. ?-:-—9—'
4l | 2ab
&3 3
2. Simplify each expression to a single fraction.
2 5 5 X b ~1 3
0T+ b. 5+ C. =+
37 a+l 772 3 4
2 (> x-1_2 3% .1
0.2+ (%) e, 51,2 £ .ol
1. Simplify each expression.
Sx-10 x=2 x+4 'x+4 P4 x X
by s3 T x43 L A T Cox+2F 2.,
a3 24 4x+3 x2+2x+1+£2_+__6_x_+_5_
d. 5+ S TN
T T2y 10x 21 X2 3x+2 P4
Addition and Subtraction
Addition and subtraction of any fraction involves changing the fractions to
eyuivalent fractions so that they have a common denominator.
4 3 . . .
Example F: % + % = T{ + 1—; [changing both fractions to equivalent
4 fractions with common denominator] -
_ Ax+3y
T2
Example G: Express 242 _Z as a single fraction.
b_x x2 b2
Solution:
a oy 2 abx  yb2 242

T T bh2 b2 ~ 22 [changing to equivalent fractions
2 X . .
with common denominator of b2x?]
abx + yb2 — 2x2

- b2x2
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Example H; 13 _1-3

2 3
_Ja+9 2a-6 : .
e [changing to a common denominator of 6]
(3 + %) ={2a -6) "
e [using brackets to avoid errors|
Ja+9-2a+6 i
= —T+— [removing brackets]
a+ 15 r o
e [simplifying]
3 !
Example I: Tvy xey R
32 i
o MHx—y) _ dxz+y) + 1 .
T o (xeyMa-y)  (k4ydr-y)  (r+yix-y) lchangingroa
common denominator]
. Hx-¥)-2x+y) + 1
B (x=y)ix+y)
_ By -y +
= T x-nr+y) [removing brackets]
o _X=Sr+ 2 :
= =y +y) [simplifying]
Use of Calculators

‘u"cr?r few calculators, even the most advanced, are of much help in tackling this
10;::::-, Thqre 15 @ computer program called ‘Mathematica’ which enables the easy
manipulation and simplification of the expressions found in this chapter,

Exercise 4c
1. Express each of the following as simply as possible:

S Y S Y e
e 3-% 2 S SO T
i 2% +§ I3 3p+-?

2. Simplify each of lheseexprusimm:sﬁag]e fraction:
m%*% h.?iaa+-'%t3 c.'—;j+h;n

Exercise 4c 35

A Simplify these expressions 10 a single fraction:

a+l  a-l 2b+3 3-b . P-4 p+q
TR SN s A
a _d4-3 1p _p
5 i o i [ T i o =a

18 2-p 341 21 o
§ 3 - R S e
Simplify each of these expressions to a single fraction:

I 1 L e et LA ity
.'.:dr!+z+! b. P+3+!4."I s P+l+p—3
: 3 .3 S 1
e €. R R+3 f. A+3 R+2

A T A+2 A : x 1
i A=3 A=) L T pmy © Ux+l) MHx+ )
. C— x
V35 T ke weeTy

O . < 1 2
L‘x{j&-l} (x+1Hx+2) m. r=y+2  x+y-=3

3 2 4 3

Boxxey-2 a-y+2 % -y I{I;J}

Bxpress each of the following as single fractions, simplifying where possible:

2 5
2 2% b, G 10y'?
i 1% 1 T3 A 1
10a’b’ 15ab 15’ 9y
BRat. 3 =g Frdi+d Fe5x46
.Q.Hu—"-—,' d. o S
fac xix +2)
W-36 P +5u-6 20°-08 o' -Ja-10 w+5a-14
st o f. 7 25 X ®a-21 + Za+l0
| 2
I-TET*'z:-zy ey
- Il e B A
":-zy‘“z; ¥ waptip g
PN e S e
F‘l X4l Tx42 3, 500 * a=-4 a=-5 a=06
| | 2 afn—1}a-2) 3 (-1 a-20a-3)
“‘x'-|+x‘+n-3+;’+u+3 e 4 3
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5. FORMULAE

Problems and Investigations

1, Notice that 3A4+ 3 canbe calculated in a variety of ways, 'i ACHIEVEMENT OBJECTIVES
‘ 5 ; (n completion of this chapter, students should be able, at:
Pumiles: & palhi)) | i LEVEL 4 ALGEBRA
i .4 : ; ‘
oo arhs 3 ; o to find and justify a word formula which represents a given practical
: i, 3xALL i situation
Write down as many calculations as you can which gi 4' ‘
- give each of the :
following algebraic expressions. ~ ; j LEVEL 5 ALGEBRA 1
: . . vical situati
. SA_5 i x2 Py J ;;;2 ’ to us'e equattons to represent practzca situations
? a4 T @rDEEesre g LEVEL 6 ALGEBRA

2. a_ Investigate the following sequences of fraction subtractions. * 10 substitute values into formulae

o T K
2230 2708 2 LEVEL 7 ALGEBRA
i, %-—-é-, 5l- —71—, -;—w_ -é-, e ' « to write appropriate equations or inequations to describe practical
situations

b.  After examining the results of 2a, express each of the following
fractions as the difference of the reciprocals of two integers,
i3 3 7.6 .9 ' i

© 20" 36°40° 187 55" 36 , Introduction

c.  Prove any fraction can be written as the difference of other fractions.

Mathematical modelling involves expressing a relationship as a formula in

d.. -Express the fraction A a5 the difference of 2 fractions = Z
e BC1 o i - actlfms Y and W where which mathematical symbols and letters are used to represent variables. The
: » X, £, W are algebraic expressions invelving sums, products or ubility to do this accurately and use the resulting formula is important in many
differences of A, B, C. situations '

Example A: Three quantities used in accounting are assets, A,
proprietorship, P, and liabilities, L. The relationship between these quantities
ix that assets are equal to the sum of proprietorship and liabilities. In
mathematical form, the relationship can be expressed: A=P+L.

Note: A, Pand L are called terms and the equation,
A =P+ L is a formula for A in terms of the two

variables, P and L.

Example B: The volume of a cone is one third of the
product of its height and the area of its base. Express
this relationship in a mathematical form.
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Solution: Let the volume of the cone be V, the radius of the base R, and the
height. H. The base area is "R

s the volume is V = .%-n:RJH

E;umpla C: A trapezium is a quadrilateral with a pair of paralle] sides.
Find an expression for the area of the trapezium shown where one parallel
side is one half the length L

of the other parallel side, j—2
and the distance between the
two parallel sides is equal 1o
one quarier of the length of
the longer parallel side,
Express the area in terms
of the length of the longer
parallel side.

!—-'_‘ ..._.I
L -

Solution: Le the length of the longer parallel side be L and the area be A.
Area of the trapezium is the sum of the areas of the two shaded triangles.

L

area of the smaller triangle js L, L, L _ L
2 4 4]

2

area of the larger triangle is % s
2 4 8

[area is hall % base x height]

e

2

. area of the trapezium is A = L 4 L = 3L
pe 16 B |

Exercise 5a: Writing Formulae

b

A pair of socks costs $D. Write an expression for the cost of the socks in
cents.

a, Express the time of 3x minutes in hours.
b. Express this same time in seconds.

Peter weighs x kilograms, y grams.
. Express Peter's weightin grams. b.  Express his weight in kilograms

A rectangle has length L metres and width W centimetres. Write an
expression for:

a. the area in cm?®, b. the area in m?, c. the perimeter in mm.,
A square has area 417 in square metres. Wrile an expression for:

4. the perimeter in cm. b.  the perimeter in mm.

A ﬁgm-un_g,lnd triangle has base b and height a. Both have the same unit,
#.  What is the area of the triangle?
b. What is the length of the hypotenuse [the third side]?

7. a. Find an expression for the volume of

9. a. What is the perimeter of the x 2

Exercise 5a: Writing Formulae 39

Find an expression for the perimeter of
the shape shown.
X b, Find a formula for the arca of this shape,

z L

" o [ -

shape shown?
b, What is the volume of the M

box which forms when the |
shape is folded along the SO e g S e
dotted lines? x x

10, The length of the closed box shown is 4L.
The height and width of the box are both
half the length.

n. Write down an expression for the
volume of the box. _

b. Write down an expression for the
surface ares of the box.

11, Find the formula for the perimeter of an isosceles triangle in which the third
side of length L is one half the length of each of the other sides.

12. Find the formula for the area of a rectangle in terms of its length if its length
is always double its width.

13, Find the formula for the perimeter of the rectangle described in question 12,
Give vour answer in terms of the length,

14. Find the formula for the circumference of a semicircular disc in terms of its
radius.

15, Find the formula for the volume of a box in terms of its height, H, if its
height always exceeds its length by Im and is double its width.

AN
X /

Internal Plane of symmetry

165, The volume of a sphere is the product of four
thirds of its radius times the area of its internal
plane of symmetry. Express the volume in terms
of its radius.
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17. A cypljnr;ur has hlsc_md}uﬁ R nniilheighl H. 24, The sketch shows a running track which ¥
a. Find an expression for its volume. i icircular
b. Find how many such cylinders full of water would be needed 1o fil S o e Motiote 2R
anur.lm:cylilﬂurwlmrndius was three times as large and whose height fength L. 1
NAS B ¥ G a. Find a formula for the circumference of e T »l
18. A shape is made by welding the base of a rectangle of base b and length | onta b, :::dhﬁ:ﬁma for the area enclosed by this track.
the side of a much larger rectangle which has base B and length L. ¢, Find a formula for the perimeter of the rectangle.
a.  Find an expression for the perimeter of this shape.
b.  What is the effect on the perimeter of doubling b? 25, Petrol costs $6.00 per gallon and a car travels 30 miles on one gallon of
‘ ‘ petrol. Use the approximations 1km = 0.6 miles and 1 gallon = 4.4 litres.
19. A prism has length 10L. 1is cross-section is a right-angled triangle of height a.  Find the cost of travelling x km.
L. and base equal to half its height. b, What would the cost of travelling x km be if the car travels y miles on
a.  Write an expression for its cross-sectional area, = gallons?
b. Write an expression for its volume.
c.  Write an expression for its surface area. Changing the Subject of a Formula
20. An annulus is a shape constructed by removing a circular disc from the The subject of a formula is a variable which appears alone on one side of IhF
interior of a larger circle. Both circles have the pquals sign. The subject is expressed in terms of the other variables. Changing the
same centre. wibject of a formula means rearranging the formula so that another variable
a. Find an expression for the area of an annulus Becomes the subject.
constructed by removing a disc of radius r ’
from a disc of radius R, » Example D: Make x the subject of v =2y~ 6.
b. An ant starts at one point on the circumference solution: y=2x-6
of the inner circle and walks right around the W T [adding 6 to both sides]
circumference of the smaller circle. After retuming S 2x=y+6
to its starting point, the ant walks along a radius to the circumference of Y AT - 5
the larger circle. The ant now does one circuit of the larger circle and % S [dividing both sides by 2]
stops. How far has the ant walked? AT+D
Example E: Make T the subject of e E.
21, The square of the distance to the horizon in km is approximately equal 10 42
times the height of the observer above sea level in metres. solution: 272 _E
a. Find a formula for the distance to the horizon in km in terms of the L
height, h, of the observer in metres. ' - AT+D=ET [multiplying both sides by T}
b. How much further can a person of 180cm see than a person of 150cm? ~ET =AT+D
~ET-AT =D [collecting terms in T on one side]
22, The sum of & number of consecutive natural numbers is half the number of ~TE-A)=D [factorising ET — AT
these numbers times the sum of the smallest and largest of these.
a. Write a formula for the sum of these numbers. e [dividing by E - A]
b. Use the formula to find the sum of all the natural numbers from 50 to 99. =i

orD=0ifE-A=0 [substituting E-A=0inT(E-A)= 2]
23. Find a formula for the volume of metal in a uniform cylindrical cup made by

removing a cylinder of radius 7 R and height 7 H from a cylinder of radius R

and height H.
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Example F: Make M the subject of Mﬁ‘_ﬁ =M+ EwhenA=D,

;|
Solution: *E-'E:E=w+ﬁ

- AM*-B = DM+ ED [multiplying by D]
S AM! =DM’ +ED+B [adding B]
S AM -DM?=ED+B [subtracting DM?|
A MA-D)=ED+B [ factorising AM® — DM?|

oM =52 [dividing by A - D]

. M =4 |EB+B
M=k
{What happens when A= D?)

Using Calculators to Change the Subject

[taking the positive or negative
scjuare roots]

There are a few advanced calculators such as the Hewlent Packard 48G which
enable the subjects of many equations to be changed quite simply. Owners of such
calculators should consult their manuals,

Exercise 5b: Changing the Subject of Formulae
Make M the subject of each of the following formulae:

. 3M=T 2. AM=T 3 ;']:j.ﬂ
M_ M ™M
4 v p 5. 3 =A+B 6. = =S5
7. =T 8. M+B=A 9. M~B=A
10, M~B=B 1. M-B~B'=B42B 12 3M- B:=2B
M _ M . M_C
13. = =BC 14, 3-3=C 15.==%
16. M7= A 17, CM*=A + B m.ﬂ‘ﬁ‘—nsa
AM DM _ M _M_ M -A
19,25 B 20, T+E=C W=
L M A fM_
2. JM=C 23.32=p U= fE=L
A G M -D AdM-D
zﬁ.c,/M=x 26, M =D - Am z?,—{%—u,.ﬁ
A C M
g o . _AM -5 M -E
Eﬂ.m ,ﬁ._{=E 29. y=pn 3 m"‘r:dM'-F

Exercise 5¢; Use of Formulae 43

Using Formulae

Pormulae need 1o be used accurately, Using formulae often means substituting
Wimbers (or some of the variables and solving the equation to find the value of an
unknown variable.

Exaomple G: From Example B, the volume of a cone is —;:H:R’ H,

where B is the radius of the base and H is the height. = is taken fo
be 3,142,

. Find the volume when R = 2.152¢m and H = 4.365cm.
b Find the radius of the base when the volume is 63.25cm?

ind the height is 5.230cm. R
Solution:
" V = inRH
=1 x 3142 % (2.152)" x 4365 [substituting intoV = LnR?H]
=21.17 cm’ [rounding answer 1o 2 d.p.|
by V = 3rR*H
56325 = 1% 3142 x R7 % 5230 [substituting into V= 1nR7H]

R=_ 3x63.25

Ax63.35 solving for R?
3. 142 x 5.230 [ & l

[ 3x63.25
R =+ 3142x 5230 [taking the positive square root since R is a length]
= 340cm (2d.p.)  [rounding off]
Mote: Do not round off calculations of the types in Example G until the very

ond of the calculation. Rounding as vou progress through a calculation
Iniroduces errors at each stage of the calculation, which accumulate over a

number of steps producing significant errors in the final answer,

ercise Sc: Use of Formulae

. The formula for the area of the walls of a room is A = 2h(/ + w) where his

the height of the room, [ is the length and w the width.

n, Find the area ifh=23m. [ = 5.3m, w=4.5m.

b, Find the areaif h=3.41m, [ = 4.6m, w=583m.

¢. Find the height if the area if 60.42m’, the length is 4.86m and the width
is 3.92m.

i, Find the width if the area is 73.4m?, the height is 4.2m and the length
is 6.5m.

¢. Find the length if the area is 165.6m°, the height is 5.3m and the width
s 4.8m.
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2. The formula for the volume of a cylinder is V = nR’h, where R is the radius Similar results could have been achieved by the use of a programmable calculator
of the cross-section, h is the height and 7 is taken to be 3.14. . although more slowly. A program on a Casio calculator which would enable the

_Find the volume if R=4.6cm h= 12 3cm. solution of this problem is:

Find the volume if R = 2.67cm, h = 4.76cm.

Find the height if the volume is 283¢cm’ and the radius is 5.12cm.

Find the radius if the volume is 645cm? and the height is 6.32cm.

Fmd the radius 1f the volume is 1367{:1113 and the height is 15:32cm.

?7>R:5-R—->H:3.1415927xR2XH >V :V

sasos

A list of R values is prepared then repeatedly pushing EXE and entering values for

Use Of Spr eadsheets and Calculators R [rom the list enables the problem to be solved easily. (Owners of other brands of
valculators may need to alter the program.)

Example H: The volume of a cylinder is given I’rdblems and Investigation S
by the expression TR?H where R is the base radius

and H is the height. (See diagram). " 1. Astudent is told that she must take two numbers whose sum is nine. They are

‘? never allowed to be negative numbers: - She is to find the numbers to the
‘ nearest one decimal place which give the largest product of one of the
numbers with the square of the other. Investigate this problem and find the

The radius and height are measured to the nearest
quarter of a centimetre. Find the maximum volume if
the sum of the radius and height has to be Scm.

numbers.
Cyli:der P’°b|'3em S sh°|u"°nf: This p:iobllc;m.cal.l be tackled by 2. A warehouse has two major costs in considering its inventory (the
Radius |Heiant Volume the use o r?; eatel si’ Stltl;ltlon usl;ng alno(ril— merchandise it contains). These are the ordering cost of $100 per order and
a 0.95 9 275 0933 prograrr}nlzzll ¢ calculator duthcan ¢ solve the carrying cost which is 0.75% of the maximum value of goods in the
5 05 45| amaa| O duicklyusing aspreadsheet. | warehouse at any time. When the company has decided how many orders it
. . . ‘ :

6 0.75 495 751 .. ) ) . Places per year it always orders about the same value of goods per order.

7 y 4| 1257 This printout shows the results obtained by: - During this year it will handle $1 000 000 worth of goods. Investigate how

8 1.25 3.75 1841 i in g a computer command to generate many orders the company should make per year to minimise the cost of its

9 1.5 3.5 24.74 . inventory.

the values of the radius.
10 1.75 3.25 31.27 B_C C A A B B c
kR
1 2 3 SINA T selecting the cells B4 to B23. | Itis clairmed that T'= ( B ) (B c*c-AtA B
12 2.25 2.75 43.74 \ always has the same value ifA+B+C= O and A, B, C are all different.
:2 227-2 22;22 gggz iii. typing the formula = 5 — A4 for height Investigate this claim and evaluate T if possible.
15 3 > 56.55 into the formula bar.
16 3.25 1.75 58.07 | . . .
iv. automatically generating the values

17 3.5 1.5 57.73 bel he title Height
18] 375 125 5522 clow the title Height.
19 4 1 50.27 .
20 455 075 a6l V- selecting the cells C4 to C23
:; 44;5 0022 13;3; vi. typing the formula for volume into the
3 : 2 : 0 : 0 formula bar = 3.1415927 * A4 A 2 * B4.

vii. automatically generating the values below
the title Volume.

The maximum volume is seen to be 58.07 when the radius is 3.25 and the height 1
1.75.
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GRAPHS |

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 4 ALGEBRA

* to sketch and intepret graphs on whole number grids which represent
simple everyday situations

LEVEL 5 ALGEBRA

* to sketch and interpret graphs which represent everyday situations

LEVEL 6 ALGEBRA

« to form and interpret a graph

LEVEL 7 ALGEBRA
* model a variety of situations, using graphs

« sketch graphs and investigate the graph of a function, using a calculator
and plotting points if necessary

* find by inspection, and interpret, maxima, minima, points of inflection,
asymptotes and discontinuities for given graphs

Introduction

Arrelation is any set of ordered pairs. In this chapter, relations involving ordered
pairs of numbers are dealt with. Such relations can be illustrated with a graph.

The domain of a relation is the set whose elements appear as the first numbers
in the ordered pairs of the relation.

The range of a relation is the set whose elements appear as the second
numbers in the ordered pairs of the relation.

A function is a relation in which each element of the domain occurs as a first
number in only one ordered pair.

An inverse relation is obtained by reversing the order within the ordered pairs
of the relation. The inverse of the relation P is commonly written P,

Drawing Graphs 47

Example A: P={(1, 2),(3,4), (5, 4)} is a relation.

‘The domain is the set {1, 3, 5} and range is the set {2, 4}.

The relation is a function because each first number 1, 3, and 5 in the three
pairs occurs in only one ordered pair of the relation.

The inverse relation is P! = {(2, 1), (4, 3), (4, 5)}.

Use of Graphical Calculators

Most graphical calculators have a mode which enables the points to be plotted. For
i student using a Casio graphical calculator they would have to put their calculator
into the graph mode REC/PLT which enables the points to be plotted using a pair

ol

\. v co-ordinate axes. The student then has to select a suitable domain and range

nsmg the RANGE key. Points are then simply plotted using the PLOT key.

ixercise 6a

For the relation T = {(1, 3), (2, 5), (3, 7), (4, 11), (5, 15)}.

a.  Write down the domain.

b.  Write down the range.

¢. Draw aneat graph. [Note; As there are only five points on this graph
the points should not be connected.]

d. Explain why the relation is a function.

¢. Draw a graph of the inverse relation T+,

f. Is T afunction? Explain your answer.

For the relation A = {(2, 3), (3, 3), (4, 5), (5, 6), (6, )}.

a.  Write down the domain,

b. Write down the range.

¢. Draw a neat graph.

d. Explain why A is a function but A", its inverse relation, is not.

Drawing Graphs

The following example is in set builder notation and illustrates the general
imethod for drawing graphs.

Example B: Find the domain and range and draw the graph of the function:
{(x, yry=x? 2<x<2.}

Solution: The domain is the set -2 < x £ 2.

T'he ordered pair corresponding to any x value is (x, y) where y = x*

The graph is drawn by setting up a table of sensibly chosen x values (which
are values from the domain) and calculating the corresponding y values
(which are values in the range).
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2
Q41014J

The range shown by the graphis 0 <y <4.

The points in the table are plotted with the
domain on the horizontal axis. Where sensible,
the points are joined by a smooth curve. 21 0 1 2

Note:

a. The relation is a function because there is only one point on the graph
which is directly above any point in the domain. Generally a graph will
represent a function if any vertical line cuts the graph at no more than one
point. [This is known as the vertical line test.]

b. The range is the set of all values on the vertical axis through which a
horizontal line can be drawn which will touch or cut the graph.

Example C: Draw the inverse relation of the functiony = x?, -2 < x < 2.
Solution: Using the table from Example B, the values are reversed:

i s

y=xT ) %

Plotting these co-ordinates and joining them
gives the following graph. The graphs of the
relations y = x, y = x? and the inverse of

y = x? are shown for comparison.

inverse of

2
y=x

Note: ; T > X
a. Each graph is the reflection of the 4 2 yd 4 6
other in the line y = x. 7 2
b. The inverse relation is rot a function e
because any vertical line drawn -4

through the graph will cut it twice
(except when x = 0).

¢. The domain of the inverse relation is 0 < x < 4 (which is the range of
y = x?) and the range is -2 <y < 2 (which is the domain of y = x?).

When no domain is specified it is assumed that the domain is the largest set of real
numbers possible for which the expression is defined.

The point(s) where a graph cuts the x axis is the x intercept(s). Similarly, the
point(s) where a graph cuts the y axis is the y intercept(s).
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Example D: Draw the graph of the function f: x — 2x + 3.

Solution: This function is described in mapping notation. It is read
‘I tukes x to 2x + 3> and means exactly the same as y = 2x + 3.

T'he domain is all real numbers (i.e. the set R) because any real number can .
be doubled and have 3 added to it.

A suitable table with some points plotted on a graph is shown:

s e

v <1000 | -10
v -1997 | 17

Note: o}

a.  The graph is a straight line. 1

b.  The range is R. 41

¢.  Often values in the table cannot be plotted
on the graph. Such values are still valuable 12
because they show the behaviour of the 6 -4 2/ ] 2
function as x gets particularly large — T a4
or small. 2

d.  The graph has an x intercept of -1% 1
because the graph crosses the x axis 4
at the point (-13, 0). -6

¢.  The graph has a y intercept when y =3 because the graph crosses
the y axis at the point (0, 3). The x and y intercepts are useful when
sketching a graph.

Use of Graphical Calculators

In problems where any domain is given, graphical calculators make the drawing of
gtuphs particularly simple. Using a Casio graphical, the RANGE key is used to
input the domain required into the calculator. By use of the GRAPH key the
wuation of the graph is input, the EXE key is pressed, and the graph is drawn. By
ine of the TRACE key the coordinates of any point on the graph can be found,
jnluding x and y intercepts. By drawing the graph on such a calculator then using
the TRACE key, the coordinates of points on the graph can be transferred onto
puper and the graph drawn.
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Exercise 6b

a, Drawthegraphof y=9~x%, -4sx<4
b. . What are the x intercepts?
c. - What is the y intercept?

a. Drawthe graphof y=(x+ 1) (x—1) (x-2),-2Sx<3.
b, 'What are the x intercepts?
¢. 'What is the y intercept?

Features of Graphs

A function is increasing if the values in its range increase as the domain values}
increase.

A function is decreasing if the values in its range decrease as the domain
values increase.

A function has a maximum turning point on its graph when it changes from
being an increasing function to being a decreasing function. i
A function has a minimum turning point on its graph when it changes from
being a decreasing function to being an increasing function. The nature ofa
turning point is determined by whether the turning point is a maximum or
minimum.

A function has point symmetry if the graph of the function is able to rotate
through 180° about a point onto itself.

Example E: The function fis given by f: x — -x*+ 9x.
a. Copy and complete the table of values for f 7
x| 4[3] 2o 1] 2 3[4 |
y |28 0]-10 [ N

b. Draw the graph of function f.
¢. i. Write down the maximum and minimum turning points of f.
ii. Use inequality signs to give the values of x for which f is increasing.

Solufion:
alx [ ala3] 2 a0 3] 4]
BE 0|10 8 0]8\10\0 -28[

Note: The arrows are optional.
(They are used to show
that the graph continues 10f--->

indefinitely.)

b. See graph. 3 ! -|1 ]l ?1 3\7
el o] -10
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¢. i.  The function has a maximum turning point at (1.7, 10.4) and a
minimum turning point at ( -1.7, -10.4). (These would be easy for the
reader to see if a more accurate graph is plotted using more points than
are given in the table.)

ii. The function is increasing for -1.7 < x < 1.7 and decreasing for
x<-1.7 and for x > 1.7.

a. The graph has x intercepts when x = -3, 0 and 3.

b. The graph has a y intercept when y = 0.

¢. f(x) = - o0 as x —> o=, This is read ‘f(x) tends to negative infinity as x
tends to infinity’ and means that as x gets larger, y gets larger without
limit in a negative sense.

d. f(x) > o0 as x — - o=, This is read as ‘f(x) tends to infinity as x tends
to negative infinity’ and means that y gets larger without limit as x
gets larger in a negative sense.

e. The graph has point symmetry about the point (0, 0) because if the
graph is rotated 180° about (0, 0) it will rotate onto itself.

A continuous graph consists of one unbroken line, curve, or combination of both.
All the graphs in the previous examples are continuous.

A point of discontinuity is a point in the domain where there is a ‘break’. The
graph of such a function is described as being discontinuous, which means that it
Is broken into at least two separate sections which do not touch each other.

Example F: The function y = f(x) is represented by the graph below.

Note:
a. The ‘hole’ (represented by 0) at (-2, 0) shows that the point (-2, 0) is
not on the graph.

b. The arrow (optional) on the top of the curve Y,
in the right quadrant shows that the function 21
values get ever larger as x gets closer to 0,
for the positive values of x. This is usually
written f(x) — o, as x — 0*.

¢. Asx—>oo, f(x) > 0. Thisisread ‘asx -2
tends to infinity y or f(x) tends to 0. 9 X
This means that y gets closer to 0
as x gets larger and larger. This is
shown on the graph by the arrow on the
bottom of the curve in the right quadrant. 2

d. The graph is discontinuous.

¢. The domain is x > -2, or in set builder form {x : x > -2}.

f. The range is written {y: -2<y<0Oory>0}or{y:y2-2, y#0}.
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Use of Graphical Calculators

Exercise 6¢ 53

Draw a neat graph of f : x > T
Does this graph have any symmetry?
What does the graph do as x —3 so and as x =5 - oo

By drawing the graph of y = x or otherwise solve the equation £ X
Write down the-domain and range of f. 4

Using the RANGE and GRAPH keys, graphs of all functions can be easily drawn.
The following information will then be easily found with the help of the TRACE
key:

S

»  co-ordinates of turning points

- sets on which functions are increasing and decreasing
+  points about which there is point symmetry

=  points of discontinuity

For the functions sketched below write down the domain and range, x and y
intercepts, turning points, symmetries, behaviour as x tends to * s where
applicable, any points where the furiction tends to. oo or -5, '0r any
discontinuities.

Exercise 6¢ o.

Y
4 .....
g o /
1. Draw a neat graph of the function: y =4 —x%, -2 x< 3.
‘What are the x intercepts?
What is the y intercept?
What is the domain?
What is the range?
For what values is the function decreasing?

Draw the graph of the inverse relation on the same axes.

g e .o oe

Draw a neat graph of the function: y = (x = 1243, -1 sx<3.

What are the-co-ordinates of the turning point of this function? Isita
maximum or minimum?

For what set of values is the function increasing? 10. Y i1 y
What are the co-ordinates of the y intercept? , 4,

Is the graph symmetrical in any way? i 2 /

a.p

o R0

Draw a neat graph of the function: y = x(x* = 1), -2 £x < 2.
Write down the ‘approximate co-ordinates of the turning points. 3 -
Describe the nature of any turning points,
Describe any symmetry of this graph.
What are the x intercepts? 12. 4
What is the y intercept?

What is the domain and range of this function?

Qe 0o

Draw aneat graphof (1 =x)% 22 £x <2,
What are the x and y intercepts?

Write down the co-ordinates of any turmng points indicating their nature
Indicate for what values the function is decreasing.
Does this graph have any symmetry? ;
What is the domain and range of this function?

™o o o
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Other Features of Graphs

a.

Points of Inflection

A point of inflection is a point of a graph where the curve is steepest or
shallowest in its neighbourhood yet does not change from being either
increasing or decreasing. The graph appears to ‘wriggle’ at such a point.

Example G: point of

/ mflectlon ﬁ

An asymptote is a line to which a graph gets ever closer
but never actually touches.

Asymptotes

Example H: Consider the function y =

|
|
2x-4 I
x+1° :

The graph is shown: = ——-——-—- oy~ ——/———— ,

As x gets closer and closer to -1 the graph gets -1
closer and closer to the line x = -1 but never touches

it. The line x = -1 is called the vertical asymptote

for the function. As x — o (gets ever larger) the

graph gets closer and closer to y = 2 but never touches it.
The line y = 2 is called the horizontal asymptote for the
function.

Exercise 6d

For the function g{x) =——

Draw a neat graph. ™ * l

Are there any turning points?

What are the x and y intercepts?

Describe the behaviour of g(x) as x gets close to'=1 by completmg the
following sentences.

g i asx -1 and g(x)......ii. asx = -1*

Does the graph have any symmetry?

What are the domain and the range?

What are the horizontal and vertical asymptotes of the graph?
Are there any points of inflection? Explain.

fao o

Seomo
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). Forthe graphy=1 +x+2
Draw a-neat graph,

What are the domain and range?

What value does y tend to as x tends to o and to - c5?

For what value in the set of real numbers is y not defined?

Describe the behaviour of the graph near the point- mentioned in (d),
What are the vertical and horizontal asymptotes?

Are there any points of inflection? Explain.

@Hean o

3. a. For the function g(x) = 11,2 fillin this table.

x =100 -5 |3 [-1]0]1]3]5]100]

Y
Using-your table draw a neat graph of this function.
‘What are the domain and range of this function?
Describe its behaviour as x — oo and as x = - oo,

For what values is it increasing?

Are there any asymptotes? If so, give their equations,
How many points of inflection are there?

woeae o

Applications of Graphs
tiraphs provide a very useful way of transmitting important information.

Example I: A traveller set out from Auckland to Hamilton at a steady rate of
100km per hour. After half an hour he reduced his speed to 60km per hour
which he maintained for the next hour, at which time he reached his
destination. He spent an hour there then returned to Auckland, travelling at
Y0km per hour. Draw a graph showing distance against time.

Solution: As with the preceding work on graphs it is a good idea to set up a
table then plot the resulting points.

Time (hrs) | 0 |0.25/0.5{0.75| 1 {1.25| 1.5/2.0|2.5] 3.0/ 3.5

Distance from | 0 | 25 | 50} 65 |80 95 | 110/ 110/ 110| 65| 20
“ Auckland (km)
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stationary at

120 destination

this line represents
the return to
Auckland.

™\ this

corresponds

to 60km per
hour.

distance from Auckland (km)
I %
S 3

W

/1 2 3 4
time (hours)

this corresponds
to 100 km per hour

The graph consists of 4 distinct parts as shown:

The first part for times between 0 and 0.5 hours represents that part of the
Journey where the car was moving away from Auckland at 100km per hour.
The second for times between 0.5 and 1.5 represents that part of the journey
where the car was moving away from Auckland at 60km per hour. Notice that
the graph is increasing in these two parts as the distance from Auckland is
increasing.

Between 1.5 and 2.5 the car is at rest and the distance from Auckland is
constant.

From 2.5 till journey’s end the distance from Auckland is decreasing and so is
the graph.

The time when the traveller returns to Auckland is found where the graph cuts’
the horizontal axis. It is about 3.7 hours after leaving Auckland.

Use of Graphical Calculators

The use of graphical calculators greatly simplifies this sort of problem. Use of
range, graph, plot, line and trace keys greatly assist in the drawing and
interpretation of graphs such as those in example I.

Exercise 6¢

[

Exercise 6e 57

A student climbs up the side of the hill shown
in the diagram then comies down the other side,

During the climb up the hill the student rises by
10m per minute. During the climb down the
hill the student descends by 40m per minute,

1 000m

a. - Copy and fill in the table of values.

Time (minutes) + 0 =25 .50 | 75 IOOfIIS 125

Height above 0
base of hill (m)

b.: Draw aneat graph of height against time.

c. ‘How high was the student above the base of the hill at the followmg times:
i 30 minutes. . ii. - 80 minutes. - iii. - 112 minutes.

d. . At what time was the student at a height of 800m above the base of the hxll‘?

e. -During what times was the student:
ic - rising? il. . descending?

f.- Write down the domain and range of the function which relates time to
height.

Another student climbs the same hill. During the climb up the hill this

student rises 20m per minute for the first 25 minutes then 10m per minute for

the rest of the climb. The student also descends by 40m per minute after

reaching the top.

a. “How long does it take this student to reach the top of the hill?

b. Setup an appropriate table of values for the climb.

c. ‘Draw a neat graph of hexght against time. = ' '

d. How high was the student above the base of the hill at the foHowmg ttmes ,
1, 30 minutes. ii. 80 minutes. iii. 112 minutes,

e. - At what times Was the student at a height of 800m abcve the basa of the hﬂl?
f. 'During what times was the student: o ,

\ Time (minutes)

. Height above
base of hill (im)

i. . rising? il descendmg" , '
g. Write down the domain and ra.nge of the functmn whwh reiates nme to
height. , ; -
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,,«

3. A third student climbs the same hill. This student rises by 25m per minute for{
the first 20 minutes then 15m per minute for the next 25 minuites then 10m peré.,

minute for the rest of the climb. This student also descends by 40m per
minute after reaching the top of the hill,
a. Draw a neat graph of height against time: |
b. Draw graphs whlch would show the following changes in this student’s
climb: w
i The student climbed up and down at the same rates but takes a ten
minute rest before climbing down.
ii. = The student climbed up the hill at the same rates but then came
down (without taking a rest) at 80m per minute.

4. The following graphs represent the climbs of different students up the hill
referred to in questions 1, 2 and 3.

a. 1000 b. 1000
Height - / Height
(m) m) 559
40 100 ‘ 60 80 100 160
Time (minutes) Time (minutes)
c. 1000
Height
m) <ng

20 40 60 80 140
Time (minutes) .

For each graph describe the climb it represents.

Problems and Investigations

1. A bag contains pieces of wire 40cm long which are bent into rectangles.
a. If one of the sides of a rectangle is S5cm long:
i, How long is the other side?
- What is the area of the rectangle?
b. Fiil in the table of values.

Lengthofside(cm) 1 | 2 | 4 1 6 [ 8 101121416 18

Areaof
rectangle (cm?)

Problems and Investigations 59

c. Draw aneat graph of area agamst side leng ‘

d. What are the domain and range of the function which relates
area?

e.  Find the maximum area of the function which relates side length to area.

4

A tank contains 10 litres of fluid. During the first minute one half of the fluid

in the tank is drained off.. During the next minute one third of what is left is

drained off. During the next minute one quarter of what remains is drained

off. This process is continued for 15 minutes.

a. - Draw a graph of the volume of fluid in the tank against time.

b. - How many minutes pass by before there is less than one litre of fluid in
the tank?
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7. SIMULTANEOUS EQUATIONS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 6 ALGEBRA

e to form and solve simultaneous equations

LEVEL 7 ALGEBRA
* to choose suitable strategies for finding solutions to equations
(including pairs of simultaneous equations, one of which may be
non-linear)

Introduction

Simultaneous equations involve two or more unknowns. Simultaneous equations
with two unknowns are discussed in this chapter.

Linear Equations

One procedure for solving a pair of linear equations involves elimination. This
means that the equation is solved by adding together (or subtracting) the equations
to eliminate an unknown. Sometimes one (or both) of the equations must be
multiplied by a constant before the equations are added or subtracted so that the
unknown has the same coefficient in both equations.

Example A: Solve the equations simultaneously: 2x+ 3y =11 andx + 4y =13
Solution: The equations are numbered for easy identification.
2x +3y=11 e (1)
x +4y=13 (2

To eliminate y, (1) is multiplied by 4 and (2) is multiplied by 3. When the
resulting equations are subtracted, the 12y in each equation cancels.

(1) x4 8x+12y=4 .. 3)
(2) x3 x+12vy=39 . 4) v
S5x =5 [subtracting (4) from (3)]

sox=1

The value of y is found by substituting the value x = 1 into either one of the
original equations (1) or (2):

Linear Equations 61
2x+3y=11 e (1D
s 2+ 3y=11 [substituting x = 1 into (1)]
s 3y=9 [subtracting 2]
soy=3

The solution for the equations 2x+3y=1landx+4y= 13isx=1andy=3.
Note: An alternative method of solution would be the elimination of x to find y.

In some problems the denominators are removed and like terms are gathered before
any elimination occurs. Two eliminations are then done, one for each of the
unknowns.

3A —2B+7=4A + 3B 11 and%(2A+5B)=8

Example B: Solve

5 2
Solution: 3A —éB +7 _ 4A + ;B ~11
s 6A—-4B +14=20A +15B-55 [multiplying by 10]
. 14A+19B=69 ... (1) [gathering like terms]
and 5(2A + 5B) = 8
s 2A+5B=16 L. 2) [multiplying by 2]

A is now eliminated:

(1) 14A+19B=69 ... D

2) x7 14A+35B=112 .. 3)
16B =43 [subtracting (1) from (3)]
. _oll
. B=2 6

The problem can be finished by substituting B = 2}—2’ into (1) or (2) to find A.
A simpler solution involves eliminating B in order to find A.

() x5 70A+95B=345 ... @)
(2) x19 38A+95B=304 ... (5)
32A =41 [subtracting (4) from (5)]
_41
- 329
= 135

. . . 3A 2B+7 4A +3B -11
*. The solution for the simultaneous equations 5 = >

1 =Qis A =12 -l
and§(2A+5B)—81sA—132andB—216.

Sometimes a pair of simultaneous equations does not have a solution.

Example C: 2x +3y=2 v (D
4x+6y=5 e (2)
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Attempted Solution:
(1) x2 4x+6y=4 e 3) [eliminating x ]
2) 4x +6y=5 e (2)
0=-1 [subtracting (2) from (3)]

Since 0 # -1, there is no solution. The result corresponds to two straight line
graphs which are parallel and do not intersect.

Sometimes there is an infinite set of solutions.

Example D: Solve 3x-2y=4 v (D)
9x—6y=12 e (2)

Solution: If 3x -2y = 4 is multiplied by 3 we get 9x — 6y = 12, This means
that the two equations represent the same set of points and thus there will be
an infinite set of solutions to this pair of simultaneous equations.

Solution of Simultaneous Linear Equations by the Method of
Substitution

An alternative method to solving simultaneous linear equations is that of
substitution. The following example illustrates its use.

Example E: Solve 2y —5x=3
x+y=3$

Solution: i. Make y the subject of the first equation.
3+ 5x

Y= [you could use the second equation and

you could start with x instead]

ii. Substitute for y in the second equation.
3+ 5x
S 5
iii. Now solve the equation in (ii).

234 _ g [adding x and %]

2
L3 o5 [simplify]
L Tx+3=10 [cross multiply}
sLx=1

iv. Substitute this value of x in the equation in (i).
3+5
7 = 4
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Solution of Simultaneous Linear Equations using Calculators

A number of calculators give the solution of linear simultaneous equations.

Example F: Solve 2x+3y=7+2y
3x-2y=9—-x+y

Using a. Casio fx -7700GB
b. HP48G

Solution:

a. It is necessary to write the equation in the form Ox + [ Jy = A, where
0,[Jand A are numbers. 2x + 3y =7 + 2y becomes 2x + y = 7 (subtracting 2y
from both sides of ‘=").

Similarly 3x — 2y = 9 — x + y becomes 4x -3y = 9. The coefficients of x, y then

2 1
form a rectangular array of numbers ( ) called a 2 x 2 matrix. Similarly the

4 -3
numbers on the right side of the ‘=" sign form another rectangular array (7)
valled a 2 x 1 matrix. ?

‘The next steps are simple.

. 2 1Y). . . .
1. ( 4 _3) 1s entered into matrix A in the calculator.

. (7). . .
ii. (9) is entered into matrix B.

. 2 1Y), . .
iit. The inverse of ( 4 _3) is found by pressing a certain key.
iv. The inverse ‘multiplies’ B and gives the answer ( ‘;’) which is the

solutionx=3,y=1.

. Solution using an HP48G. Solving using a HP48G also involves entering

2 3 7
( 3 _2) as A and ( 9) as B. Once done a solve command is carried out

and the solution x = 3, y = 1 is obtained.
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Exercise 7a: Two linear equations

Solve each of the following pairs of simultancous linear equations;

L. x+3y=9 2. 5x+y=3 3. 3U+5V=28
dx+y=14 2x+y=3 2U=3V=-13
4. T-6R=14 5. 8A+7B =42 6. 3y=5x=1
T+5R=-8 2B -2A=-3 4y +x=17
7.2y +xy=5x+15 8. 2x+y)=5+x
Jy—x=4x+y-3 3(x-2y)=585-2y
= YA _y+x+l Yoox l
9. 3y+x=3=3x+2y-2 10.—5—_- 3 11,3+5-12
‘ 3
2x-y)=3x-y)-1 zx_g}i:z —f—é‘-:l
1 o1 Y3
12. g +y) =7 13. 0.23x+1.32y=4.56  14.5>=2
dy-2e=18 007x-251y=317  S==2
= 1o -
15.3x+5y=2 16. s -y=5 17.6%=y*=3
4.5x+ 7.5y =3 %+y=6 P +2y°=6
2 3 4
18‘X—y=1 19“[}4.3},2___11 ZOE"ﬁ=10
3
%-&-’}:7 35_},2:3 7_;4-2‘/; =13

Word Problems

Example G: Jo and Sally together earn $132 an hour. Jo earns 20% more
than Sally. What are their hourly earnings?

Solution: Let Jo earn J dollars and Sally earn S dollars per hour.
This gives: S+J=132 ...(1) and I=12S ...(2)
S+125=132 [substituting for J in (1)]

s228=132

. — 132

. S= =5
=60 ie Sally earns $60 per hour

T+60=132 [substituting in (1)]
s =72 ie Jo earns $72 per hour
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Iixercise 7b: Word Problems

Write simultaneous equations for each of the following problems and then solve
{he equations.

1. The sum of two numbers is- 138 and the difference is 12. Find the two
numbers.

2. A pupil spends one third less time on her Maths homework than she does on

her English homework. The total time spent on both subjects is 2—% hours.
How much time does she spenid on each subject?

3. Product A is twice as expensive as Product B. A company buys three times as
much of B as.it does of A and spends $52 in purchasing an order of these two
products. This order includes 20 kg of Product A. What is the cost per kg of
each product?

4. Even if Peter was to increase his earnings by 40% he would still be earning
$140 a week less than Michael, . A company employs two people earning
Michael’s wages and five earning Peter’s wages. It pays out $4 960 in wages
per week. How much do Peter and Michael get each week?

S. At the moment, Boris Holdings owns eleven more properties than A.C.
Realty. Last year Boris owned twice as many as they do now, and A.C. three
times as many. At that time Boris owned ten more than A.C. How many
properties do Boris Holdings and A.C. Realty currently own?

6. Each time Mary goes for a run she runs two km more than Sue. Mary runs
seven days a week and Sue runs six days a week. Mary runs 22 km a week
more than Sue. How far does each woman run per day?

7. A room contains. 96 people. A man leaves and is replaced by a woman,
leaving three times as many women as men in the room. How many men and
how many women were there.originally?

R. y=Ax?+Bx+ 5 is a parabola which goes through the points (2, 5) and (5, 2).
Find the values of A and B,

X+ A
x+:B

values of A and B.

V. y= is a hyperbola which goes through (2, 5) and (5, 2), Find the

10, y = x*+ Ax? = Tx + B is a cubic polynomial whose graph goes through the
points (1, 0) and (-3, 0).
a. Find A and B.
b. X% Ax%=7Tx+ B canbe written in the form (v~ 1) (x + 3) (x = ¢). Findc.
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Solving a Linear and Quadratic Equation

The method used to solve a linear equation and a quadratic equation

simultaneously is to substitute one of the variables of the linear equation into the

quadratic equation. If necessary, one of the variables will need to be made the

subject of the linear equation.

Example H: Solvey=x+1 and y*—3x=13.

Solution: y is the subject of the linear equation.

oG+ 12-3x=13

L x2+2x+1-3x=13
L xt-x-12=0
S x-Hx+3)=0
.. either(x—4)=0 or (x+3)=0

s x=4 or x=-3
when x=-3, y=-3+1=-2
when x=4, y=4+1=35

Example I: Solve 2x -3y =6

Solution: 2x-3y=6
L 2x=3y+6
= 26

2
(3)); 6J +y?=9
L 346y+ 36 4y2=9
S 9+ 36y + 36 +4y* =36

<13y +36y=0

S y(13y+36)=0
s y=0or 13y+36=0

=36

13
-36 -15

13T s

. y=0 or

Wheny=0, x=3 and when y =

[substituting into x=

[substituting (x + 1) for y in
the quadratic]

[removing brackets]
[simplifying]

[factorising]

[substituting into y = x + 1]
[substituting into y = x + 1]

(D) and X2+ =9 ...(2).

(D)
[adding 3y ]

[dividing by 2]
[substituting for x in (2)]

[expanding]
[multiplying by 4]
[simplifying]
[factorising]

3y+6
5]

Exercise 7¢: One Linear Equation and One Quadratic

Equation

Solve ‘each of the following pairs of simultaneous equations:

l.y=x-1
X+y =1

20 y=2x+1
2+yr=1

3 y=x+2
V4+2xi=4
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5. 2))—13;'5';‘6 L

4. y=2x-3 =7
=9 F+y =9
T y=x=3 8. x=5y=12
P+ yr=29 y=2x
10.2x+y=17 1 2+y' =13
xy=6 y=x+1

3.xy=8 14, y*=3x
x—=y=2 3x—-2y=38

9. Ax 4+ 3y=25
xy=.12
12. X2 +y? =5
y+x=3
1
15, YRR
2y +3x=4

| Problems and Investigations

l {. Find a pair of simultaneous equations which have
' a x=3,y=2
b. x=5y=-3

2. Find the number of novels in a small library if:

The number of novels is prime.

The total number of books in the library is 40.
The number of novels is less than the number
If the number of novels was increased by 1 an

s a0 o

would share a common factor bigger than 2.

1. Find the integers x, a satisfying this equation.
X+t +xt2=55728
. Find the integers x, y satisfying this equation.

3x +2y =81

2x+ 4y +z=83
z,1_12
xTy=T5

a. The number exceeds 15 as does the number of other books.

other books then the number of novels and the number of other books

the following as solution.

of other books.
d so was the number of
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8. SOLUTION OF POLYNOMIAL EQUATIONS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 6 ALGEBRA

* 1o form and solve simple quadratic equations

LEVEL 7 ALGEBRA

* to choose suitable strategies for finding solutions to equations and
interpret the results

(Suggested learning experience: students should be investigating real
and simulated situations including the solution of polynomial equations
and the nature of their roots)

Introduction

A polynomial is an expression made up of a sum of terms. Each term is a multiple;
of a power of the same variable. The powers are whole numbers. The degree of a
polynomial is the highest power of the variable present in any of its terms.

Example A: P(x) = 2x* —3x° + 222 + 5x— 7 is a polynomial function
containing five terms: 2x*, -3x*, 242 5x and -7. The polynomial has degree 4
because the highest power of x is 4 which occurs in the term 2x*,

(P(x) = (x + 5)’ is a polynomial because it expands to x2 + 10x + 25)

This chapter deals with polynomials where the power of the variable is greater than 1.
Two particular cases occur when the polynomial has degree 2 (described as
quadratic) and degree 3 (described as cubic).

Exercise 8a: Polynomials

1. Which of the following are polynomials?

a. 2x¥2+3x-1 b. 4 -5x+2 ¢ x?*-73
1 i 1
2 =1 = i =5
d, 21 e.  Xl+x f. 2Jc2+3x 23
g % h.. 7 i (x+3)
jooo Ax+3)

2. What is the degree of each of the following polynomials?
a. 2¥-x+3 b. =2+ + 22 -4x4+3
P —dx+2 12¢-32+x e 3x+4

C. d.
f. (x+3)(x+95) g x(x+3) he @232 ~1)
i 4-x i 5
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V. Which of the following polynomials are quadratics? Which are cubics?

74
a. 22+ 3x+5 b 8x —4x+5 ¢ 2-3x
?i. 2+ x2+ 1 e (x+1)% f.. x+3)Qx+ 1D
g -1 ho -5 +7

Calculations with Polynomials

Virious calculations are possible with polynomials. These include substitutions
wil equation solving as shown in the following examples.

Example B: If h(x) = 4x* — 2x>+ 5x — 3, h(-2) is the value of the polynomial
when x = -2. It can be found by substituting x = -2 into the formula for h(x).

[substituting]

h(-2) = 4(-2)* - 2(-2)* + 5(-2) - 3 ubstitutl
[simplifying]

s h(-2)=-32-8+"10-3
=-53 L4
In( l) is the value of the polynomial when x = 5. h(3) can be found by
sugstituting xX= % into the formula for h(x).
1
h(3) = 4()° — 2 +5(;) - 3
1 1
) + 25 -3

[substituting]

-

[simplifying]

It

Lt

Example C: g(x) = (x + 4) (x—2). Solve the equation g(x) = 0.

Solution: g(x)=0
S+ H(x-2)=0
.. eitherx+4=0or x—-2=0

o x=-dorx=2 [solving x +4=0and x—2 = 0]

ExampleD: Px)=x-Dx+2)(x-4)
Solve the equation P(x) = (x + 2) (x — 4).
Solution: P(x)=(x+2) (x—4)

L x-DE+D - =x+2) (x4
s —(1) (x )+(2) (x )—(4) —(x+2)(x~4)=0 [subtracting (x +2) (x —4)]
L x+D x—-D[(x-1)—-1]=0 [factorising]
A (x+2) (x—4) (x-2)=0 [simplifying (x - 1)~ 1]
nx=-2orx=4orx=2
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Exercise 8b: Substitution, solving

Logm =G+ -1

Solution of Quadratic Equations by Formula

71

Solution of Quadratic Equations

(uadratic equations can sometimes be solved by factorising and where
lactorisation is possible this method should be used.

a. Find i. g(2) " ii. g(4)
b.  Solve g(x)=0
c¢.  Express g(x) in expanded form.

i, g-1)iv. g(-2)

2. Px)=2x=9x+4

V. g(l%)

Find a. P(1) b P(:2) c.P@) d. P13 e P(-22)

3. h@ ==+, gx)=(x+3) x+4), Jx)=CBx+2) (x=1

a. Find i h2) i h(:3) i hG) v @) v he1d)
b. Find i g0) il g iii g@)
c. Find iLJB3) il J2) ik I
d. Solve i. h(x)=0 ii. glx)=0 iii. J(x)=0
4 f)= (1) (x=2) (x—4)
g =(-1)(x-2)(x+1)
) =G-2)(x+ D +3)
a. Find: i (1) i f23) i g3) iv. h23) v. h(-32)
b. Solve these equations:
1 f(x)=0 ii. gx)=0 fi. h(x)=0
iv. f(x) + glx) =0 v. f(x)-gx)=0 vi. f(x) —h(x)=0

vii. (v+ 2) f(x) =0

Quadratic Functions

A quadratic function has the form \
¥ =Ax*+ Bx + C where A, B and C are

constant real numbers. A quadratic
function is a polynomial of degree 2.

Vil f() =4(x~2) (x- 1)

|y

an

The graphs of quadratic functions are
always parabolas. This means the

//\\

[

graphs will be similar to those shown.

VNVA

Example E: The functions y=2x2—3x+4, y=5— "72 and y = %(x - 1)?
are all quadratic because they are of the type y = Ax? + Bx + C (or they can be

rearranged into an equation of the type y = Ax? + Bx +

O).

A quadratic equation is of the type Ax*> + Bx + C = 0 or is an equation which can

be rearranged into this type.

Example F: The equations 3x* - 5x + 1 =0, 3(x+1Y-2=0and

4x* — 5x = 26>~ 1 1x + 4 are quadratic equations.

Example G: Solve the equation x> + 4x+ 3 =0

X +4x+3=0
x+3)x+1)=0

v x+3=0o0rx+1=0
. x=3orx=-1

Solution:
[factorising]

[solvingx+3=0and x+1=0]

Example H: Solve the equation x>+ 5x = 4x + 2.

X+ 5 =4x+ 2

X+ x =2
X2 +x-2=0
S+ x-1D)=0
wox=-2orl

Solution:
{subtracting 4x ]

[subtracting 2]

[factorising]
[solvingx+2=0and x— 1 =0]

Example l: Solve3x2+x-4=0

3+x-4=0
s B+ (x-1D=0
x=-l§0rx=1

Solution:
[Factorising]

Exercise 8c: Solution of Quadratic Equations by
Factorisation

| A*-3A-4 =0 2. A2+3A-10=0
| B-2B-8=0 4 C+13C+36=0

5. A*—3A-18=0 6. B -16=0

1. P=x+12 8 Ul+6U=8-U

b, 222+ UZ=72+9Z 10. 5R2-3R + 4 = 4R* + R + 16
Ho(+27=9 12,3242 1=0

13 4 +8x+3=0 4 r=x-1

15. (x+ 12 -2(x+1)~3=0

Solution of Quadratic Equations by Formula

Where a quadratic equation cannot be factorised directly there is a formula
available which can be used to solve those quadratic equations which have
solutions.

The solution to the general quadratic equation, Ax? + Bx + C =0 is:

| [ 2
§x=_Bi B -4AC

2A

[Solving 3x+4=0and x— 1 =0]
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Example J: Use the result above to find the solutions to the equation
2x* + 8x — 3 = 0 correct to 2 decimal places.

Solution: For the equation 2x*+ 8x~3=0,A=2,B=8,C=-3.

-8+ 8% _4x2x -3 B+VBX-4AC

r= 4 2A 1

x=-8iﬁ;§

4
3+J88 -8-88
2 T4

-8+938  -8-9.38
4 4

~. x=0350r-4.35

[substituting into x =

Sometimes the quadratic equation may need to be rearranged into the form
Ax? + Bx + C =0 as the following example shows.

Example K: (x+1)?=x+5

Solution: (x+1yP=x+5
SXE+2x+1=x+5

S +x-4=0

el J1'-a1-4

2

x=’1i5/ﬁ

L x=16,-26

[expanding (x + 1)7]
[gathering all terms together]

[substituting A=1,B=1,C=-4]

Exercise 8d: Quadratic Equations

1. Solve each of these equations giving answers correct to two decimal places:

a. X2+4x+1=0 b. *+8+3=0 ¢ 272-Tx+1=0
d. 3x*+6x-7=0 e. 2R?+R-8=0 f »¥+1.1x-03=0
g 23x2-35x-12=0 h. 3A’+5A=2A-3A+2

. 5 _ 2 : —1—X2+1'l' +L—
i 8UP+3U+5=2U0+11U+7 J 3 AT 1 =0

2. Solve each of these equations to two decimal places:

a (x+3)=8 b (-3P=7 c. 3x-172+1=6

d. x+1=% e. u+lp=xi-x+5 f l+l=2
2x+1 _ x+4

o ELIEE e De2-0

. x+1 o xX24x+l

- x2+x+l—0 I x2x+d =3

Exercise 8e: Word Problems 73

Solution of Quadratic Equations using a Programmable
Calculator

lIsing a programmable calculator makes the quick solution of large numbers of
(uadratic equations possible. All that is required are the values of A, B and C for

2
the formuld @ .

2A

Uising the Casio fx series, the program:
1 >A:2>B:7>C:(-B+{ (B*-4AC))+(2A) -
(B -J (B2=4AQ))+ (2A) -

will generate the roots of any quadratic equation, provided they are real numbers.
Owners of other types of calculators will need to consult their manuals to get an

equivalent program.

Word Problems

e solution of many word problems can be found using a quadratic equation.

Example L: The length of a small room is 3m more than its width. It has an

area of 72m?>. Find the width.

Solution: Let the width be w
.. the length is w + 3

Sww+3)=72
Swr+ 3w =72
W+ 3w—T72=0

Sw=7.120r-10.12

. the width is 7.12 metres

I'xcercise 8e: Word Problems

[length is 3 metres more than width]
[width x length = area}

[expanding]

[rearranging]

[solving the quadratic equation using
A=1,B=3,C=-72]

{reject -10.12 metres because it is
impossible to have a negative length]

Vor cach of these problems write an equation then solve.

{. A room is 2m longer than it is wide. It has an area of 100m”. Find the

width and the length.

L=

A room is twice as long as it is wide.

It has an area of 200m>. Find its width.

1. A triangle has a base which is 2 metres longer than its height. It has an area of

10mZ. Find the height of the triangle.

4. A triangle has a base which is 4 metres longer than its height. Its area is 15m?,

I'ind the base.
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5. John is 29 years.older than Peter. The pmducf of their ages is- 1. 272. Find
their ages,

6. The product of two consecutive natural numbers is 3 782. Find the numbers.

7. A manhas a garden with an area of 100nm?.. The garden is in the shape of a

square.: He increases all the sides of this garden by a certain amount and now

has an-area of 150m?. How much did he increase each side by?

8. The sum of the area and perimeter of a square gives avalue of 15, Find the
perimeter of the square.

9. ~A'box is constructed so that its length is one metre more than its height which:

in turn is one metre more than its width. It has a total surface area of 16m2
Find the lengths of all sides.

10. Find any number which when added to its reciprocal gives 5.

11. The sum of the first #» natural numbers is %n(n + 1).

a.. Find how many natural numbers you have to add to get a sum of 496.
b.... How many do you have to add to exceed 1.000?

12. The height of a right-angled triangle is one metre more than its base. The
hypotenuse of the triangle 1s 4 .- Find the lengths of the base and height,

13. A girl is asked by her friend how much she gets paid per hour. She answers
in the following way: “the number of hours I work each week is one more
than double my hourly pay. I get paid $153 per week. Work it out yourself.”
How much did she get paid per hour?

Nature of the Roots of a Quadratic Equation

The roots of the equation Ax? + Bx + C =0 are the x intercepts of the parabola
y =Ax? + Bx + C (the points where the graph cuts the x axis). The sketch shows
several quadratic functions and their roots and shows that quadratic equations can
have two, one or no real roots.

‘y y =x2-10x + 27
5 . /
T4 Roots

y=x2+8x+15

T 3 One
Two Roots - 5 Root \
/\ '4 yo=x2-2x+1

6 54 -3 21 1 23 45
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‘The discriminant of the equation Ax? + Bx + C =0 is:

‘The discriminant can be used to check the number of roots that a particular
yuadratic equation has. The equation Ax* + Bx + C =0 will have:

Two distinct real roots if B2 — 4AC > 0
One real root if B> —4AC =0
No real roots if B2 —4AC < 0

‘I'he reason for this result is that: 2
. . -B+~B —4AC
i. if B2 —4AC > 0 then there are two roots, namely — 5, .

ii. IfB?—4AC =0, the root will be x = % by substituting into the formula.
iii. If B2~ 4AC < 0 then the discriminant is negative and the roots do not exist.

The nature of the roots refers to how many roots an equation has and whether or
nut the roots are real.

Example M: For each equation find the discriminant and the nature of the roots:

A 92 +3x+025=0 b. ¥*+x+1=0 c. ¥+4x+1=0

Solution:

a. Discriminant = B2—4AC b. Discriminant = B?-4AC
=32-4x9x%x0.25 =1"-4x1x1
=9-9 =1-4
= (0, one real root = -3, no real roots

¢. Discriminant = B2—4AC
=4 -4x1x1
=16-4
= 12, two real roots

Example N: Find k so that 2x? - 3x + k = 0 has exactly one root.

Solution: If the equation has exactly one root then the discriminant B2 ~ 4AC = 0.

L (3P —42k=0

~9-8k=0

5 9= 8k
k=1.125
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Exercise 8f

1. For each of the following equations:
i ii. " state the nature of the roots.

i..find the discriminant; and i,
a2 +3x+1=0 b 4x*=5x+2=0
c. UP+U+4=0 d. a’+8a+16=0
e 2P =2+ 3=0 £ 3+ x=xr+2x=3
g 2 +dx=5-x~x h, @x+1)?2=2x-3
T i 2x-3=4
2. a. Find k so that kx>~ 2x + 4 = 0 has one root.
b. . Find P so that 3x2 — 8x — P = 0 has one root.
¢. - Find q so that 4x? + 3qx + 2 = 0 has exactly one root.
d.” Find all values of k so that kx? — 5x + 6 = 0 has two roots.
e. “Find all values of p so that x*~ 3x + p = 0 has no roots.

Solution of Cubic and Higher Degree Equations

Although there are formulae for solving cubics and some higher degree polynomial
equations, they are not studied in this course. Despite this, it is possible to get
approximate solutions which are as accurate as the reader may wish.

Example O: Solve x* ~ 2x2~ 5x + 7 = 0 to one decimal place and sketch the
graphof y =x* —2x2 - Sx + 7.

Solution: i.  Using a graphical calculator (Casio fx) it would be
necessary to draw the graph then using the TRACE
application find where the graph cuts the x axis.

ii.  Using a programmable calculator (Casio fx), a suitable
program is:

?oxix-2x-5x+7
Starting from a negative integral value keep on inputting

steadily increasing values for x. Record the y values
obtained.

A table of (x, y) values is established. (The x values in tables should not
exceed the magnitude of the term independent of x. In this case it is 7.)

x| 7165 -4 3] 2 -1J0T1]213 e 6;7;‘
y |-399-251/-143| -69 -23‘1 9\7\1

‘-3\ 1] 19] 57] 121217

Exercise 8g

77

II'a polynomial changes its sign in passing from one 7
v value to the next then there is a root between those
\ values. Here, there are roots for the equation
v'—2x" = 5x + 7 = 0 between -3 and -2, between
I and 2, between 2 and 3. A sketch of the graph
© grap 32 , 1\2/3 4

iappears to the right.

The root between 1 and 2 is closer to 1 than it is to 2 because the y value
(v=1) when x = 1 is smaller in size than the y value (y=-3)whenx=2
which has size 3. In order to find the root correct to 1 decimal place
successive values for x of 1.1, 1.2, 1.3... are substituted into the formula until
the sign changes, resulting in the following table:

s X ! 1 [ 1.1 [ 1.2 [7

v [10411-0152)...

As the y value for .x = 1.2 is smaller in magnitude than the y value for
v= 1.1 we deduce the root is closer to 1.2. Hence the root correct to 1
decimal place is 1.2.

Il the reader wishes, s/he can repeat this process to verify that the root correct
to 2 decimal places is 1.17.

kxercise 8g

te

Which of the values -1, 1, 2, 3 is the best approximation to the only root of
the equation x> — x - 7 = 07

[Hint: see which value when substituted into x* ~ x~ 7 = 0 gives a value
closest to 0.]

The equation x* + 3x* + 2x + 1 = 0 'has a root which lies between -3 and -2.
Which of the following is the best approximation to that root?
i -3 . =25 fi. -2.1 iv. -2 v. 2

a.  Prove the equation x* + x2— 5x — 1 = 0 has a root which lies between -1
and 0.

b.  Find that root correct to-one decimal place.

y=x=2-x+3

a. - Locate the root(s) of the equation x* — 2x2 — x + 3 = 0 correct to the
nearest integer.

b. - Sketch the graph of y = x* = 242 — x + 3.
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5. Repeat the procedure used in question 4 on: 9 CO'ORD'NATE GEOMETRY OF THE
S G S e e AR STRAIGHT LINE

C.

*6. The graphs shown below can each be represented by equations of the ACHIEVEMENT OBJECTIVES
= 2 . Hi h tions for each graph.
typey =2+ Axl ¢ Bx + . Find such equatio gep On completion of this chapter, students should be able, at:

/ LEVEL 7 GEOMETRY

* to find the distance between 2 points on a co-ordinate plane

12% 4 * given an equation representing a straight line in 2 dimensions, to find
its gradient

The Distance beftween Two Points

Problems and Investigations

lu find the distance between two points a right-angled triangle is used in which the
line joining two points forms the hypotenuse. The distance required is found
using Pythagoras’ theorem.

A box has a base whose length is always twice its width. The sum of its height, |
its width and its length is always less than or equal to 30cm. The length, the
width and the height are all whole numbers.
a. Find a formula for the volume in terms of the width.
b. Find a formula for the surface area.
¢. By use of a spreadsheet or otherwise find the dimensions of the box fori
i. - maximum surface area.
i maximum volume.

Example A: The distance between A (-1, 2) and B (2, 7) is the length of the
liypotenuse on the triangle shown.

I'rom the diagram: v B(2_,_7)

T

a.  The horizontal displacement of A to B is 3.
b. The vertical displacement of B from A is 5.

1/ |

4 i

AB? =32 +52 1 i
=9+25 Y

By Pythagoras’ theorem: >
A(-1, 2)4 -
=34 I‘"L'}">I
~AB =34 1} N
=5.83 (2dp) >
-1 1 2 3

‘The method shown above can be generalised:

The distance, d, between the points with co-ordinates (x,, y,) and (x,, y,) is:

dz\/(:l_xz)zﬂyl‘yz)ﬂ
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Example B: The distance between (2, 3) and (-1, 4) is found by letting
(x,, y) be (2, 3), and (x,, y,) be (-1, 4) and substituting.

2 2
=Jo-n'ra4 [substituting]
= /3 +(n?

_J10
=3.16 (2 dp)

A variety of problems can be solved using the distance between a pair of points.

Example C: Show that (1, 2), (2, 6) and (6, 5) are the vertices of an
isosceles triangle.

Solution: In an isosceles triangle two of the sides are of equal length.

2 2

Length of line joining (1, 2) and (2, 6) is +/ (2—-1) +(6-2) =417
2 2

Length of line joining (1, 2) and (6, 5) is +/ (6—-1) +(5-2) =v34
. 2 2

Length of line joining (2, 6) and (6, 5) is / (6—-2) +(5-6) =17

Two of the lines are of equal length and thus the triangle is isosceles.

Exercise 9a: Distance between Points

1. Find the distance between each of the following pairs of points:
a, (-1,2)and (3,6) b. (8,5 and (2,-3)
¢. (-3,%and(2,17) d. (-1,4)and(-3,-2)
e. (2,-5)and(-2,0)

4’
2. Examine the diagram and find the lengths of 4+
each of the following line segments: E A
a. AB + 21 + B
b. EB . . . + Cox
¢c. BC _4; 3 2 4
d. ED F ol .
e. AD C
)
4t

a. Draw the triangle A(5, 1), B(0, 2) and C(4, 6).
b. Show that this triangle is isosceles but not equilateral.

4. Show that the triangle with vertices (1, 1), (7, 3) and (3, 7) is isosceles.
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8. Which of the points (0, 1), (-1, 2) or (-2, 5) fornis an isosceles triangle with
(6,4) and (1, 9)?

. Show that each of the following ordered pairs form right-angled triangles:
A (2,3),(-2, Dand (1, 5)
b. (-1,4),(3,-2)and (2, 6)
c. (1,3),(-4,2)and (3, -7)

7. a. Find x so that the distance between (x, 3) and (-1, 7) is 5.
b. Find x so that the distance between (x, -4) and (5, 1) is 13.

K. Find y so that the points (-1, 3), (2, y) and (3, -3) form a right-angled triangle.
| vis a whole number.]

Y. Find x so that the points (x, 2), (2, 0) and (-2, -2) form a right-angled triangle.

1. Show that the points A0, -4), B(2, 3), C(8, 4) and D(7, -2) form a kite. Find
its area.

I1. A tramper is 14 km West and 15 km North of base at the end of the first day’s
tramping. At the end of the second day, the tramper is 8§ km East and 25 km
North of base. How far did the tramper travel during the second day?

I2. After a day’s sailing since leaving an island the yacht Neville is 40 ki West
and 65 km North of the island. At the same time, the yacht Cosmo is 32 km
East and 75 km North of the island. What is the distance between them?

The Gradient of a Straight Line

vertical change
horizontal change

hus o constant value and is called the gradient (or slope) of the line. Gradient has
{he symbol m.

lor any pair of points on a non-vertical straight line, the ratio

vertical change
n= :
horizontal change

Note: If a line is vertical its gradient is undefined.

Ay
Example D: The points A (-2, 2) and B (2, 4) lie >
on the straight line shown. 41 J
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)
From the diagram, going from A to B, the vertical change is 2 and the horizontal,
change is 4. The gradient of AB, the straight line going through A and B, is:

vertical change
horizontal change

[T N

By convention:
a. avertical change upward is positive and down is negative.
b. ahorizontal change to the right is positive and to the left is negative.

Note: The gradient in example D can be calculated by going from B to A instead
of A to B. In this case:
« the vertical change is -2. [going down]
» and the horizontal change is -4. [going to the left]

The gradient of the line is now:

vertical change _ 2

horizontal change ~ -4
= the same value as before.

The procedures in example D can be used to show that the gradient of the line
passing through the points (x, y,) and (x,, y,) is:

w4 . . L .
m=_—“"—-+ [Note: The gradient of a straight line is the rate at which the
27N y values change as x increases by 1.]

Example E: Find the gradient of the line joining (2, -3) and (-3, 2).

Solution: Let (x,y) be (2, -3) and (x,, y,) be (-3,2).
e
m=

Tx_-x
2

1

=23 [substituting)

Note: i. It does not matter which point is (x,, ,) and which is (x,, y,).
ii. If the point (a, b) is on a line with gradient % then so is the point
(a+1,b+k)

Example F: Find k so that the line joining (3, k) and (5, 6) has gradient 4.

Solution: i. Algebraic; Let (x,,y,) be (3, k) and (x,, y,) be (5, 6). The
%Y
=4

X —)Cl

gradient of the line joining (3, k) and (5, 6) is

Exercise 9b 83

=4 [substituting]

S 6-k=8 [multiplying by 2]
nk=-2 [solving for k]

ii. Graphical; i. Plot (5, 6) ot (6.10)

ii. Use the gradient 4 = % to get another

point on the line (5+ 1, 6 + 4) = (6, 10)
[see previous notes]
iii. Draw the line through (5, 6), (6, 10)
iv. Read k, the y value corresponding to
* x =3, off the line
v. k=-2

+

‘xercise 9b: Gradient

For each of the folloWing pairs of points find the gradient of the line which

goes through them.

a. (-1,2),42,3) b. (2,5),6,8)
c. (2,1),(0,3) d. (-5,2),(:6,4)
e (3,2),3,4) f.0 (4,2),3,2)

(%]

Show that the line going through (1, 3) and (3, 7) has the same gradient as the
line going through (2, 8) and (4, 12).

3. Show that the line going through (0, 2) and (2, 8) is parallel to the line going
through (1, -1) and (3;.5).

4. Prove that the line going through (2, 5) and (3, 6) has a different gradient to
the line going through (-2, 3) and (1, 12).

5. Find out if the line going through (-1, 2) and (2, 8) is parallel to the line going
through (-2, 2) and (3, 8). [Note: if 2 lines are parallel they have the same
gradient.]

6. Find out if the line going through (3, 2) and (4, 0) is parallel to the line going
through (1, 3y and (-1, 7):

7. Find & so that the line joining (2, k) and (3, 5) has gradient 2.
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8. Find £ so that the line joining (3, &) and (5, 8) has gradient 2. 5. Draw the straight hne gmng iy

9. Find k so that the line joining (-1, 5) and (3, k) has gradient -2. 6. Draw the straight line going through (-2, -2) with gradient 0.

7. Draw the straight line going through (-3, 0) with gradient undefined.
10. Find k& so that the line joining (-2, 6) and (3, k) has gradient 1. ; : ~

11. Find x so that the line joining (x, 3) and (5, 8) has gradient % Relatlonshlp between Angle and Gradient
. L . y
12. Find x so that the line joining (5, 8) and (x, 12) has gradient % Il the angle marked ¢ in Diagram A is measured 4
with a protractor, its size to the nearest degree Diagram A 3
: o in P ill be 37°. Similarly, the size of the angle
13. Find that the 1 2, 5) and (x, 10) has gradient —. ~ wi . Y, g
ind 5o that the line joining (2, 5) and (x, 10) has g 3 marked  in Diagram B is 135°. T2
. . . . .2 .
14. (a, by 1 traight line hav dient 5 . If we increase a by 6 what
Eia:)es)blfrttsc(r):a:esb;;g e having gracient 3 v Y In Diagram A, the line passes through the -1
) points (-4, O) and (0, 3) and hence has
15. (a, b) lies on a straight line having gradient -2. If we increase a by 2 what gradient g Y 075 ‘ ) _:3 bt X
does b change by? )
Drawing a Line from its Gradient and a Point The tangent of the angle @ is:
tan g = opposite
Example G: The straight line going through the point (2, 3) with gradient% adjacent
is drawn as follows: = % [substituting]
=0.75
@4 . ¢=36.9° [finding inverse tangent of 0.75]
4 :
MO 1-0
- 2 l‘'or Diagram B, the gradient is m = =-1
9 0-2 2
Add 180° to tan''(-1) to get the angle: -45 + 180 = 135°
1
X
t Il {2 !3 %4 %5 - T 5 5 4 ‘These results can be generalised:
. . L . The tangent of the angle a straight line makes with the positive horizontal
Plot the p01:1t (2,3). Since the This gives the point (4, 4). direction is equal to its gradient, ie tan @ = gradient where g is an angle with
gradient is 5. another point on the The straight line is now drawn positive horizontal direction.
line can be found by making a through (2, 3) and (4, 4).
horizontal change of 2 and a Example J: The angle that the line going through (-2, -3)

vertical change of 1 from (2, 3). and (1, 3) makes with the positive horizontal is shown as ¢

in the diagram.

Exercise 9¢ The gradient of the line is m = % [using m = )ycz :i
1. Draw the straight line going through (0, 1) with gradient % _ g

2. Draw the straight line going through (-2, 4) with gradient %. =2

3. Draw the straight line going through (3, 2) with gradient % S tanpg=2 .

4. Draw the straight line going through (4, 3) with gradient —3—2- p=634

3
23 4]
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‘tang = 2’ is solved by calculating:

( 2 ) inv tan

Note: A protractor will give ¢ as 63°, to the nearest degree.

Parallel lines have the same gradient because they make the
same angle with the positive horizontal direction. In the
diagram, L , L, and L, are parallel lines. The angles they
make with the positive horizontal are equal because they
are corresponding angles. The tangents of those angles

are the same and so the gradients are equal.

Exercise 9d: Gradient

1.. Forlines with the following gradients find the angle each makes with the
positive horizontal direction,

2‘~b—3-<:.l

a3 <4

2 d. 36 f. 0 g undefined

2. For lines going through the following pairs of points find the angle each
makes with the positive horizontal direction.

a (<1,3),(2,4) b.. (4,5),(8, 8)
¢ (3, 1),(¢-1,3) d (-5, 1),(-6,3)
e. (4,3),&5) f.@& 1,60
3. Find the gradients of lines making the following angles with the positive
horizontal direction:
a.56.3° : b. 60.25°
¢ 53.13° d. 2423
e.. 14698

' Problems and Investigations

1. a. Investigate trios of points of type (x, 3x), (?1,5’ %), (3x, 9x) for different
values of x.
b..  What conclusion'might you'reach about such trios of points?
c¢.. Prove your conclusion:

2. Investigate the claim that all lines joining points (x, y) and (¥, x) are parallel
so long as x-and y are different.

3. Investigate the claim that the line joining (1, 1) and (7, #*) always makes an
angle greater than 45° with the positive horizontal direction if ¢ > 0.

4. Is it true that the points (a; b), (¢, d)and (ta + (1 = t) ¢, tb + (1 — t) d) always
lie-on the same line?
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10. EQUATION OF A STRAIGHTLINE ...

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 5 ALGEBRA

* o graph linear rules and interpret the slope and intercepts on an
integer co-ordinate system

LEVEL 7 GEOMETRY

* given an equation representing a straight line in 2 dimensions, to find
its gradient

« to write and use equations of straight lines in 2 dimensions, given
necessary and sufficient information

Introduction

‘The equation of a straight line can be found using various methods.

Example A: A straight line goes through (0, 3) with gradient % Hx,y)isa

point on the line, a right-angled triangle can be drawn as shown in the diagram.

From the diagram, the horizontal change from !_
(0,3)to (x, y)is x.

The vertical change from (0, 3) to (x, y) is y — 3.

. gradient = ¥

0,3
_: o2
Y ;3 = % [as gradient = %]
y-3= %x [multiplying by x ]
y=2v+3  [adding 3]

Generally the equation of any straight line can be written in the form:

Ev = mx + ¢ where m is the gradient and c is the y intercept.

The graph of a straight line can be drawn from the equation of the line.



88 Equation of a Straight Line

Example B: To draw the line y = —x 2 and find the angle it makes with the 1
positive horizontal direction, proceed as follows.

Solution: [%
,t
(_3’0)
1 4
x
—+ ‘ — -
-4 - 1
-3 L
R o+ (0,2 2.
34
The y intercept (0, 2) is plotted. A straight line is drawn through 3

From the gradient == 3 a horizontal the two points. The angle

change of -3 and a vertical change  required is labelled.
of 2 take us to the point (-3, 0).

Note: Ahorizontal change of 3 and a vertical change of -2 could have been usecﬂ

The angle required is marked 6 and has a tangent of - 5. Most calculators give *
0 = tan ‘(- —) as -33.7° (to one decimal place). Addmg 180° to -33.7° gives
146.3°, the angle made with the positive horizontal direction.

The Equation of a Straight Line
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ixercise 10a: Straight Line Equations

Draw graphs of each of the following straight lines:

a. y=2x+1 b. y=3x-4 c. y=ﬁ+1
d y=%+2 e. y=-x+5 f. y=3x+3
g. y=3—%x h. y=2 i ox=3

jo y+5=0

For each line in question 1, find the gradient and the angle with the positive

horizontal direction.

(2, k) lies on the graph of y = 2x 4+ 1. Find k.
(-3, k) lies on the graph of y = 3x. Find k.

(2, k) lies on the graph of y = 3. Find k.

(k, 5) lies on the graph of y = 3x + 2. Find k.
(k, -6) lies on the graph of y = 2x + 2. Find k.
(k, -8) lies on the graph of y =3x + 1. Find k.
(13, k) lies on the graph of y = *32. Find k.
(d, 3) lies on the graph of y=3x+ 1. Find d.
(r, 2) lies on the graph of y = 2 —1. Findr.

i (-1 ) lies on the graph of y = —x + 1. Find p.

PR oo a0 o

—

Note: If the line has a positive gradient, the line will make an acute angle with +. Find tEez); an;i Y mterceptsbof theifglcl(iwgng straight lmce ¥ =%x_4
the positive horizontal direction and the calculator will give the angle in & y=or- PYT AN F V=3
one step. d y=-x+2 e. y=5-3x
The equation of a vertical line is of the type x = k, where k is the x intercept. The Equation of a Straight Line when the Gradient and a
The equation of a horizontal line is of the type y = ¢, where c is the y intercept. Point on the Line are Known

Example C: Find the value of k so that (k, 3) lies on the line y = %x +1.

Solution: Ay

i. Graphical: Draw the graph of y =~x + 1 and
locate 3 on the y axis. Ch '
From 3 on the y axis, go across to the line y = Loy 2+ ;
Now go down to the x axis and read the solution g
which is x =4. Hence k = 4. H

] {

X

~1 I T I )
ii. Algebraic: Substitute x =k and y =3 2 -1 1 2 3 4
(obtained from the co-ordinates of the point) directly into the equation. This

gives: 3= %k +1

2= %k [subtracting 1]
k=4 [multiplying by 2 and rearranging]

Example D: Find the equation of the line going through (-2, 2) with gradient 2.

y
Solution: ) y

i. Graphical: The point (-2, 2) is plotted and the gradient used
to find another point on the line. The line is drawn and the
y intercept, 6, is read off. The equation of the line is:
y=2x+6. [substituting in y = mx + c]

ii. Algebraic: Since the gradient is 2, the equation is
= 2x + ¢. The point (-2, 2) lies on the line and so

will satisfy the equation: -2,

y=2x+c

2=2x-2+c [substituting (-2, 2) iny = 2x + c]
L 2=-44+c [simplifying] x
n6=c [adding 4] =1>

o the equationis y=2x + 6
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Using the algebraic method in example D, it can be shown that
a straight line with gradient m going through (x,, y ) has the equation:

y-y =mx-x)

If the equation of a straight line has to be found quickly or involves awkward
numbers then the formula above is very useful.

Example E: The equation of the straight line going through (3, 5) with
gradient -2 is: y=5=-2(x-3) [substituting into y —y, = m{x — x )]
Ly-5=-2x +6 [expanding]
soy=-2x +11 [adding 5]

Exercise 10b

Find the equation of the following straight lines:
passes through (1, 2) with gradient 1.
passes through (2, 7) with gradient 2.
passes through (1, 1) with gradient 3.
passes through (-1, -1) with gradient 4.

passes through (2, -3) with gradient —12-

passes through (3, 4) with gradient %
passes through (<1, 5) with gradient -2.

e AR LT ol

passes through (4, -1) with gradient 23

The Equation of a Straight Line going through Two
Points

The equation is found by using the two points to find the gradient.
Example F: Find the equation of the line going through (3, 3) and (6, 5).
Solution: y
i. Graphical: The points (3, 3) and (6, 5)

are plotted. From the horizontal and
vertical changes, the gradient of the line

ism= % and the y intercept is ¢ = 1. By
comparison with the line y =mx +c,

N W A~ W

the line is y =%x+ 1

X
ii. Algebraic: The gradientofthe -1 ' 1 2 3 4 5 6 7
line is: 5.3 v~y
m =—, [substituting into 2 1

-3 X, =X

W o
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The equation of the line is:
y=5=3(x~6) [substituting into y — y, = m(x — x,)]
Soy=5= %x -4 [expanding]
Ly=2v+1 [adding 5]

Exercise 10c

Find the equation of the line going through:

I. (1,0)and (2, 1) 2. (2,7)and (3,9) 3. (-2,1)and (2, 4)
4. (-2,6)and (3, 1) 5. (-6,-8)and (3,-2) 6. (1,4)and (5,4)
7. (-2, 1) and (4, -2) 8. (4,-)and (12,-7)

Other Forms of the Straight Line Equation

‘The equation of a straight line can be written in different ways, each of which
represents the same set of points on a graph.

Example G: The equation y = %x +2 is that of a straight line with gradient 3

. . 4
and y intercept 2. It can be rearranged into a number of other forms, each of
which represents the same set of points on a graph.

y = %x +2
L4y =3x +8 [multiplying by 4]
S4y-3x-8=0 [subtracting 3x and 8]

Any equation which can be arranged into the form y = mx + c is a straight
line.

Example H: 3x— 2y + 5 = 6x — 4 is the equation of a straight line because it
can be rearranged into the form y =mx + c:

3x-2y+5=6x—-4

So2y=3x-9

Sy = ;23)( + 4%, which is of the form y = mx +c.

Thus 3x -2y + 5 = 6x — 4 is the equation of a straight line with gradient = 73

[subtracting 3x and 5]

and y intercept = 4%.
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Exercise 10d

1. Which of the following are equations of straight lines:

a. =72 b. y=2x*-3 c. y=3x+1
d 2x+3y=6 e. y=ll+1 f y=x3.—3
g y=x'-5x h. y=2y+3x-2 i oy=2"

2. Each of the following is the equation of a straight line. In each case write it

the form: y = mx + c.
a. 3y-2x=5

5
d 3y-2x=y+x-4 e 3y—%-—4x+5

b. 2y-3x=-7 c. 4y-3x+5=0

3.a. Show that any equation of the form Ax + By + C=Dx + Ey + F, where
B, C, D, E, and F are real numbers, is that of a straight line.
b.  Which of the following are straight line equations?
i, 2@ +3y=2 i, 2y~x+7=4x i, y=2"+3

Applications

Example I: A tank contains 3 litres of water. More water is run into the
tank at a constant rate of 0.5 litres per hour. . .
a. Fill in the table to show the amount of water in the tank at each time.

Time () inhours [0 [ 1|2 |3 |4 5
Volume (V)inL | 3 | | ]
b. Plot V against t and find the equation relating V to L.
c. If the tank can hold 6.3 L, how long it will take to fill the tank?

Solution:
aft[ol1]2]3 415 7AV
V)3 3.544.555j o]
b. The graph is a straight line with gradient% 5]
and V intercept 3, hence V = %t +3 4
34
¢. When the tank is full V.= 6.3 o
- 63=1t+3 [substituting into V =3t +3] 1
2 n
1 b G 3] 0 T T T T
St= 33 [subtracting 0 1L 2 3 4

-, t= 6.6 hours, so the tank fills in 6.6 hours.

Note: The gradient of the straight line is the rate at which the tank fills. In many
similar situations the gradient is the rate of change.
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Exercise 10e

I

An elastic band initially of length 20cm is stretched with a steadily increasing
force. Each increase in force of 1 newton causes an increase in length of
0.125cm.

a. Copy and fill in this table:

Force applied in newtons (F) 0 1! 2 34
Length of band in cm (L)

b. Draw a graph of length against force and find the equation relating the
length of the band to the stretching force.

c.. The band will snap when it reaches 27.6cm long. Find the force that will
cause the band to snap.

A tank contains 10 litres of water. A small hole is drilled in it and water
escapes at a constant rate of 0.12 litres per minute.

a. Draw a graph of volume of water, v, against time, t.

b. Find the equation relating volume to time.

c. At what time is the volume 5.2 L?

A pupil reads 0.8 pages of a book per minute. At the start of a reading lesson

she starts at the top of page 13.

a. Draw a graph of how much she has read, P, against time, t.

b. Find the equation relating how many pages she has read with the time she
has been reading during the lesson.

c. - What is the maximum number of pages the book can have if she finishes
it in a 1 hour reading lesson?

A company car whose initial purchase price is $20 000 is depreciated in value

at the rate of 25¢ a kilometre.

a. Find the equation relating value of the car, v, to distance, d, it has
travelled.

b. How far will the car have to travel before it has a value of $15 000?

A tank is filled at a constant rate. 10 minutes after filling is started, the tank
contains 4.8 litres of water. After 35 minutes the tank contains 7.3 litres of
water.

a. Find the rate at which the tank is-being filled.

b. Find the initial volume of fluid in the tank.

c. Find how long it takes to fill if the tank has a maximum capacity of 60 L.

A car is 30 km from a town 10 minutes after the start of its journey.

25 minutes later it is 65.42 km from the town.

a. Find the equation relating distance, in kilometres, d, from the town to
time travelled in hours, t.

b. How close was the car to the town when it began its journey?
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1.

Problems and Investigations

A student with careless habits was given the task of recording weights of
some specimens on different days. It is well known that the weight increase§
at a constant rate with time. The student forgets his scales on 2 of the days
and guesses the weights. Here are the results which the student hands in:

weight () | 0.55]0.680.95/1.05]1.35/1.55/1.75
day 12|34 5|67

Which were the days he forgot his scales?

The same student from the previous problem correctly weighed another
specimen on 5 different days. He recorded the weights but not the days he
weighed them on. He remembers that he did the last one yesterday and the
previous weighing 4 days before that. The specimen increases its weight at 8
steady rate. The weights he has recorded are 0.77, 1.25, 1.49, 1.85, 2.33.
Yesterday was December 30. What were the dates of his previous readings?
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11. PARALLEL AND PERPENDICULAR LINES

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 GEOMETRY

* to write and use equations of straight lines in 2 dimensions (including a
point and the equation of a parallel or perpendicular line)

Parallel Lines

Two lines are parallel if they have the same gradient.

Example A: Find the equation of the line parallel to y = 2x + 3 which goes
through (2, 5).

Solution:

i. Graphical: The line required, shown dotted, has
gradient 2 because it is parallel to the line y = 2x + 3.
From the graph, the y intercept of the line is 1 and the
cquation of the line is found by substituting m = 2
andc=1liny=mx+ctogivey=2x+ 1.

y =2x+3
+(2,5)
'

ii. Algebraic: The equation of the straight T

line is found by substituting m = 2 and 1 ¥
(¥, ) =(2,5) into y —y,= m(x - x,) giving: / x
y-5=2(x-2) 1 2 3
Soy—=5=2x-4 [expanding]
Soy=2x+1 [adding 5]

Note: The graphical method is simplest but is limited to problems involving
integral gradients and intercepts.

Perpendicular Lines

‘The following example compares the gradients of two
perpendicular lines and shows that the product of the
pradients of the two perpendicular lines is -1. 37

perpendicular

line to
Example B: Draw the line y = 2x + 1 and the 27

~

line perpendicular to it with the same y intercept. T L. y= 71 x+1
Find the gradient of the perpendicular line. / N
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Solution: The perpendicular line (dotted) goes through (0, 1) and (2, 0).
Going from (0, 1) to (2, 0) the gradient of the perpendicular line is:
y2 b () —1

X, — -0
2X1

ST

Note: (gradient of y =2x + 1) x (gradient of perpendicular line)

mzx%=4

The above result is true for any two perpendicular lines and can be written:

m, X m, = -1, where m, and m, are the gradients of two perpendicular lines.

Example C: Find the equation of the line perpendicular to y =
through (2, 1).

x + 1 going

Solution: The gradient of the new line is 73 [since g x5 =-1]
y—1= 33— x=2) [substituting into y — y = m(x — x,)}
L 2y—-2=-3(x-2) [multiply by 2]
S 2y-2=-3x+6 [expanding]
. 2y=-3x+8 [adding 2]

or2y+3x-8=0 [adding 3, subtracting 8]

Note: The equation could be written in the form y = gx +4 [dividing by 2]
Exercise 11a

Find the equation of the line:

parallel to y = 2x — 1 going through (3, 4).
parallel to y = ‘% + 5 going through (-1, 4).
parallel to y = 6 — 3x going through (2, 1).
parallel to y = 4 — £ x going through (3, 4).
perpendicular to y = 3x + 2 going through (6, 4).
perpendicular to y = 2x — 7 going through (4, 5).
perpendicular to y = ;l—x going through (1, -3).

® Nk W o=

perpendicularto y = —x + 4 going through (4, -3).

parallel to 2x — 3y + 11 = 0 going through (2, -1).
. parallel to 3x + y = 2y — 4x + 7 going through (-2, -7).
. perpendicular to 3y —2x + 11 = 0 going through (2, -2).
. perpendicular to 4x + 3y = 15 going through (1, -3).
. perpendicular to 2x — 3y = 4x + 2y — 11 going through (2, 10).
. perpendicular to 4x — 2y = 5y + 7 going through (-1, 0).
. Find £ if the lines kx — 2y + 5 =0 and 3x + 4y + | = 0 are:
a. perpendicular b.  parallel

—_— e = \D
NRAWN—O
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Midpoint of a Line Segment
)
The midpoint of a line segment is the point halfway 7+ 6,7
between the end-points. 6+
Example D: The diagram shows that the midpoint i :: \
of the line segment joining (1, 3) and (5, 7) is (3, 5).
145 31 midpoint (3, 5)
Note: The x co-ordinate is — = 3. 24 (1,3)
The y co-ordinate is 3 ; 1. Iy
a4 e
1 23

The result in the example D can be generalised:

i
N

i The co ~ordinates of the midpoint of the line segment joining (x, y,} and (x,, yz)m

/\1+X2 )’1+)72)
2

are:

Example E: The co-ordinates of the midpoint of the line segment joining

(-

1+2 5+7 1
1,5) and (2, 7)are{ £2,5t ) d.6)

Exercise 11b

1.

0.

What is the midpoint of the line segment joining:
a. (5,8),@2.4) b. (-3,-4),(-1,8)
d- (27 1)1(19'1) €. ('1’5)’ (29 3)

c. 5,-1, 3. D

Find the equation of the line parallel to y = 2x + 3 going through the midpoint
of the line segment joining (2, 3), (4, 5).

Find the equation of the line parallel to y = x + 11 going through the midpoint
of the line segment joining (-2, -1), (6, 9).

(x+3)

Find the equation of the line parallel to y= 5

going through the midpoint
of the line segment joining (5, 3), (23, -1).

Find the equation of the line perpendicular to the line segment joining
(-4, 5), (-2, 1) and going through its midpoint.

Find the equation of the line perpendicular to the line segment joining
(2, 0), (-4, 6) and going through its midpoint.

Find the equation of the line making an angle of 63.43° with the positive
horizontal direction going through the midpoint of the line segment joining
(-4, -2) and (6, 4).
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8.

Parallel and Perpendicular Lines

Find the equation of the line making an angle of 18.43° with the positive
horizontal direction going through the midpoint of the line segment joining
(-8, 1) and (2, 3).

Find the equation of the line making an angle of 146.3° with the positive
horizontal direction going through the midpoint of the line segment joining
(0,0) and (2, 4).

i
5

1.

Problems and Investigétions

Find the equation of L, the line which meets
y=2x + 4 at 90° at the point C.

[Hint: in these three problems it is very
helpful to draw diagrams.]

In the diagram, the co-ordinates of A and B
are (5, 0) and (2, 6) respectively. OE is
perpendicular to AB. Find the co-ordinates

of E.

Investigate the claim that the area of the triangle E

ABC with A (1, 2), B (4, 6), C (-4, 10) is greater :
than the area of the triangle ADE with D (4, -5), X /
E (-5, -8). 0l A5, 0)
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12. THE INTERSECTION OF TWO STRAIGHT
LINES

ACHIEVEMENT OBJECTIVES
(n completion of this chapter, students should be able, at:

LEVEL 7 GEOMETRY

* to find the co-ordinates of the intersection of a straight line and a curve,
given their equations

i'he point where two straight lines meet can be found graphically or algebraically.
An algebraic solution involves solving two simultaneous equations.

Example A: Find the point of intersection of the lines y = v+ 2 and y = 3x.

Solution:

I.  Graphical: The two lines y=3vand y=x+2 -
are drawn and the point of 5 $
intersection (1, 3) is read oft.

1. Algebraic: The equations of the two lines

are solved simultaneously by 3 1
elimination.
2 ¥
y =3 L. N -‘
Yo=r+2 o 2) .
0 =2v-2 [subtracting (2) from (1)] ]
2v =2 [rearranging|
=1
y =3 [substituting v = | into the equation of either line]|

. The point of intersection of y =3vand v=v+21is (1.3).

Example B: Two women, Jill and Judy. weigh 78kg and 80kg. They go on a
diet, starting on the same day. Jill loses 0.23kg a day and Judy loses 0.35kg a
day. How much time will pass before they weigh the same?

Solution: Let w represent weight and t the number of days the diet has
lasted. After t days Jill will have lost 0.23t and her weight is w =78 — 0.23t.
Similarly, Judy’s weight is w = 80 — 0.35¢.
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Solving simultaneously, we get:

w = 80-0.35t
w =78~-0.23t [subtracting]
0=2-0.12t
s2= 012t [re-arranging]
Cr=162
St= 163

Hence their weights will be the same on the seventeenth day of the diet.
Use of Calculators

The solution of simultaneous equations is enormously simplified by the use of

graphical calculators. The graphs of the straight line are drawn and the point of

intersection read off,

As mentioned in Chapter 7, simultaneous equations, there are even more direct
ways of solution on many calculators.

Concurrence

Two or more lines are concurrent if they all pass through the same point.

Example C: Show that y=3x, y=2x+ | and y = x + 2 are all concurrent.

Solution: From example A, y = 3x and y = x + 2 pass through (1, 3).
Substituting (1, 3) into y =2x + | gives 3 =2 x | + 1, which is true. Hence
(1,3) lieson y=2x+ | also. Thus all three lines pass through (1, 3).

Exercise 12

1. Find the point of intersection of the following pairs of straight lines:
a. y=2x, y=3x-1 b. y=x+3, y=2x+3

c. y=3, y=x+1 d x=2, y=x-1

e. y=%x+l,y=2x+4 f. y=x, 2x+3y=5

g 2x-3y=1, y=x-1 h. 3x+2y=11, 2x-y=5

i 2x+5y=11, 3y=4x-9 Jo 3x+2y-7=0, 5x-6y-12=0

2. Show that the following sets of straight lines are concurrent and find their
point of concurrence: :

ax=ly=4 y=x+3 b.y=2x+3, y=3x+2, y=5x

c.y=%+ I, y=x, 3y=x+4

3. Find k if the following sets of lines are concurrent:
y=x—-1, y=2x+1, y=kx+2

Problems and Ini)estigations

[£9]
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Prove that the following sets of lines are not concurrent: -
a 4y-3x-6=0,4y+3x+6=0, x=2

b. y=x+1, y=2x+3, y=3

c. y=xy=x+3,y=2x-1

Prove2x-3y=5
and 4x = 6y — 7 are lines which never intersect.

Refer to example B and find out how long it would take Jill and Judy to
reach the same weight if Jill’s initial weight was 82kg, Judy’s was 84kg, Jill |
lost 0.35kg per day and Judy lost 0.4kg per day.

David saves on average $36 per week. He started on January 1 with $50 in
his account. William saves nothing. He started with $1 000 in his account
on January 1 and spends on average $24 per week from this account. How
many weeks will pass before David has more than William?

Find the length of the perimeter of the triangle formed by the following
straight lines: y=x, y=2x+3, y=3x+1

a. Prove that the triangle formed by the linesy=x+3, y=3 —xand
y = 2x + 6is right-angled.
b. Find the area of this triangle.

Investigate the claim that v— 2y +3=0,3x-4y+7=0and
tx — 2y + 3) —u(3x —4y + 7) = 0 are always concurrent, where t and u are |
constants. l
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13. GRAPHS Il b
: : = T y=4,2
ACHIEVEMENT OBJECTIVES T
On completion of this chapter, students should be able, at: \1__
X
LEVEL 7 ALGEBRA ]
. e . 2 -1 1 2
* to model a variety of situations using graphs
* to sketch graphs and investigate the graph of a function, using a Note: The graph of y = 2x°is the graph of y = x* compressed horizontally.

calculator and plotting points if necessary The graph of y = %xl is the graph of y = x2 stretched horizontally.
« to use graphical methods to investigate a pattern in data and, where 1

5

The graph of y = s the graph of y = x* stretched horizontally and inverted.

appropriate, identify its algebraic form 2
* to describe the relationship between members of families of curves in Example B: Draw the graph for the area of a circle when graphed against
terms of transformations ] radius.
Solution: This table gives some radii and the Area 4
: corresponding area. [Area = tR* when R is radius.] 707
Introduction 60 1

1 |

4 | 5 s0f

‘Radius(R) 0 | 1 R }
503 | 785 407

This chapter is concerned with sketching graphs rather than plotting them as was

the case in Graphs 1. A sketch includes details such as x and y intercepts, turning Area (TR?) -0 3 ‘ 126 | 283 | |

points and axes of symmetry. ) 30T
The graph is ‘half a parabola’ of the type from example A. 201

Parabolas We only get half a parabola as it is not possible to have 10+
negative radii. —

Parabolas are the graphs of quadratic functions. Quadratic functions are those off 12345

the type y =Ax*+ Bx+ C where A, B and C are constant numbers. Quadratic functions of the type v = A(x — B)* + C are sketched by finding the

intercepts, turning points and maximum and minimum values as shown in the

When B, C are both zero, the graphs are of the type y = Ax. lollowing example.

Exqmple A: Sk.etches O.f y= y=2v y= %—‘52 and y = %-\'2 are drawn by Example C: Note that for the graph of y = 2(x — 1)* + 3, the minimum value
plotting a few points and joining them. of y occurs when v = 1. Substituting x =1 in y =2(x — 1> + 3 gives a
iy LY minimum value for v of 3. 5 y y=2r-1D2+3
44 44 , v=x2
3 ; y=2" Note that (1, 3) is a turning point. '
5 > The y intercept occurs when x =0
T ] Soy=2(0-1)"+3 [substituting x = 0]
1 14 y=5
— , I;" Note: The graph of y = 2(x — 1) + 3 is the
2 2 1 1 2 graph of y = x* which has been: . i
a. compressed by a factor of 2. N 31N minimum
b. shifted to the right by 1. N L y?:]ue of y
c. shifted vertically upward by 3. f i Ils 'ere> N
321 01 2 3 4

1 -
ie translated by the vector (%)
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The method of sketching illustrated in Example B is important because all
quadratic functions can be expressed in the form y = A(x - B)* + C.

Parabolas 105

4 { ——p

Example D: Find the equation of the parabola shown in the diagram. Write
the equation in the form y = A(x - B)* + C.

AY
Solution: The vertex is (-2, 4) so the equation is: /
V=A(+2) +4, >

The parabola goes through (0, 5) thus: : 4

S 5=A0+2)*+4 [substitutingx=0,y=5 :
into y = A(x +2)* + 4] i X

~5=4A+4 )

= i [solving the equation]

hence the equation is y = i(x +2)*+4.

Example E: A gardener has to mow a number of square lawns. The time it
takes to mow a lawn involves a fixed time, independent of the size of the lawn
where the lawnmower is taken off the truck, etc. This time is 5 minutes.
Each square metre takes 1.5 seconds to mow. The gardener does not mow
within one metre of the fence as there are gardens there.
a.  Find the time it takes to mow a lawn whose fences on each side
measure:
i. 20m ii. 45m ili.  60m
b.  Find the equation which represents the time it takes to mow lawns of
this type.
c. Draw a sketch of a graph of time to mow against length of fence.

<+ 2()

Solution:
a. 1. This diagram illustrates the situation:
— Area to
Garden— be mowed
Area to be mowed is (20 ~ 2) P,
1520 2)2 Fence
s time is —————— + 5 minutes  {1.5 (20 — 2)* gives time in seconds,

60 dividing by 60 converts into minutes. ]

= 13.1 minutes

Similarly the time taken to mow a lawn with fences of length 40m is 41.1
minutes and to mow a lawn with fences of length 60m is 89.1 minutes.

b. Using similar reasoning to that in a. for a garden whose side fence is of
length x we get the diagram below:

- -2 —>
Garden—¢
1
N
Al
The time spent using the mower is:  1.5(x— 2)? [in seconds]
2
= 1500 =2) jninutes
60
2
1.5(x-2) . . .
Total time is —zn — ~ + 5 minutes [adding constant of 5 minutes to include

time taken for fixed tasks}

The graph is half a parabola as it is not

c. :
Time possible to have a lawn whose fence
length would be less than 2.
[Why not?]
5 -4

Quadratic functions which are factorised or can be rearranged so that they factorise
are easily sketched.

Example F: y = x> — 6x + 5 can be factorised \ 4; y =x2
to give y=(x— 1) (x = 5). LIS '
The vy intercept is found by making x = 0: ! \ ] ,
Ly=5 107 /
The x intercepts are found by making y = 0: ! \ Jy == - 5)

L x=hHhx=5=0 + 57 )
o x=lorx=5 v

1) X
The axis of symmetry lies midway between T Y A
: . S -4 -2 2 4 6 8
the x intercepts and hence is the vertical line T

through x = 3. 5

The turning point will lie on the axis of symmetry and will have the vertical
co-ordinate: y=(3 - 1)(3-5)=-4 [substituting x = Jintoy=(x—1)(x-5)]
-, the turning point is (3, -4)

Note: y =% — 6x + 5 can be written as y = (x — 3)* — 4 which is in the form
y = A(x - B)? + C and thus could be sketched in the way described in example C.
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Any quadratic function in the form y = Ax? + Bx + C can be written in the form
y=A(x—D)?+ E, which is then easily sketched using the method in example C.

Use of Graphical Calculators

Students using such calculators will find the task of sketching graphs enormously
simplified. Once drawn, the use of the TRACE function will enable easy location
of such features as maximum and minimum points, intercepts, etc.

Summary

The relationship of various parabolas, written in the form y = A(x +B)? + C,

to the parabola y = x? is summarised below.

a. The effect of A: [Al>1

A alters the vertical y“ y = 3x2 (A=3, B=0,C=0)
co-ordinates of y = x* by 303 '

the factor A. 253

If IAl > 1 the graph is Al =1 201 v =1y (A=1, B=0, C=0)

compressed horizontally.
If IAl < 1 graph is
stretched horizontally.

153

Al <1

Y:l‘2 :l = —
/ y=t2(A=L.B=0.c=0).

If A is negative the graph is ’
g , 4 - :
reflected (ie appears ‘upside y —]5 3 N34
down’) in the x axis as well as -103
being compressed or stretched. 153
Al=1 5,3 ¥ =-x2(A=-1, B=0, C=0)

b. The effect of B:
If B is positive, the graph of y = ¥?is shifted B units to the left.

[Example D]

If B is negative, the graph of y = x? is shifted B units to the right. [Example C]

c. The effect of C:
If C is positive the graph of v = x*is shifted ICl units upward.
If C is negative the graph of v = ¥? is shifted ICl units down.

Exercise 13a: Graphs

1. Sketch graphs of the following functions:
a. y=3x b.y= %xz C.y=-x

1

o,
S
i
Wit
-t

[Example C]
[Example F)

e.y=-4y

b2

Exercise 13a: Graphs 107

Write down the equations of the parabolas shown in the graphs below.

-2 -1
Draw the graph of the area of a semi-circle against radius.
Draw the graph of the area of a circle against diameter.

The cost of painting a wall is 30c a square metre. Draw the graph of cost in
dollars of painting squares of various side lengths against side length.

By plotting the vertex and y intercept of the parabolas, sketch their graphs.
a. y=x-1+2 b. y=-(x+2)+2 c. y=3(x+2)¥-4
d. y=a4(+20+2 e y=-2-2x+1y

Write down the equations of these graphs which are all congruent [ie can be
written in the form y = £(x + A)>+ B] to y = x%.
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Graphs II

N Amm e e

9. A square shed of side length 5m is in the centre of a square field. Draw a
graph of the area of grass in the field against length of side of the field.

10. A square shed of side length 8m is surrounded by a moveable square fence.
The shed is in the middle of the area bounded by the fence. Draw a graph of
the total area bounded by the fence against the distance of the fence from the

shed. [See below.]

A )
Distance of shed from fence
(or vice versa)

400

11. For each of the following make a tidy sketch of the graphs showing:

i. y intercept. ii. x intercepts. iii. turning points.
a y=x+1)x-3) b. y=(x-1)(x-3) . y=(+2)(4—x
d y=x"-6x+8 e. y=x>-3x—4 f. y=2x=1)(x-5)
g. y:-;:(x—4) (*+2) h. y=32—6x-9

12, a. 1. Find k if the parabola y = k(x—2)(x ~ 4) has a y intercept of (0, 16).

ii. Find the co-ordinates of the turning point.

b.  Find B if the parabola y=B@B-x)(x+5) hasa turning point at (-1, 4).
c.

. . . -1 1
Find L if y =25~ L(x— 2)? has x intercepts of > and 4:2— .

13. Find equations of each of the following parabolas:

a.

x intercepts at (-3, 0), (1, 0) and y intercept at (0, -3).

b. xintercepts at 1 and 6, and y intercept at 4.

C.
d.

Tumning point at (1, 5) and y intercept at (0, 3).
Turning point at (-1, 2) and y intercept at (0, 5).
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Cubic Graphs

(ubic graphs are graphs of cubic functions which are polynomials of degree 3.
Ihey are of the form:

v=A+BZ+Cx+D

(‘ubic graphs are sketched by finding the x and y intercepts and sket'ching the curve
ihrough them. The section on calculus [chapter 21] shows how to find the co-
nrdinates of the turning points.

Example G: The graph of y = x* can be drawn by filling in a table then

plotting the points: ) »
’ ' : - - 304 Y=

a0l la ol 12 ﬂ ol
o000 8 | lo 1| s oo ] )
3 2 ol 23

204

_30—_

-40t

Example H: The graph of y i A ‘
y={x E>1)()(«3) (x —4) can be sketched 64 y=(x- {x-3)(x-4)
-hy finding the intercepts: ]
Substitutingx=0iny=(x— 1) (x=3) (x~4)2

eives the y intercept of -12. 20:
The x intercepts are found by :2 1
substituting y =0 giving: 9
-10 7
x-DNw-3)(x-4=0 1n ]
( ~x=1,30r4 12
Example I: For the graph of).z =(x+ 12 -x): 5 y
the y intercept is 2. [substitutmg x=0] o
the x intercepts are found by putting y = 0 giving: 3
(x+ 1)2 (2 —x) =0, so the x intercepts are -1 and 2. x
— T >
Note: The graph touches the x axis at -1. 2 -1, 1 2
In cubics like y = (x + 1)*(2 — x) where 4

one of the factors of the polypomial is
a perfect square, the graph will fouch
the x axis rather than cut it.
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Example J: What is the equation of thhe;wgraph shown?

Solution: The graph has x intercepts at -1, 1 and 2 so
the equation of the graphis y =AW\ + 1) (x— 1) (x - 2).
The graph has a y intercept of 6. Substituting x =0, y =6 in
y=Ax+1)(x-1)(x—2) gives:
6=A0+1DO-1(0-2) [substituting]

s 6=2A Tl IN\_/2

SLA=3
Hence the equation of the graph is y =3(x + 1) (x — 1) (x - 2).

Exercise 13b

1. Sketch graphs of each of these functions:
=43 - i — 3
a y=2 by 3 c. y=x'+2

d y=@x-2y e. y=%(x—1)3 £ oy=2—(x+1)

2. All of the following graphs involve some transformations of y = x* hence all
can be written in the form y = A(x — B)’ + C. Write down the equations of
each of these graphs.

o

3. Sketch the graphs of the following cubic functions:
a y=(x-Du@-2)x+4) b. y=u+3)@+2)(x-1)

c. y=Q-0C2+0xw-1d y=xx-1{«+3)

e. y=x(x—1) f. y=@=-2Yx-3)

g y=x-122-x h. y=-C-x)x+1DHx-3)
i

y=20-1) (=2 (x=4)j.  y=30- 1D+ 1) (1 +3)
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4. Write down the equations of the functions whose graphs are shown below:

(they are all cubic)
y
‘ L
2 ‘x

a. [x b. /'2 'IM
-2/ | N3
A
y
\\ /\ /\12
c. - d. \/,V{
2

1\‘/ ] 3 _3/

-3
Y
Ay
4 12

\ X
e N4 > f. x

3 2 2 , >

3 2\

5. Draw the graph of the volume of a box against its length. Its height is two
metres less than the length and its width is one metre less.

0. Draw a graph of the volume of a square based box against side length of the
base. Its height exceeds the base length by one metre.

The Graph of the Modulus Function

I'e modulus or absolute value function makes all non-zero numbers positive.
I'ie modulus of x or the absolute value of x is written lxl.

Example K: To draw the graph of y = x| a table of values is set up and

plotted:
v 100 3]t 01! 3]100]
vy 100, 3] 1] ol 1310

Note: The graph of y = kx| is symmetrical
about its minimum point.
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Example L: Sketch the graph of y = 2lx — 11— 2:
Solution: Evaluating different values for y yields the table below.

xl 2lalol1][2]3]4l
y420,—2024‘

After points are plotted and joined, the reader will
note that the graph of y = 2lx — 11 — 2 is like the graph

of y = Ix! but with:
a. translation to the right by 1 and down by 2 and

b. horizontal compression by a factor of 2. Graphs involving Square Roots
This gives a minimum point of (1, -2) and a y intercept of 0. Example M: The graph of y = {x is drawn from a table of values:
The graph is symmetrical about the line x = 1. -
: : - . x0 | 1] 4l 9 |16 |
Note: Students with graphical calculators will find the modulus function called - R R
y = abs(x). If the student has to draw the graph of y = 3lx + 4l they would enter y 0 1 20 3 1 4
y =3 abs (x + 4) into their calculator.
Exercise 13c¢ Example N: A sketch graph of y =2 —Jx is
the graph of y = Yx which has been reflected
1. Sketch the graphs of each of the following: in the x axis and shifted up by 2.
a. y=Ilx-1l b. y=lx+3l c. y=Ild+2 . X
It f he t : g
d. y=lxl-3 e. y= lx+2l+1 f. y=Ix-31+2 arlse‘s rom Eetable of values ! 4
o y=lesdl=3 h y=-ld i y=3-lyl o0 1] a4 \ 9 | 16
i oy=2-le+l k. y=-3—lr-2l 1 y=2ll y 21 1 0 ]2
m. y=2lx-11+2 n. y=3k+3l-1 0. y=4-2lx-1l -t Bl -
y=13-x q. y=2M-x-1 roy=la=1 @+l y
s ye=le-1l Example O: A sketch graph of y =1 —x |
=Y is drawn from a table of values. = — — —)]
2. Write down the equations of the following graphs, each of which involves a- |
transformation of y = Ixl: x 1 0 -3 -8 | 1
vy oo 1|2 | 3 | \ =
el I I I I
) 30020 - i
Note: The graph of y =1 — x is the reflection -1

of the graph of y=y/x — | in the line x = 1.
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Exercise 13d

1. Sketch the graphs of each of the following:
a y=Vx+3 b y=fxi2 ¢ y=dE+l d y=[i-2
e. y=lx3+2 f y=3-& g y=2% h. y=3/x+9+1
i y=4-2-3j y={t=x k. y={9 x+2

2. - For each of the functions in question 1 give the domain and range.

Hyperbolas

Ax+B

CitD where A, B, C and D arg
constants. Important features of hyperbolas are illustrated in the following
examples.

Hyperbolas are graphs of functions of the type y =

Example P: The hyperbola y= 3 ] is drawn from a table of values:
Y |
09 1 \ R 5 2 \ 10! 100

100
9\ %' E 273, 0 225 27\297I

303

N¢_.

‘”' 'T
‘ 0
33 375 4

45[6

The graph which results is shown below.

Note:
a. There is no point on the graph with a y value
of 3, ie, 3 is excluded from the range. The line
= 3 is called the horizontal asymptote of y = '\\ -
As x gets larger and larger in magnitude, y '
gets closer and closer to 3.

b. There is no point on the graph with an .x 3,
value of 1, ie, 1 is excluded from the domain. ! F
The line x = 1 is called the vertical 4 WX
asymptote of the hyperbola. As x gets closer 1: r

and closer to 1, y gets greater and greater in magnitude.

Although it is always possible to sketch hyperbolas by plotting points, they
are casily sketched by using the following procedure:

a. The y intercept is found by substituting x = 0.

b. The x intercept is found by substituting y = 0. This usually results in making
the numerator of the function equal to zero and solving the resulting equation.

c. The vertical asymptote occurs at the restriction in the domain and is found by
equating the denominator to zero and solving the resulting equation.

d.
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The horizontal asymptote is found by finding the limit of the function as the
variable gets very large. The cover up rule can be used to find this limit:

Ax+B | ) itten:
CraD 1S Written:
. +B

[covering up _+D]

[cancelling x’s]

Using the cover up rule, y =

. . A
The vertical asymptote is thus y = rel

Example Q: Tosketchy="—5 the x and y intercepts are found.
. - o . 3x+6
The y intercept is given by y= _ZQ [substituting x = 0 into y = xsz ]
=-3
. 6 s . 3x+6
: x intercept is given by 3;—; =0 [substituting y =0 into y = XL:'Z—]
w 3x+6=0 [multiplying by x — 2}
Sox=-2 1
The vertical asymptote is given by x —2=10 y 1‘ i
wx=2 i
horizontal asymptote, y = 3, is given by '
1€ cover up rule: .
I
3x+ b becomes i which simplifies to 3. N : >
2 1
Thls shows that as x — oo,y —> 3. _\3 :2 x
1
!
|

Note: The graph has point symmetry about (2, 3)
which is the point of intersection of the two asymptotes.

Example R: The y intercept of y = 3 [putting x = 0]

Nw o

The x intercept is found by solving 3 6_’( = [substituting y = 0]

Since there is no solution, there is no x intercept. Thus y = 0 is the horizontal

asymptote.
‘/

3

The vertical asymptote is found by solving 3 —x =0;

i
the asymptote is x = 3. 2
ymp >

v

The cover up rule gives a horizontal asymptote y = 0.

i
[
I
:
T
|
Asketchof y =5 1s shown, :
!
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Exercise 13e 117

Example S: A ship sinks and the survivors escape to an island where the
local people give each person 5kg of food to last them until their rescuers
arrive. In addition the survivors save 100kg of food from the ship which they
divide equally among the survivors. The captain refuses any of the food
brought ashore.

a. If xis the number of survivors, write an equation for the amount of food
available to each member of the crew except the captain until the rescue
ship arrives.

b. Draw a graph of this amount of food F against x.

Solution:
100

a. The amount of ship’s food per member is [total food + number of people]
[x — las we exclude the captain}

[add 5kg given by locals]

.. total food available per member is 5 + o1

b. The graph below is obtained by plotting F (food available per member)
against x. The table gives some values.

x| 213 5”‘114721 26 | 51
F 1055530 15, 10| 9| 7

The graph is as below:

F T
100 +*
501 %
»
® ”® ®
510 1520 25 30
NB: i. The points are not joined as you can only have whole numbers for

the numbers of survivors.
ii. The points all lie on a hyperbola. The reader might like to consider
what would happen if x = 1.

Exercise 13e

1, Sketch the hyperbolas with the following characteristics:

| Vertical Asymptote | Horizontal Asymptote | x Intercept |y Intercept
a x=2 y=2 3 3
b. x=3 y==6 1 2
[ x=4 y=-3 2 -1.5
d. x=2 y=3 6 9
€. x=-1 y=0 None 4
2. - Sketch the following:
_3x-6 b _ 4x-8 L 3x+6 d _x-3
Y=Y 3 T i S YV
2= f _2 4 _2x-5 h A
e YEIE YRR & Y= Y=
3 . 2 3
Looy=37— J- y=1+71( k. y=7y3-1 L y=2-~x+2

3.~ Write down the domain and range of each.of the hyperbolas in Question 2.

4. Find the equation of the hyperbolas with the following details:

Vertical Asymptote | Horizontal Asymptote| x Intercept | y Intercept
a. x=-3 y=12 -1 4
b. x=0 y=3 2 none
c. =0 y=-1_ 3 none
d. x=-2 y=2 -3 3
e. x=5 =2 2 0.8

5. Anamusement company runs games. On average per day 10 free games are

played on each machine. The cost to the company per game consists of two
parts: Sc of fixed costs, and a variable cost. The total cost to the company of
a machine per day is $5.

a. Let x be the number of games which the customers pay for. What is the
total number of games played per day?

Let the variable cost be y cents per game. What is the total cost per day?
Write an equation relating y and x.

d.  Draw the graph relating y and x.

oo
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Problems and Investigations

1.

The minimum distance of a traveller from a straight road
is 5 km which she achieves after 2 hours travel. Initially
her distance from the road is 7 km. The path she traces -~
out as she travels is parabolic. Find a formula which 7
gives her distance from the road in terms of time. 7

A wire AD is 8 metres in length. A length BD is removed from it to give AB. (
3 metres are removed from BD to give BC [see diagram]. AB and BC are
now joined at right angles to form 2 sides of a rectangle.

a. " Copy and complete this table:

BD(x) |- AB | BC | Area of Rectangle A B C_ P
I ! -3 —>!
3 5 0 0
1 1 1
35 45 3 2.25
4 4 1 4
1
4 .
5
6
7 _
8

b. Draw a graph of area against x.

¢. Write down a formula which relates the area of the rectangle to the
length x of BD.

d. What is the maximum area of the rectangle?

‘ C

Two roads intersect. One is straight, the other is curved

as shown in the form of a y = K(x — L)* + M graph centred

at A; where x is measured horizontally.

The distance from A to B is 4 km. The distance from B

to E'is 2 km. The distance from Cto D is 5 km. Find B

the distance from B to C. /

A hill has a cross-section which is
of the shape of y = Kx* cubic graph
shown.. The centre is-at the point C 9 C
shown with x measured vertically.

Find the distance between A and B l/
ifK=2.

€ Lo

A B

5.

0.

Aroomis 6 m by 10 m. Aballis

Problems and Investigations 119

projected in a straight line from a D C
position 3 m from corner Asoas
to hit a position 2 m from the same ,
corner [see diagram]. N ,/ 6m
a. Taking corner A as an origin, 3L L

write down the equation of the + P

path of the ball from the time of A —» B

projection until it hits CD. X

b. Write down the equation of the path of the ball from the time it first hits
AB until the second time it hits AB.

¢. Where does it hit AB the second time?

Investigate the graphs of the following:
y=lx+ 1+ x-2
y=2x+3l-1lx-3l
Ixl + Iyl =4
—-3l+ly+21=5
yEa-DE-2)«-4)

opo o
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14. EQUATION OF THE CIRCLE

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 ALGEBRA
* o sketch graphs

* o use graphing methods to investigate a pattern in data and, where
appropriate, identify its algebraic form
LEVEL 7 GEOMETRY

* 1o find the co-ordinates of the intersection of a straight line and a curve
given their equations

- Circles Centred at the Origin

oy
To find the equation of a circle with centre at the origin
(0, 0) and radius R, notice that any point (x, y) on the /

circle forms a right-angled triangle with the origin.

This triangle has sides of length x, y and R. x
Using Pythagoras’ theorem, the general equation
of a circle, centred on the origin with radius R, is:
P+ =R2 }
Example A: The radius of a circle, centred at the origin and passing ,
through (2, 3) is R, where: R?=22+32 [using Pythagoras’ theorem]
=13
.. equation of the circle is x> + y* = 13 |
Where the circle cuts the x axis, y
. xZ
-

.. co-ordinates of the x intercepts
are (/13,0), (-/13, 0).
Similarly the co-ordinates of the y intercepts

are (0, /13), (0, -/13).

2

oy
(2,3)
=0
st =13 R
Lx=213 3

Exercise 14a 121

Graphical Calculators

In order to draw graphs of the above type using a Casio graphical calculator it is

[ 2 [ .2
necessary to draw the graph of y =y R —x? then the graphof y=—y R —x".

It is also possible to draw them using parametric methods however that is beyond
the scope of this course although the reader owning a calculator such as the

J¥-7700 GB is encouraged to experiment with this facility.

Exercise 14a

1. Write down the equations of each of the following circles:

8y 6
x
a. b. -8 8 ¢ -6
-8 -6
454
X
d. e -4.5 4.5
-4.,5

2. What are the equations of the circles centred at the origin with radii:

a 6 b 12 . 3? d. 03?

3. What is the radius of the circle which is centred at the origin and goes
through:
a. (2,3n b (54?2 ¢ (-5,2)2 d. (0,-2)? e (1,2)?

4. What are the equations of the circles centred at the origin going through:
a  (-1,2)? b.. (3,57 ¢ (2,-1)? d. (3,-2)?
e (4,6)? £ (5,-2) g. - (15,257 h. (-6,-4)?
L (507 J0,2)? '

5. - Which of the following sets of points all lie on circles centred at the origin.
For those that do:give the equation.
. (2,0,¢1, 1,0, 1,,-D
b.:(3,4),4,-3),(5,0), (0,-5)
c. 0 42,7),3,06),5,4)
d
e

(L0, D.0. 1.4
(3,2, 2,+/5),3,0,0,-3)
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Circle Centred at a Point (q, b)

The general equation of a circle with radius R and centre (a, b) can be found from
the diagram in a similar way to that above. The equation is:

‘L(x—a)2+(y-b)2=R2 bl

Example B: a. The equation of a circle centred at (1, 2) with radius 4 is
found by substituting a=1,b =2 and R = 4 into (x — a)* + (y — b)?> = R? giving:
(=17 +(y—27=4
(= 1P+ (r-27=16
X+ )y’ -2x-4y+1+4=16 [expanding]
L+ Yy =20 —4y—11=0  [simplifying]

b. The equation of a circle centred at (-3, 4) with radius 2 is:
(x=3)1+(y-4)7 =2?
(x+3) +(-4)? =4
X+y +6x-8y+21 =0

Exercise 14b

Find the equations of the circles with the following features:

centre (2, 3), radius 5. 2. centre (-3, 1), radius 4.
centre (-2, -3), radius 2. 4. centre (1, 4), radius 3.
passing through (-3, 3) and centred at (1, 2).

passing through (2, 5) and centred at (4, 2).

diameter with-end points (-3, 2), (4, 1).

diameter with end points (-1, -2), (3, 2).

0O -1 O\ L L) =

Find the co-ordinates of the centre and the radius of each of the following circles
9. (x+1P2+(y-32=16 10. (x—27+(y-47?=25 ~
. (x=42+(y+1)?=36

Find the equations on which the circles of the following sets of points lie:
12..(4, 6), (4,-2), (-3, 5), (5, -1) 13. (9, 15),(13,7),(3,-3), (11, 1)
14. (Os 14)7 (75 '3)a (8’ 2)’ ("5’ -11) 15 (17 2)’ (39 2)’ (1,4)’ (3, 4)

16. An outpost is surrounded by a circular fence 500m from the outpost. ‘Any
person coming into contact with it causes an alarm to ring. Ian was 230m
east and 340m north of the outpost, Dave was 330m west and 215m south,
Shane was 480m west and 140m south. Which one set off the alarm?

Intersection of a Circle with a Straight Line 123
Intersection of a Circle with a Straight Line

A simple graphical method can be used where a graph is drawn and points of
intersection read off. More accurate is an algebraic method where the equations
of the circle and line are solved simultaneously. (Using a graphical calculator
great accuracy can be obtained.)

Example D: Find the co-ordinates for the point of intersection of the line
y=x+ 1 with the circle x* + y* = 25.

Solution: Graphical Y,
There are two points of intersection (P, and P,) which can be 5
read off from the above graph, P, = (3, 4) and P, = (-4, -3).

Solution: Algebraic
The equations y = x + 1 and x* + y> = 25 are solved

simultaneously. :
X2+ (x+1))=25 [substituting y=x+ 1 in
X+ y?=25]
X+ x2+2x+ 1=25 [expanding]
s 2x2+2x-24=0  [subtracting 25 and P, 5
simplifying]

© X +x-12=0 [dividing by 2]
(x+4)(x-3)=0 [factorising]
x=3or-4

Substituting x = 3 and -4 intoy = x + 1 gives the points of intersection (3, 4)
and (-4, -3).

When the substitution method gives only one root to the quadratic equation, the
line is a tangent to the circle.

Example E: Prove that y =2 — x is a tangent to x> + y* = 2 at the point (1, 1).

Solution: Substituting for y and solving gives 1 root:

X+ Q2-xP=2 [substituting]
X+ 4 —4x+xP=2 [expanding]
So282-4x+2=0 [simplifying]
soxX2=2x+1=0 [dividing by 2]
so(x=1)y=0 [factorising]

.~ x=1, confirming one root.
Then substitute x = 1 into y = 2 — x to confirm that the point of intersection
is (1, 1).
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Equation of the Circle

Where a straight line does not cross the circle, the resulting equation has no real
roots.

Example F: Prove that y = 4 —x does not cut the
circle x2 + y* = 4.

Solution:
Attempting to solve the equations simultaneously:
XX+@4-xP=4 [substituting]
X+ 16-8x+x7 =4 [expanding]
o232 -8x+12=0 [simplifying]
X -4x+6=0 {dividing by 2]

2
4i\/?§ -bt~/b —dac

5 [substituting into x = > ]

X =

%2 — 4x + 6 has no real roots as we cannot find the square root of a negative
number (see the diagram). Therefore the line does not cut the circle.

Exercise 14c

L.

Find the co-ordinates of the points of intersection, if any, of the circle
x* + y* = 4 with the following straight lines:

a. y=2 b. y=1 c. x=2 d x=-1

e. y=15 f. y=3 g y=x h. y=2x

i. y=3x jo x=2y

Find the points of intersection of the circle x* + y* = 4 with the straight lines:
a. y=x+1 b. y=x-1 c. y=2x+1 d y=x+2
e. y=2x-2

Find the co-ordinates of the points of intersection, if any, of the parabola
y = x> with the following straight lines:

a y=4 b. x=2 c. y=-9 d y=x
e. y=2x f. y=3x g y=2x+3 h. y=2x-1
i y=4-3x joy=x+1

Find the co-ordinates of the points of intersection, if any, of the hyperbola

y= % with the following straight lines:

a. y=3 b. y=5 c. x=2 d  x=4
e. y=x f. y=2x g y=2-x h. y=2x+1
iooy=x—-1 j ox+y=0

125

Problems and Investigations

[£%]

Each of the following lines is a tangent to the circle indicated.
a. 3x+4y=25 *+y*=25 b. x+2y=5, *+y*=5
c. 2x-y=35, +y*=5

Investigate this claim.

Find K so that x + y = K is a tangent to the circle x> + y* =9.

Find the equations of the 2 tangents to the circle x*+ y*= 4 from the
point (0, 3).

Find the points of intersection of y = x* with the circle x* + y* = 6.
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15. INDICES

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 ALGEBRA

* to carry out appropriate manipulation and simplification of algebraic

expressions (including fractional and negative exponents)

* to choose suitable strategies for finding solutions to equations and

interpret the results

Introduction

The important properties of indices are:

XM X X" = xmn %:x‘“" [x;tO]'
(xm)n = x™n x" = _Xln [.X ES O]
X =1 [x #0] (xy)m = xmym
£\"_ AN
(5) == oA
}; -m y m
() =)
Negative Indices
Example A: Calculate the following:
1 -1
a. 33 b. 4 c. (22 d 2
2 4

Solution: Calculations such as these are quite simple provided it is not
necessary to give the answers as a fraction.

Negative Indices 127

a. Using a calculator (fx-82)

33 is calculated by:

OO

The answer is 0.037037.

b. % is calculated by:

elolnlelels

Similarly:

-1
. (-2)2=0.25 [seep. 132] d. 2T

[to 6 decimal places]

=0.125

Example B: Calculate the following, giving the answers as fractions.

1 3
a. 23 b. 3-2 c. (%)

G)

-3
2 -1
e S A
c 3_2 7

Solution: To carry out these calculations it is necesary to use the properties of

indices.
1 , 1
a. 23 = 23 [since xm=x_m]
_ 1 3_
= 3 [2°=28]
1 1
b. 3-2 = 32 [sincex—m=x’“‘]
= 9
3 m
3 2 m
2y - = XY -
“ (E) - [aS(Y) !
_ 8
- 125
-2 2 ¥ - y m
3 - B ={L
«(3)-() =6 -=(G))
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-3 32 £0oym
e. 5 = 3 [as” -m =3
3 2 y X
- 9
8
-1 1
f. s =7 x 2! [as dividing by 7 is the same as multiplying by %]
1
1.1 a_—_1
=7%5 [as 2 —21—2]
= ~11—4- [multiplying fractions]

“Exercise 15a

1. Calculate the following, giving the answers to no more than 4 decimal place

a. 24 b 1279 c. 0372 d. 0371+23
1 2
e. 237 +4 e . 3 P34y
5 g (24) h. (:3.4)
i g 2 4099 k. @237+ (237
i ot os 2.3 B4 09k 237+ (-23)
2. Calculate the following, giving the answers as fractions:
3
a 37 b, 47 . 24 d. (i)
4
7 sl 1 e
e -2 i h. {2
2 3 B 4 (5)
3 -2 -3
4) 2. 3. 3!
i e i B | L2
(5 3 3 5 ? 8
5-1
m e n. 76 0. 8x 3! p.21x3!
; 5 3
g 35! L 327 s L t ;E
-2 -2
3
ot v 2 w. 316 x. 36
yo 2+7 z. 34t

Calculate the following, giving the answers as fractions: .
a. 2'x3 b 3*x4! ¢ (27 x3h? d. (3122

e 2143 f. 32+6! g 2!3+513 h 228!

-1 -1 . oL
i 4%+81 s k e L @2-23Yy
o4t R S ) . 2Ly
i byt 51, ¢ )

m. (223)y'+213%2 n. 5(2%'+47 0. H2H-32H

Write the following as fractions or integers with no powers:

a 2x4! b 271x3! c. 4x2! d. 372x5
o)1 1\-! i3 2f2)-2
B e B
3 '
el
i 2}

Write each of the fbll’awing as the product of primes raised to powers:
c.g 28=22xT", -;- —3x23

i 12 b 200 c. 45 d Ef%
2 4 16 64

e 3 f. 5 : g Ty h. i

s 1

1 22

Simplifying Algebraic Expressions

The solution to many of the following examples can be shortened or done in other
ways.

Example C: The following are simplified and written with positive indices.

1 . .
a = > [since x* = %]
b. 8a?=8xa?
=8 X —15 [since a?= %]
8 a’ a

[dividing by 5 is the same as multiplying by %]

1 . 1
275 % [since 27! = % and 2 = ;]
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15
Example D: Express ——

15x-3y2

32

Solution:

Gx2yh’

Rational Powers

131

Rational Powers

1 1
x2is /X, the square root of x. x3 is ¥/, the cube root of x.
Generally, the yth root of x can be written:

Exercise 15b

2 5 without negative indices.
(3x2y%)
15x-3y2
= 202 %) [since (xy)" = x"y"]
15x-3y2 .
. 28 [since (x")™ = x™™]
_ Sxly-6 xm 15 5
3 [ =x""and 5= 7]
= X 0
= 3 Xy
o1 . 1
= N e —
53 46 [since y" = yn]
_.i

e.g. 3yt
a x? b, y? c. at d v e z7
£t g zH o h (o) Lo (abeyt g (o)
k @ L @» m @Ga* n @ o 3«
p. ab? q.. a’h? 1 a'%? . 1‘51 t. %3
? 2’ 402 3x? 4x7
’ u. < V. 7 —9— X. sz g;i’
2. Write the following using negative indices for the variable. Eg 5= 3%
L L S 4 5
a 5 b. > c. 2 d * €. ;3
Z L ‘ il L 2
Lo & o2 h 38 L5yt b 52
. o Lt 4 2 y?
B gyt B g O

3. Write the following as simply as possible without using negative indices an
asa sm%le fraction; ~

6a? 552 5ly2
a. . : -
8y3 e e 10y
a2 ' '
(4x l) (2?6'2)3 2 <1 <1
el ¥ 5 x : 2 x
8x'1y'3’ g X b 5x L 3y
k. 2% L 3% m. 2(3'x?)
o nxl gy p. xl+x? g X2y +yh

@0
4x'3y
3ly2
Gy’

n 4G5y

1
xy =yv/-f

Proof: The following proof for y = 3 can be applied to any value of y.

LE} =x' [since (x™)" = x™]

—

x3 = i/— [taking cube roots]

Generalising further:

x%= ;‘/x_m =(r\l/;)m

5
Example E: 27 ? = |: 273 ]

V77
3)5
243

[since (x)% = [(x)l}m]

[since (x)% = 'l/;]

Example F: Write the following in index form, ie: a. /x b. f/;i

a. Jx=%x [from the definition of /]
1
=_x2
2
s[.2 3 .
b. Vx©=x° [since ¥ x™ =
m
c. L=1 [since ¥ x™ = x"]
i 2 2
x 3
_2
=x 3 [since x = in]
X

Exercise 15¢

o

-
ﬁ’-—

[\®]

1. Express the following in index form as simply as possible. e.g. 3 f/x? = 3t

a. Ja b. ¢ ¢

R

d. §a €
L .
Lo j.

G- &
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koL LA ‘ e
7 s e L TR
L 6 8
p o q.. 4Ya L }E—" 8 T f.

2 J__z L 1
u. sz v x) WS X. :vg%/;; ¥

2
2. Express the following using radical (or root) signs. Eg Jr:":"{/—xE

3 2 2 2
a . al b: b e X’ d i e

A[,j,,

¥

3. Express the following in index form and as simply as possible:

)
a, Y b, V02 al

C. y

6 5 4
34x 5/32x x-9y4
d. v €. \ )73 f
g Jrxifa h L x/Jo L s b
a

o2
Using Calculators to Evaluate (-x)°
1

Calculators which have x” and (x)” buttons can simplify calculations involving
indices. Some calculators will not accept a negative base, so when attempting to
calculate indices such as (-3)?, the calculator will display E, showing that the

calculator cannot caiculate (-3)? directly. In such cases the following procedures
are useful.

a. Calculation of (-x)" where x is positive and 7 is an integer.

If nis even, (-x)" = (x)".
If nis odd, (-x)* = -(x)".

Example G:
a. (-4 =-4y [the index # is odd]
=-1024
b. (-7)2 =72 [the index -2 is even]
=0.02 [to 2 decimal places]

m
b. Calculation of (-x) " where m and n are integers and x is positive. The index %

should be simplified as much as possible. Then, regardless of whether % is
negative or positive:

m
Ifnis even, (_ x)? cannot be calculated.
m

m
Ifnis odd and m is even, (-x)T = (x)r

Exercise 15d 133

If n and m are odd, (-x)™ = -[(X)“]

Example H: (_27 5)% = (27_5)% [since 2 is even and 3 is odd]

=9.11 [using a calculator, to 2 decimal places]
2
Note: On a calculator (-27.5)3 would be calculated:

OOOODOOLOODOD

Exercise 15d '

Use a caleulator to work out each of the following:

' 3
1,24 2. 37 - 3. 0.23}-
s (3 6. (13)2
4. (27 G 1‘ i
: = 2an\o
7. (-347)3 8. (—2.4922 : 9. (.;6_9.)
3 oo
t 15y 1. (1763)° ~(3165)°
10,352 =2.15) "
L 21
2 %. i (11.45)0.467 14'( 17.45)3
12. (15.86)7 +(-4.39) e T
1 L I 2 -
15. (3.2)3 % (25)2 ——(1.36)4 16. (-3.2)3 ! 17.(56) :
_ ; .
2 4 5
18.(63) 3 19. (457 ¢ 20. (-31.2)

Solution of Equations involving Indices

From an equation of the form X = c, x is found by raising the expression on

each side of the ‘=’ to the reciprocal of the power of x.
15

Example I: Solve (x)-2—3 = 26.4 correct to 4 significant figures.
15

Solution: (x)2 =264
15 2 23

. [( X)TS']IS = (26.4)75— [raising both sides to the.reciprocal
h power to isolate the variable]
sox=1513 [using a calculator]
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-4
Example J: Solve (2A +3)7 =38, to 3 significant figures.
-4

Solution: (2A +3)7 =38
-7
4

[(ZA + 3)_7]7_—_ (g)%

. 2A+3=(8)%
)

-7

~ 2A=(8)7
7

4 _

A ®* -3
A=-1.49

Exercise 15e

1. Solve each of the following equations:

i

4 )C2=2 b. x?_—.z
1

e. ‘a=2 f. y'2= 25
2 4

i, x5=4 j. y3= 16

1 1

m 2%-1=3 n 4°+1=9

g =9 £ x2=2

2. Solve tl;e following equations:

a (=16 b. (A)

2
a (p)%=7
2

2 PIRE ;)
. (x)3= [ 3 Jz . .
g 2 7 h [(x)5+3] =9 Cgeinteg :

[raising to the reciprocal power]

[subtracting 3]

[dividing by 2]
L 1
c. x'=3 d a’=5
4 2
g x =256 h y*=27
2 7
kooxi= 32 1 y3=128
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3. The relaticzmship connecting length L to cost C of a type of mateﬂél is givén
by C= 1% + 6, where C is given in dollars and L in metres.
a.  What is the cost when 27 metres are purchased?
b. What length can be purchased for $100?

4. The relationship ?et{ween the volume, height and base radius of a shape is
givenby V= KRZH?, where R is base radius, H is height and K is a constant.

When the height and base radius are both 2 the volume is 16:

a. Find the volume when the radius is 16 and the height 49.

b. Find the height when the volume is 128 and the radius is 4.

¢. Find the radius when the volume is 486 and the height is 3 125,

| Problems and Investigations

1. Investigate the claim that if A and B are whole numbers with A > B then
A?-B%> 1 (hint: A’-B?*=(A-B)(A+B)).

Al B|A-B|A+B|A?-B?

4 b/ b { Y Y

1 1 L 4
2. Investigate the claim that if x = (z + pez=1Zandy=(+1)2+(z-1)2
\ then xy = 2 (hint: set up a table).

Y \ § X & 2 & 4

Note: The above two investigations are particularly suitable for spreadsheet
analysis.

L
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16. LOGARITHMS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 ALGEBRA

* to carry out appropriate manipulation and simplification of algebraic
expressions {including the concept, properties and manipulation of
logarithms)

i

* to sketch graphs and investigate the graph of a function, using a
calculator and plotting points if neccessary

* to use grapical methods to investigate a pattern in data and, where
appropriate, identify its algebraic form

The Natural Logarithm Function

The natural logarithm function has domain {.x: x > 0} and hence is defined for all

positive numbers. The natural logarithm function has the symbol /n on calculators. -

This function is also called the logarithm of x to the base e and is written log.x.

3
Example A: Calculate 2+ M343"
3-n5.8

Solution: /n 34.3 =3.5351454 and /n 5.8 = 1.7578579 [using a calculator]
(2+mn34.3)° _ (5.5351453)°

(3- n5.8) 1.2421421
=136.5 (1d.p.)

Note: i. Foraccuracy, rounding off is left until the end of the calculation.
it. /n> x means (/n x)~

Exercise 16a

1. Calculate each of the following to 2 decimal places:

a In25.6 b. /n 136 ¢. In42.5+0n8.03
d 947.6-In845 e 21125 £ (In36.7) (In 55.8)
g (In82.5) h. In?(142.7) i, 23

j. 4in384 k. 8-In2.6 L 17+In (0-367)

a |
‘ /na—lnb=ln%‘
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Properties of the Natural Logarithmic F. unction
3n6.2+4
m. (In25.6 + 18) n. 5(nS.7+ In6.8) 0. Jmesty
p. J6in23+5Mmd3 g (n6.4+3) r ndStin2]
271
S. . 1 t. 7% — I (-2.3)
(n64)’ )
W (n473)° —(n 860 v. Yunsn -1 w. In(in48)
x. 5-In5) y. In(in3-mn9
Calculate each of the following to 2 decimal places:
a. log 2.4 b, log 5.7 c. log 3.8
d. 3102;, 0.47 e. log 0.56 +log2.1 f. log,43-mn43
g. 2+Im3.6+log 0313 |
h. (log 032+ n 1457 i. /log 8.2 i+ log,7

Properties of the Natural Logarithmic Function

Vor all positive a and b:

‘/na+1nb=znabj

Example B: In 6 = 1.7917595, In2= 0.6931472 and In 3 = 1.0986123.

It can be confirmed that m 2+ 3= (2x3)=I/n6as follows:
m2+In3=0.6931472 + 1.0986123

=1.7917595

=6

Example C: n 3 = 1.0986123, In 2 = 0.6931472 and /n 1.5 = 0.4054651.

It can be confirmed thatIn 3 —m2=/n % =/In 1.5 as follows:
In3—In2=1.0986123-0.6931472
=(.4054651
=/nl1.5
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—

na

Example D: /n 2= 0.6931472 and In 32 = 3.4657359
It can be confirmed that 5/n 2 = In 2° as follows:

n2=0.6931472
* 5In2=5x0.6931472 [multiplying by 5]
= 3.4657359
=/n32
=2

Inl =0 J [The student can verify this for themselves.]

Exercise 16b

1. Express the following as a single natural logarithm [e.g. In 3+ n 5 = In 15]

a. md4+mho6 b. In5+mné6 ¢. m2+mn3+n4
d. In26-I2 e. In36-in18 f. 25

g 3ind-mn2 h. 4in 36 i, 349 +4m27
jo 3Mn100-in2

Itlna=x,Inb=y,nc=z express the following in terms of x, y and z:

2
[e.g. ln{%}:lneﬁﬂnb-lnc =x+2y-2]
b 32 3 2
a. In [i?} b. In (ﬁ%] c. In¥a d. In (a @)
C

The Exponential Function

The exponential function, ¢, is closely related to the natural logarithmic function,

Itis its inverse. Its key is the inverse of the /n key on most scientific calculators.

Example E:

a. e**=29964 [onacalcu]ator: i - @]
b. eft7= !9l [onacalculator:@ = @ - > @]

=7

c. Ine**=In73.699793
=43

Note: Part b. and c. of example E show that the natural logarithm function and the

exponential function ‘cancel’ each other out. This is because they are inverse
functions of one another.
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The exponential function follows all the rules associated with indices, such as:

i. ee'=e"’ ii. e+e=¢e"
i, (e =ev v, =
v. e’ =
Example F:
i. e'=20.085537 e?=7.3890561 e’ =148.41316

ede?= 14841316 =¢°
i el o 01353352 ¢
M 02773890561 ~ -
Ixercise 16¢

|. Calculate each of the following to 3 decimal places:

a el.3 b eZ.S c. e'll d e-l.lS
e 2el44 f 64‘3 + 60.32 g e5.6 - e4.8 h. e3A4 - 8
1
. 1 2 2 L
i, T7-¢e"? . JE k. 2 l. e o
1 3 1
m. e3 n. ¢4 o €2

2. Calculate each of the following to 2 decimal places:

4 eV9e0d b, e24 c. Ve d. C‘G
. 3 3 3 4
4.1 5 L
131y £ edoel? (€ +3) h. 2
e. (e 1) . g 2¢e -1
2 3.
(2 —0.1) o237 e
Lo J- e,/i
132

3. The function exp(x) is often used to represent e. Sometimes it is written
exp x. Thus exp(2) =exp 2 = ¢€’. 1
Calculate the following to 4 decimal places:
a. exp37 b. exp4.03 c.  exp(2.73) d.  exp(-6.34)
e. exp(-0.34)

4. Calculate each of the following to a maximum of 2 deci¥na1 places:

/3

5 0
2 ehs b. eln(Zé—l) c. Ine d. 3lneﬁ—l e. ehi-73e
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5. Simplify each of the following expressions as much as possible.

a. eteb b. e‘e? c. ese’ d. e*+ef e. e¥+el
3
y
f. % g (e9)? h. (-17) i. eve? i eeyY+e
e e

The Graphs of the Logarithmic and Exponential
Function

The tables below give selected points Plotting them on the same diagram and
on the graphs of y = /n x and y = e, sketching the graphs yields the following

diagram:
x |01]os[1]2]5]10
Inx|-23]-0.7]| 0]0.7(1.6]2.3 P
x|2|-1lof1]2] 3 | L y=Inx
e"10.1]104{ 1 (2.7]|7.4] 20.1 A .

Clearly the graphs of y = /n x and y = e* are mirror images of each other in the line
¥ = x, which is the result of the two functions being inverses of each other.

Exercise 16d

Sketch the following graphs:
1. y=2Inx 2. y=in(x-2) 3. y=l+mnx

4. y=3e*
5 y=et! 6. y=¢e" 7. y=In(-x)

Solving Logarithmic and Exponential Equations

Because the logarithmic and exponential functions are inverses of each other the
following important relationship holds:

T 1
,—y =Mxif and only if e’ = i |

This provides the key to solving many equations involving these functions.

2. Solve the following equations to 2 decimal places:

Exercise 16e
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Example G: Solve: i mhx=3 i. e=4
Solution: i. mhx=3 . . |
sox=¢ [as In x = y if, and only if, x = €]

~ox=20.1(1dp.)
[NB: The step in going from In x = 3 to x = ¢’ is called ‘switching to
exponentials’.]
i e' =4 .
sox =ln4 [as e’ = x if, and only if, y = /In x]

[NB: The step in going from e' =4 to x = In 4 is called ‘switching to
logarithms’.]

. x+3
Example H: Solve: i. e¥*'=7 ii. In 5 = 0.1
Solution: . et =17 ‘ -
3x+1=mh7 [switching to logarithms]
X = mi-1 73_ 1 [rearranging]

= 0.315(3d.p.) [solving the equation]

x+3

ii. In 7 = 0.6
X 42- 3 _ eos [switching to exponentials]
o x =2e%_3

= 0.644 (3 d.p.) [solving the equation]

Exercise 16e

Solve the following equations to 2 decimal places: 1
a. e'=4 b. e=03 c. el=12

a1

d. e¥*4=5 e. e =06 f. e*=34

a. Inx=3 b. nx=-2 c. m(x+1)y=-2

- x+1 1
d. ln(8X43)=4 e. ln(m)=5
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Other Logarithmic Functions

Any function of the type y = a* is called an exponential function. The inverse of

this function is called the ‘logarithmic function to base a’ and is written log _x.
Most scientific calculators have the logarithmic function to base 10 and the

exponential function 10" in addition to the natural logarithmic function /n x and the

exponential function e”. On most calculators the logarithmic function to base 10
has the symbol ‘log” and the exponential function 10" has the symbol ‘10" °.

Example I:

a. Jlog 17 =J1.2304489
=1.11 (2d.p.)

W=

b. (1012-1)° = (15.848932 - 1)’
=246 (2dp)

c. 10°25=5 [as ‘10" and ‘log’ are inverse functions]
d. 10¥=6
 2x=log6 [taking logs]
" x=0.39 (2dp.)

Exercise 16f

Calculate to 2 decimal places using the 10" and log keys on your calculator:

1. log125.7 2. 10%3 3. 10% —log 2347.5
2.3
10 log 3.678
log 1.37 5. 10

General Properties of Logarithmic Functions

a. Ifais any positive number, y = a* and y = log x are inverse functions.
y y Eq

Note: log x is the logarithm of x to the base a.

b.  The graph of y=a" is similar to that of y = " and the graph of y =log,x is
similar to that of y = Inx. The graphsof y=a'andy = log xare images of
each other under reflection in the line y = x.

¢ The function y = log_x is defined by:

\ y=log xif and only if x= &’
N N

aloga'" = x because a' and log_x are inverse functions of each other.

General Properties of Logarithmic Functions
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¢ log.a‘'=x

[ Foralla>0: loga=1andlog1=0

g log(xy) =logx + logay]
Proof: Letu=1logxand v=logy
w x=a'andy=a" [from definition of log]
Loxy=a'a’ [multiplying x and y]
Loxy=a'ty [adding indices]
. u+v=logxy [by definition of log]
" log x +log y =logxy [since u =logx, v=logyl

Q.E.D.

i
h. IOga[T} =log,s - log,t J

1. log x> =nlog x }

Worked Examples
Example J: Write 128 = 27 in logarithmic form.
Solution:  128=27
o T=log,128 [since y = log x when x = a']
.. The required expression is log,128 = 7.

Example K: Solve the equation 5% ' = 8.

Solution: 5% ' =8

s In5"-! =In8 [taking logs of both sides]
s Bt—1InS =In8 [since logA™ = nlogA]
In8 C oy
~o3t-1 = = [dividing by In5]
S T [adding 1]
In5
In8
Lt= (E + 1) +3
=0.764 (3d.p.)

Note: a. /n 8 and In 5 are evaluated last to minimise numerical errors.
b. Using the ‘log’ key instead of the ‘/n’ key gives the same result.
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Example L: To find the value of log 15,
let x=log 15.

. 16°=15 [since x =@ wheny =log x ]
o In16=ml5 [taking logs of both sides]
. xIn16=[nl5 [since logA" = n logA]
= nl5
" inl6
~ x=0977 (3d.p.)
logbx
Note: The base changing rule is: log x =
a log,a

Example M: Solve log,(2x + 1) = 5.

Solution: log(2x+1)=5

S 2x+1=3 [x =a’wheny=log x]
o 2x+1=243 [since 3° = 243]
L 2x=242 [subtracting 1}
wox=121 [dividing by 2]

Example N: Express 2log x — 3log y + 4 as a single logarithm.

Solution: 2log x —3log y + 4
=logx* —logy' +4 [nlogu=logu]
2

X u

= log, wt 4 [logu—logv= log:/—]
.\’2

= logal —3 +4loga
e

= loga e +log a*

[loga=1]

[nlog u=log u"]

224
= logal '\yz [log u + log v = log uv]

Exercise 16g

1.

Sketch the following graphs:

a y=2* b.y=log,x c.y= 2! d.y=2!-%

e.y=2-2 f.y=log,(x+1) g y=3" h.y=log, x

Write the equivalent logarithmic statement for each of the following:

a.2°=8 b.3*=81 c.52=25 d.6°=216 e.x*=b

‘Write the equivalent exponential statement for the following:

a log9=2 b. log3=7 c. log,125=15
1

d. log,,10=73 e. logz= -1
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Solve the following for x:
1
a. 2=64 b, 2'=7 c. 2t=32 d. 2v=128
1

X — _1_ N — __L ; — = §%
e 3=3 £ 3= (3)*=9 h 125=5
i 9= jo 167=2 25°=5 1. 25°=125
m 25=625 n. 64=32 o 4¥=2 p  121=1P

1
q. 2'"*=4 Loox= 8 s. 27v=243 t. 81'=27
Solve the following equations to 3 decimal places:
a. 100=9 b. 10" =131 c. e=123
d. e=179 e. e =1845 f. 3=4
g. 23.v- |- 9 h 3,\-= 2x+ ! l 42\' - 5x+2
j. 3'64.\'+S - 2.92r+ 13
Calculate the following:
a. log4 b. log3 c. log8 d. log3
e. log2 f. log32 g log,125 h. log,l4
i. log,l6 j. log, 10
Solve the following equations for x: |
a. logx=6 b. logx=4 c. logx= 3
d. logx=3 e. log3=2 f. logd= %
g log9=1 h log3=1 i, log16=4
o log216=3 k. log32=x I log27=x+2
m. log, 64=x n. log25=3x+1 0. logd=x
4

Express each of the following as a single logarithm:
a. logx+logy+log: b. 2logx+logy
¢. logx+logy+logy d. logx+logy-—log:z
e. loga+3logb-2logc f. %logp—%logq
g logxy+log:z h. logxyz—logx—log:z
i. logxy'-logx+logy j. log (Az—y) +log (%)
k. 2log (i—) —log x* L log (—,15) +logx+2logy
m. %10gx—logﬁ+logxy n. logyxg+log%—log§
0. 2logxy=-log % p. 2logx+35
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Express the following as logarithms of single numbers:

a.

C.

€.

gz

i.

log 12 + log 5 b. log60-—1log5
210g5+10g3 d. %—log9+§-log8
log4+ 7 log 81 f. 3log27+1log32-log7
glog32~log4 h. 3log5-log1i5s

7log2-3log16+log3  j. log 15+ log20 - log 25

10. Simplify to a single number given as a fraction or integer without using
a calculator:
cg log7 _ log7 |
"8 Togd9 T 2log7 ~ 2
oes log 25 log 36 log 625
Tog2 b. log125 C. log2l6 d. log125
log 64 log 196 log 64 + log 32
€. log32 f. logl4 g. log 32
log 7+ log 7 log 32 —log 8 log 625 + log 25
h. log 49 L log 4 J log 125
Problems and Investigations
t
6e -2

1.

The populatlon p of a species of creatures after t years is given by
where p is measured in millions.

Ao g

e+5

What is the initial population?

What is the population after 3 years?

After how many years is the population equal to 2 million?
Sketch the graph of population against time.

‘What size does the population get close to as the years pass?

The number of deer in a forest after t years is N = 2000 ~ 1000¢™.

oeo oo

How many deer are there in the forest when records are first collected?

How many deer are there in the forest 3% years later?

Sketch the graph of population against time.

What is themaximum number of deer which can live in the forest?
At what time is the population of deer equal to 1 5007

The cost of a hectare of land is believed to be Ae" in dollars, where t is the
number of years, and A and k are constants. After 3 years the value of the
land is $112 486 and after 7 years it is $131 593.

a.
b.
c.

Find the values of A and k.
Find the value of the land after 10 years.
When will the land have a value of $1 000 000?
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The relationship between length (L) and area (A) of a rectangular p1ece of
material is given by 5 Zin A=K+ lnL K is a constant.

a.

a0 o

Find K if A=27 when L = 8.

Make A the subject of the formula.

Sketch the graph of A against L.

Find the value of L when the area is 64.

Find an expression for the width of the rectangle in terms of L.

The number of particles of ash deposited up a chimney is given by

In N =Alnh+Ink, where N is the number of particles, h is the height of the
chimney, and A and k are constants. At a height of 1 metre the number of
particles deposited is 1 000. At a height of 5 metres the number of particles
deposited is 25 000.

Find the height of the chimney if 100 000 particles are deposited.

]
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17 SEQUENCES AND SERIES

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 ALGEBRA

* to use sequences and series to model real problems and interpret their
solutions

* to describe and use arithmetic and geometric sequences or series in
common situations

Infroduction

A sequence is an ordered list of numbers. Unless otherwise stated it is always
taken to be infinite. This means it goes on forever. A sequence associates a real
number with each natural number.

The real number associated with the natural number 1 is called the first term.
The number associated with 2 is called the second term and so on.
The number associated with n is called the nth term or general term.

Example A: The infinite set of numbers: 1, 3, 5, 7, .... is a sequence with a 1st;

term of 1, 2nd term of 3, and 3rd term of 5. The general or nth term is 2n — 1.
Example B: Consider the following pattern of rectangles:

e

1

Write down the first four terms and the general term of the sequences of:
a. the number of rectangles.
b. the number of vertices (points).
c.  the number of sides.

Solution: a. 1,2,3,4, ...,n,...
b. 4,6,8,10,...,2n+2,.
c. 4,7,10,13,...,3n+ 1
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Exercise 17a

1. For each of tﬁe»fdllowing sequences, write down the next 2 terms and the_

general term,

& 2345 b 01,23 . ¢ 3,69 12,

d 3,57911, e B-LL3 . 0 L2A4B.

- 2

e 1,399 . B eSS i 1o

foigad . 123 .

i ko0 L 10,8,6,

m. 16,8,4,2,. n. 100,050,033.025,...
o 1,409, 16, p 36912 .. 4+ Lasie

r 13579, s 251017 '

t 100,141, .73, 2.00.. ~

2. Cons1der the following pattem of triangles:

IA

Write down the first 4 terms and the general term of the sequences of:
4. the number of triangles.

b.  the number of vertices.

c.  the number of sides.

1

3. Consider this pattern of shapes:

1

White down the first 4 terms and the general term of the sequences of:
- the number of vertices or points.

b.  the number of faces.

¢. . the number of edges,
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Listing Sequences .

Write down the f]:rst four terms of these sequences , '

First term is 30, each term thereafter is 40% larger than its predecesso .
 First term is 12, each term is 10% larger than its predecassor.

Second term is 48, each term is bigger by 7 than its predecessor. ,
_ Each term is the square of the one before it. The fourth texm is 16 o
Each teml is double the one before it. Fursttermis 6. .

Sequences are not usually represented in the mapping notation used for real numbers,
Thus the sequence given in mapping notation by f: n — 2n— 1, n € N is usually
written in one of the following ways:

Ppoos

a. Enumeration or listing:

1,3,57,..,2n—1, ... '
g 3. The fuilowmg sequences are defined recursively. What are the first 4 te:rma‘? ‘
b. Writing down the nth term: a A=LA=2A b A=LA=A +4 ¢ A=3A=(A )
in triangular brackets <2n— 1> or by formula, T =2n - 1. 4 A ——1 An IllAn . . Alm I,AH=ZAH_,+1 - » .
c. Recursively:
The first term(s) is given and the remaining terms are found from preceding

terms by a formula. e.g.,, U =1and U  =U +2. The Graph ofa Sequence

+1

Example C: List the first four terms of each of the following sequences: Example D: Draw the graph of the sentence <n’- 1>.
a<n’—n?> b. T =3n’-n c. A =2 A =A+n

! Solution: Listing the sequence we have 0, 3, 8, 15,24, . ..

Solution: In each case the terms are worked out by substitution.

a. The first termis 1°~ 12 =0 [substituting n=1in n*—n?] The graph appears below.
The second term is 2° —22=4 [substituting n = 2 in n® —n?] ‘ 25¢ x
The third term is 3 — 32 =18 [substituting n = 3] 20+
The fourth term is 4% —4?°=48 [substituting n = 4] .
.. The first four terms are 0, 4, 18 and 48. tn20r | 15t ®
n —_—
b. The first four terms are: 3x12—-1, 3x22-2, 3x32-3and 3x4?-4 107 ®
. The terms are 2, 10, 24 and 44. 51
®
c. A =2 [given] 123456 "
A=A =A +1=3 [substitutingn=1into A = A +n]
A=A, =A,+2=5 [substituting n = 2] Notice that the graph appears as a pattern of points corresponding to the
A=A, =A+3=8 [substituting n = 3] natural numbers. The graphs of all sequences have this feature.

. Terms are 2, 3, 5 and 8 .
Use of Graphing Calculators

'Exercise 17b

Most calculators with graph-drawing capabilities make the drawing of the graphs
of sequences very simple . For Casio calculators such as the fx-7700 GB and

i For each of the sequﬁnces given by the followmg formulas, write down the related models, here is a simple program which will plot the graph of the sequence n*:

first 4 terms:
a snal> b -<2n~§3> c ’An:n ? > n: plotn, n?
d “Aﬂ' =wtn+l e < Il?' +1s f A =0 +%)n Repeated pressing of the k key and entry of 1,2, 3, ... in that order will
o . n‘ result in the rapid drawing of the graph. Users of other brands should consult their
¢ A =£ﬂ%}1 o h, <+ (D> owner’s manuals.

P2
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Exerc:se 17c

Draw the graphs of the followmg sequences .
L <+l> 2 Gn-1> 3 7 =on+2 4. <o+
5 <2*‘> o 5 ' T‘}.w'l—k%» 7 <2“‘“11Y>

L|m|t of a Sequehce

A sequence <U > has a limit if there is a number L which the terms of the
sequence get closer and closer to as n tends to infinity. If <U > has a limit and the
limit is written L, then:

fim U =Lor U, — L asn — o | which is read ‘U, tends to L as » tends to
n— oo infinity.”

Example E: Show that the sequence g

21 has a limit as n tends to infinity
and find the limit.

Solution Using a calculator and substituting gives:

T, = 1.5202, T, = 1.502002 and T, 4000 = 1.5002
As n increases the terms get closer and closer to 1.5. The limit is thus 1.5 and
can be written T — 1.5 as n — oo,

Example F: A person on a diet loses 5kg the first week, 2.5kg the next
week, 1.25kg the next week, etc. His weight was initially 105kg.

a.  Write down his body weight at the end of the first 4 weeks.
b. His bodyweight after n weeks on the diet is 95 + m What weight does
he get closer and closer t0? 2"

Solution: a.  105-5 =100
100~25=975
97.5-1.25=96.25
96.25 - 0.625 = 95.625
Bodyweight at the end of the fourth week is 95.625kg

b.  setting n = 50 and n = 100 we find that his bodyweight gets
closer and closer to 95 which is the limit of the sequence

95+ 10
2"
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Exemlse 1 7d

1. Find the lumts asn *eo, 1f they exast of the followmg sequences . o

a <> b <~2—> - & sle &
& <o ¢ Aﬁ=_(n)1j2. (n) .
. 2.8 ‘. o n2+n+1
h. i T= . Lr——————
2n+1 , 1_2:1 o ‘ an—n+2

2. A personon a diet ioses 9kg the flrst week ékg the next, 4kg ﬁw next. Each

week she Icses % of the amaunt she lost i m the prevxous weck Inmally she
was 100kg, , . ,
a.  Write down her wexght at the end of each of the ﬁrst 6 weeks

b.  What is the limit of the sequence of weekly weights?

c. What does tius limit represent in pracncal terms?

3 A company emplays 2 workers who it pa.ys a total of $50 an hour, Each new
worker added to the payroll thereafter, gets paxd 38 an hour,

a.  What 13 the total number of workers if n new workers have been added?
b, What is the total hourly wage nnew workers have been added?
c.  What is the average hourly wage if n new ‘workers have been added?
d. Explain why the sequence of avarage houriy wage rates has a limit of 58
an hour, in practical terms. , , .
Series

A series is obtained by adding the successive terms of another sequence.

Example G: 1 +2 +3 + 4 + ... is an infinite series
1+2+3+4+5is a finite series

Sigma Notation

The Greek letter X (sigma) is used to indicate a summation.
5 7
a. Zaimeans a +a,+a,+a,+a b. ZUnmeans U +u, +ugtu
i=1 n=3

4
ExampleH:22n+1=(2x1+1)+(2x2+1)+(2x3+1)+(2><4+1)

n=1 =3+5+7+9
=24

Example I: Express 2 + 4 + 6 + 8 + 10 in sigma notation.
2+4+6+8+10=2x1+2x2+2x3+2x4+2x5

5

i=1



154 Sequences and Series

Exercise 17¢
1. 2. <a>isthe sequent:el 3,1,3,.. Find Z an

b. <b>1sthesequericel L1 L 10, Find 2 by

- Fmd Z ( )

d Evaluaxe 2 (- 1)“ ‘

. , , c
o T.=ri+l Evaluae 2 T, L L-ms 1)«“un2 Calculate

. J=1 . . . n=2
g.  BEvaluate Z nl- z n2 h. Evaluate an

n= | n=1 : . n= l'n:l

2 Wnte the followmg using sigma notat:an o o
34640 , b. 4+64+8 ¢ 546+7+8
‘d. 14449416 e 4+8+16+32 '

Arithnietic Séquences

An arithmetic sequence, often called an arithmetic progression (A.P.), is a
sequence in which each term after the first differs from the previous term by a
constant difference. This difference is called the common difference or just the
difference.

Example J: 2,5, 8, 11 and 14 are the first five terms of an arithmetic
sequence because each subsequent term, 5, 8, 11 and 14 differs by 3 from the
term before. 5-2=3, 8-5=3, 11 -8 =3 and 14 - 11 = 3; thus the sequence
is arithmetic.

If the first term of an arithmetic progression is A, and the difference is d, then the
the sequence, when enumerated, is: ALA +d,A +2d, A +3d, ...,

Since the number of the d’s is always one less than the number of the term, the nth
term is always:

A=A +@-1)d

Example K: Janette is saving money and aims to increase the amount of
money she deposits in her savings account by $10 each month. The first
month she starts with a deposit of $25.00.

a. Write down the amounts she deposits during the first five months.

b. How much will Janette be depositing exactly 2 years after she started?

Solution:
a. Amounts deposited are $25, $35, $45, $55, $65 . . .
b. The sequence is an A P. with A =25andd = 10
S A=25+(n-1)10 [substituting A, =25 and d = 10]
*. Amount deposited = 25 + (24 — 1)10 [after 2 years, n = 24]
= $255
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Example L: The fifteenth term of an arithmetic progression is 50 and the
sixtieth term is 185. Find the first term and the common difference.

Solution: Let the first term be A, and the difference d. Using the formula
and substituting in A = A + (n— 1) d gives:

A +14d=50 . @9)]
A +59d=185 . @)
. 45d=135 [solving simultaneously, (2) — (1)]
~od=3
A +42=50 [substituting for d in (1)]
A =8

Exercise 17f: Arithmetic Sequences and Series

The following sequences are A.Pss: find the indicated terms:

Loa 258U T T 1 b. 11,15,19,23, .. T, T“,'I'
S0 2 A AN d 1152, A A,
e 2,21,20.23 . A A A

InanAPT =41 = 8 Write down the first 6 terms and the nth term.
InanAP T =6, T . Write down the first 8 terms and the nth term.
Inan AP T 5, T = Il ‘Write down the first 8 terms and the nth term,
Inan AP T 6, T = -3, Write down the first 8 terms and the nth term,
11 is the Sth term of an A P, and -17 is the 12th term. Find the 58th term..
A =210inan AP with a difference of 7. Which term is 4487

In an AP with difference of &, the 4th term is 35, What term is 1157
The 12th term of an A P is 29, If the 3rd term iS5 subtracied from the 7th
ferm we obtain -8, Find the 52nd term.

The 15th term of an A.P. is 219 and the differénce is 3. How many terms
are there before the terms of the sequence exceed 1 0007

§. . What is the common difference of an A P. whose difference is half the
first term and whose 12¢h term is 1692

Fmomoaoose

e
.

3. Stephen starts with 100 phonecards in his collection in January 1992 and
increases the number by 3 each month. In January 1992 Stephame starts with
200 and increases the number by 2 each month.

a.  How much time will elapse before Stephen has more than 500 cards‘f
b. i Will Stephanie ever have 240 cards?

ii. . If 50, at the end of what month?
¢. . When will Stephen first have more than Stephanie? .

4A

This dxagram shows 2 sequence of plctures made by successweiy adding
layers of triangles.
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L is the number of triangles in the bottom layer of the nth picture.
J is the number of ’mangies in the nth picture.
S is the number of sides in the bottom layer of the nth picture.

n

P_is the number of points or vertices in the bottom layer of the nth picture
W, is the total number of points or vertices in the nth picmre
2. Draw the next diagram in the sequence.
b, Enumerate the first four terms of each of the sequences <L >, <] >,
<8 >,<P >, <W >. Find the general term for each.

c. Whlch are arithmetic?

The Sum of the First n Terms of an A.P.

The sum of the first n terms of an arithmetic progression in which the first term is *
A and the difference d is:

[2A +(n—1)d]orS —2(A +A)

Example M: A company increases the value of goods it exports each year
by $86 000. In 1977 it exported $975 000 worth of goods. What will the
total value be of all goods exported during the ten years beginning in 1977?

Solution: Annual exports are an A.P. with A, = 975 000 and d = 86 000.
Using the formula S_ = % [2A, + (n - 1)d] gives, for 10 years:
S,,=5[2x 975000 + (10 - 1) 86 000]
= $13 620 000

Example N: How many terms of the A.P. with first term 1 and difference of
4 should be added together to give a sum of 153?

Solution: Let the number of terms be N.
=2A, +N-1d]
153 =5 [2+ (N - 1) 4] [substituting A, = 1,d =4, 5, = 153]
306=N[2 + (N - 1)4] [multiplying by 2]

=2N +4N(N - 1) [removing [ ] by expansion]
=2N +4N? —-4N [expanding]

~LAN?-2N -306=0 [simplifying]
2N?-N-153=0 [dividing by 2]
SN+ 1IN -9)=0 [factorising]
. N=9 [disregarding N = -8% since N is a whole number]

Note: The terms of the A.P. could be added until 153 is obtained - the
number of terms added to get 153 is then the required answer. The nth
term is 4n — 3.
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This is particularly easy using a programmable calculator. Using a Casio
programmable calculator, the following program will generate displays
showing the number of the term added and the sum after initially setting 0 to
the memory S:

?7>N:S+4N-3 -8

This is done repeatedly by pressing the
in that order.

: key and inputting 1,2,3, ...

Exercise 17g

1.
2.
3

1

What is the sumkk(kk)‘f the first 20 terms of the sequence 2, 5, 8 .. " .

What is the sum of the first 200 terms of the sequence 3,6, 97 ;k

An AP has first term of 7 and difference of 5. Find the sum of the flI‘St 50
terms.

An A P. has first term of 4 and difference of 2.5. Fmd the sum of the first 30

terms.

An AP has 3rd term of 45 and difference of 1.1. Find the sum of the first 10

terms.

An AP, has 5th term of 56 and difference of -1.1. Find the sum of the ﬁrst 20

terms.

AnAPhasA =6A =21 Find the sum of the first 24 terms.
AnA. P has B =14 and B, = 34 Find the sum of the first 90 terms.
Find Z<2+ 3n) 10. Find Z (4 - Tn)
e -
‘ 60 35
| Find D, (Gn+ 1) 12. Find D n+)d
n= 10 n=15

13. The first term of a finite A P. is 20 and the last is 50. The sum of this series is

385. How many terms does it have?

14. An AP has first term 8 and difference of 3. How many terms must be added

in order that the sum exceeds 657

15. An AP has first term 5. The sum of its first 5 terms is 45 Find the common

difference.

16. A very successful sales representative makes 35 sales in the first month of

employment and for the next two years increases the number of sales each
‘month by 4. Over the two year period how many sales were made?

17. After a scandal involving senior members of the ruling party the number of

people who resign from the party each week increases by 26, on average, per
week. The first week after the scandal first broke there were 134 resignations.
This pattern continued for three and a half months. How many people
resigned during that period?

18. A runner on a special programime seeks to increase the number of kilometres

run by 12 each week. During the fourth week 61 kilometres ar¢ run. This
programme is followed for 12 weeks. What is the total distance run during
the period? ,
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19. Dexter, weighing 136ke, coes on a special diet for a period of 16 weeks.
amount lost per week decreases by 0.36kg. During the fifth week 5 A2kg
were lost. What was Dexter’s weight at the end of the diet?

20. People start arriving at a hotel featuring 4 well-known entertainer. The doo:
are opened at 6,00pm. There is seating for 353 people. The number of pe
arriving increases by 13 every five minutes. During the first 10 minutes 23
people arrived, After what time will people have to stand?

Geometric Sequences

A geometric sequence or geometric progression (G.P.) is a sequence where each
term after the first gives a constant value when divided by the previous term. The
value obtained when dividing is called the ratio of the G.P., or the common ratio
of the G.P.

Example O: The terms of the sequence -2, 1, 5 2 4, ... are in geometric

sequence because each term, when d1v1ded by the previous term, is equal to =

2
: ="l -1 1. -1_-1
as the following shows: 1 +-2= L 1= 7 1Y 3 =3

The nth term of the geometric sequence with first term A and ratio R is:

This follows from the enumerated sequence: A,AR, AIRZ, A1R3,
The power of R is always one less than the number of the term.

Example P: Inflation has been running at 14% for a number of years in a

certain country. After one year of inflation a pair of shoes cost $30.00.

a.Find the price of this pair of shoes after 2 and after 3 years.

b.Show that these prices are in geometric progression.

c.Find the common ratio and hence the price after n years.

d.Find how many full years will elapse before the cost of a pair of shoes will
exceed $1 000.00.

Solution:

a. After one year the price is $30.00.
After two years the price will be $30.00 + 14% of $30.00 = $34.20.
After three years the price is $34.20 + 14% of $34.20 = $38.99.

.99
b. gi 0= =1.14 nd = 1.14, thus the prices are in geometric progression.
¢. R=1.14.So after n years the price will be 30(1.14)*.

d. Letting t be the number of years which have elapsed when the price
reaches $1 000.00, then:

30(1.14)-" =1 000 [since A = A R™]

(L1 =1 [dividing by 30]
. In(L.14%) = In(*3°) [taking logs]
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- (t—1)In(1.14) =ln(12—9) [log A" = n log A]

l"(loo)
3 .

1=_\"7 dividing by In (1.14
t—1 LA [dividing by In ( )]

; n( 100)
- .
-7 ing 1
1% +1 [adding 1]
= 27.76 years
-, after 28 full years the price will exceed $1 000.00

Lt=

Note: Using the formula, price = 30 (1. 14)™, a trial and error method would
solve the problem also.

Exercise 17h

1. The foilowing sequences are G.P.s: find the indicated terms and the nth term:

4 AL TITAT b 824,72, T, T,T,
c. e1,2,~4,8 TLTLT. 4 32 AAA

% 3& 27a
3 43 1g3 '
232183 L ALALA

2. The following questions refet ta GPs:
a. A =5A =15 Write downthe first 6 terms and give the nth term.
b. A 6, A = |2. Write down the first 6 terms and the nth term.
C. A 6, A =9 FindA,A and A

d. B,=2,B, ,,31 Find B, and the nth term.

e. A =4 A —- Find A, and A .

£ T,=14 T —176 Bind T, andT

g C = -3, C =0.375. Fde andC

h. A 50, A = 75. How many terms of this G.P. are less than 5007
1

i

k

1

1

A, =12, A 21- What is the last term less than 507
B, =7 and the ratlo 18 1.5, What term is 3543757
T,=8,T =125 Whattermis1953.1257

A GP has ﬁrst term 6 and fourth term 279 936. Find the common ratio.

3. Money placed in an investment fund increases in value by 11% a year.
Initially $5000 was invested.
a.  Write out the value of the investment at the bagmnmg of each of the first
3 years.
b.  How long will it take for this mvestme.nt 10 reach of exceed $l 000 000
(give answer to the nearest year)? ‘ .

4. The populatlon in a country increases on average 1 3% a year 1n 1991 the
popuiatlon is 2 150 000, Find what the populatmn will be in 2021 if this rate
of growth is mamtamed
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5. An accountant depreciates the value of a computer by 23% per year. The
computer originally cost $10 000.
a.  lfthe company owning the computer sold it after 10 years what would
its value be in the records of the accountant?

b.  If the company had a policy of selling computers orice their depreclated

value was less than a quarter of the cost price, how many years would
the company retain the computer before selling it?

Sum of the First n Terms of a G.P.

The sum to n terms of a G.P. with first term A and ratio R is:

|" AR 1)
S ="R-T

Note: If -1 <R <1, the alternative form, S_=

A ~R"

— g can be easier to use.

Example Q: In 1986 the number of tourists going to a city was 25 000.
The number has been increasing by 16% every year since then. Find the total
number of tourists who went to the city in the decade starting from 1986.

Solution: The number of tourists who visit the city each year is a geometric
progression with A =25 000 and R = 1.16. The total number who have
visited in ten years is:
AR’ -1
10 = R-1
10

_25000(1.16 —-1) ST

=T [ substituting]

=533 037

Exercise 17i

1. What is the sum of the first 10 terms of the sequence 3,6, 12, . .?
2. What is the sum of the first 10 terms of the sequence 1, 1.5, 2.25, 3.375, ..

3. How many terms of the sequence 4, 3, 2»};, . .. can you add before the
sum exceeds 127

4. How many terms of the sequence 2, 14, 98, ... can you add before the
sum exceeds 100007 .

5. AG.P has afirst term 4 and a second term 6. Find the sum of the first 10 term

6. AGP hasasecond term 11 and third term 5.5. Find the sum of the first 50
terms.

7. A house costs on average $15 000 in 1970 and increases in value by 10%
every yeat. A man buys a house in 1970 then another one every year after
that. How much money does he spend-in total from 1970 to 19867

8. A man on a diet loses 1.5% of his body-weight during each week.

a. "I he mitially weighs 130 kg, write down his body-weight at the «;
of each of the first 5 weeks.
b. How much does he lose in total during that time?
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11. Find Y, 3(1.D)"

A weightlifter increases the total weight he lifted in the previous week by
0.95%. He keeps this up for 10 weeks, In the first week he lifts a total of 50
tonnes. How much in mtal does he lift during the 10 week penod to the
nearest tonne?

10. A company which exports books to the U.S.A. manages toinctease its

exports by 5% each vear. Durmg the first year it sells 1 500 books. How
many books does it export in its fu-st 12 years of operanon'7

50
12, Find Z 102"

ne= |

13. AGP with first term 2 and ratio 3 has its terms added How many terms are

added to get a sumof 177 1462

14. A G.P. with first term 6 and ratio 4 i 1s summed. How many terms are added to

getasamof 2 097 1507

Sum to Infinity of a G.P.

If successive terms of the A.P. 1,3, 5,7, .... are added together, the sum gets larger
and larger without limit.

Similarly, with a G.P. where the ratio R exceeds 1 in magnitude, successive
additions of the terms will yield a sum which gets bigger and bigger without limit.

Example R: Successive additions of the terms of the G.P. 1, 2,4, 8, ... give
asum 1 +2 +4 + 8 + ... which tends to infinity. Thus if the sum to n terms is
denoted by S , then S — oo as n — .

Example S: Show that the G.P. with first term 3 and ratio 0.1 has a sum to
infinity and find its value.

— _301- (0N . _ A(1-RY
Solution: S = o1 [using S, = ——¢—

_ 31-0.n"
=

since -1< R< 1]

[rearranging]

10 10 .
=3 [1-(0.1)"] [rearranging)
As n increases (0.1)" decreases to zero and so S_ gets closer and closer to %Q

The G.P. has a sum to infinity of 1—2? which is written S — 1—30 asn—ooQrS_= 1—30

Generally:

If <A > is a geometric sequence with -1 <R <1 then the sequence has a sum

infinity of; —L.
to infinity of; IR

The sum to infinity of <A > is denoted by either S_ or Z A,

n=1
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1 -

Example T: The sequence 3, -1, Ee 31, ... is a G.P. with ratio 2.

3
Since -1< ?1 < 1 the sum to infinity exists and has the value:
Ay
S.=1T°x
_.3 - 1
= T [substituting A, =3, R = '§]
3
=2.25
Exercise 17j
1. Which of the following G.Ps have a sum to infinity?
a. 2,345 .. b. 2.1,05025,.. ¢ 432725 ..
d 25,3549, .. e. 4935725
2. Find the following sums to infinity,
o i h ’ oo n
Y 2(3) b ) 3(-;?1) C.3409+027+ ..
n=0 n=1
c oA+ 15+ 0. 1,1, 1 '
d +1.5+-05625+ . S T
3. What is the sum to infinity of the G Ps with:
a.  firstterm of 5, ratio of (2).6 b, " first term of 7, ratio of 0.35
c.  3rd term of 6, ratio of £ d. 4thterm of 18, ratio of 0.72
. e. first term of 8, 4th term of 3.375

A geometric progression with first term 5 and a sum to infinity of 8 has an
unknown ratio. Find that ratio.

Each year a country exports two thirds the quantity of the previous year’s
butter exports. In 1970 it exported 25 000 tonnes. If it continued to export in.
this way, what would be the total weight of its butter exports over all the yem;'%
from 1970 onwards?

A man employs many people. On his birthday he decides to give each a gift
of money. He gets one of his executives to put the employees in alphabetical
order. The first in line he gives $1 000, then the next gets $750, the next

$562.50, and so on. If it were possible to pay in this way, what would be the

total value of his pifts?

A company hires a new accountant who is able to reduce the company’s

unnecessary expenditure by about 50% every year. When she was first
hirt?d, such expenditiire was $813000. '

a.  Write down the unnecessary expenditure for the first 3 years of her
employment. . ; .

b,  After hiring the accountant, how much can the company expect to
spend unnecessarily in the future?

10.

'Problems and Investigations

1.

Problems and Investigations 163

A fishing village acquires some new boats and in the first year of use they
catch 19 683 tonnes of fish. The next year they catch only one third of this
amount. In each following year they only catch one third of what they caught
the year before, This pattern continues, '
a. . Find the amount of fish they catch each year for the first 5 years,
b.  Calculate the total tonnage caught if they were to go on fishing like this

until there were no more fish fo catch.
The birth rate of a country is falling by 5% per year. In 1961 there were
65 000 births. Find how many babies will be born in the cotintry from the
beginning of 1961 if this trend continues, v
When Kate rinses her hair after washing it with a shampoo (or a liquid soap)
she removes a quantity of the shampoo. The first rinse removes 5g of
shampoo. Each successive rinse removes 20% of the amount remoyed by the
previous rinse. ,
a. ~ How much shampoo is removed at the second rinse?
b.  Write down the sequence. of amounts of shampoo removed at the

' first 4 rinses.

¢.” The sequence in (b) is a geometric sequence. Explain why,
d.  Write down an expression, in terms of 1, for the amount of

shampouo, A(n), removed n the nth rinse.
e.  How much shampoo was present in Kate’s hair at the beginning of

the wash?

Sharon is going to invest $1500. Her bank offers her 4 plans: 11.8% per year,
5.8% per six months, 3.8% per four months or 0.9% per month. She intends
to withdraw her money after one year. What advice would you give het?

The number of people per year investing in a plan increases by 50 each year.
The amount they each initially invest increases by 2% per year. The plan
started in 1990 with 375 people each investing $150. Any money invested
increases in value by 11% a year. Investigate this in order to determine when
the total value of money invested exceeds $1 000 000.

Patterns occiir in nature, eg the spiral growth of plants; and in the designs of
many cultures, eg Mesa Verde pottery (USA), Maori Carvings (NZ) and the
Begho smoking pipes (Ghana, Africa). Investigate some geometric patterns
of these types and present a mathematical analysis of them.
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18. GRADIENT FUNCTION

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 MEASUREMENT AND CALCULUS

* to sketch the graph of a gradient function from a graph of a function
and explain the relationship between them

(Suggested learning experience: students should be investigating and

interpreting the relationship between a graph and its slope from a rate
of change point of view, for example, by using a graphics calculator or
suitable graphics package to “zoom in” on a point of a graph until the
graph appears to be a straight line, and then find its gradient)

Intfroduction

In chapter 10 straight lines were studied, including an important feature of them,
their gradient or slope.

This was used in problems where there was a constant rate of change. In such
cases it was found that the graph obtained was a straight line and the gradient was
the rate of change.

Example A:
A tank initially contains 50L of water. A tap delivers water at the rate of 4.5L
per minute.

i. Draw a graph of volume against time.

ii. Find the equation of the function whose graph was drawn.

Solution

i.  The following table of values gives the volume in the tank for
selected times.

Time (minutes) 0 1 2 5 10
Volume (litres) 50 | 545 | 59 | 725 | 95

Rate of Change of any Variable 165

The graph of this relationship is shown below:

ii. The graph is a straight line with

100 gradient 4.5 and intercept on the
28 vertical axis of 50 .. letting V
40 represent volume in litres and t
20 time in minutes.

Lo
012345678910

V =4.5t + 50

Note: the gradient (4.5) of this graph is the rate of change of the variable V
with respect to time.

Rate of Change of any Variable

In most situations the graph of one variable against the other is not a straight line.
It will be found in these cases that the rate of change is not constant but changes.

Example B:
Find the rate of change of y with respect to x on the graph y = x* when x = 2.

The graph is that of y = x.

If we got a magnifying glass and
examined the graph of y = x? at the point
L (2, 4) with a sufficiently powerful

L magnification the graph would appear

B -—(2,4) straight at that point.

The gradient or slope of the graph at the

point (2, 4) is the gradient of this straight

X line. This is also the rate of change of y
with respect to x when x = 2.

If the student lacks a graphical calculator or other device which enables the
graph to be ‘blown up’ at the point (2, 4) so as to appear straight then the
slope may be found using the technique given below.

i. select a pair of values very close to the x value in question, in this case
2, one above and one below, e.g. x = 1.99 and x = 2.01.

ii. calculate the corresponding y values.

x| 199 | 201
y | 3.9601 | 4.0401
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Y27 Y1 _ 4.0401 - 3.9601
X, =X T 201-1.99

=4

iii. calculate the slope using

Example C:
For the function y = 2x — 4 calculate:
1. The gradient when x = 1.
ii. The slope when x = 3.
iii. The rate of change of y with respect to x when x = 2.

Solution:

The student should recognise that the equation y = 2x — 4 is that of a straight
line having a constant gradient or slope of 2.

The rate of change of y with respect to x is the same as the gradient and will
also equal 2.

Thus the answer to all three questions is 2.
[These values can also be found by calculation as in example B.]

Use of Graphical Calculators

In Example B reference was made to the facility on calculators such as the Casio
Jx-7700 GB, Hewlett Packard 48G and others with graphical capabilities to ‘blow

up’ sections of graphs.

This is done by using the zoom function which enables the user to ‘cut out’ a small

snip of the graph and blow it up so that it fills the screen. Use of the TRACE

function then enables the user to write down the co-ordinates of points anywhere

on the graph.

Exercise 18a

1.

For the graph of y = x2 calculate the gradient when:
a.x=1 b. =-3

For the graph of y = x2 calculate the slope when:
a. - x=0 b x=-2

For the graph of y = x2 calculate the rate of change of y with respect to x
when:

a,. x=2 b, x=:1

Forthe graph of y = 3x ~1 calculate:

a.. "The gradient when x'= 2,

b. . The slope when x'= 4.

¢... The rate of change of y with respect to x when x = 5.

.. For the graph of y = 4 - 2x calculate!

4. The gradient whenx = 1.
b. . The slope when x = 3. ,
¢.  The rate of change of y with respect to x when x = -2.

For the graph of y = 4 calculate:

a. - The gradient when x = 2.

b. - The slope when'x = -2.

c.  The rate of change of y with respect to x when x = -1.

For the graph of y = x3 calculate:

a. Theslope whenx=2;

b. - The gradient when x = 3,

c. - The rate of change of y with respect to x when x = -1.

For the graph of y = 2x2 + x calculate:

a. - The slope when x =1,

b. The gradient when x =2.

¢. 'The rate of change of y with respect to x when x = -3.

The Practical Effects of Variable Gradients

We all encounter situations involving variable gradients.

Example D: The driver of a car encounters the hill as shown below:

At point A the driver, going at a constant speed and never accelerating, is on
the “flat’. As the car moves from A to B to C the hill gets ‘steeper and
steeper’; without acceleration the driver will notice an increasing slowing
effect. ‘Steepness’ is a term used by people in everyday life to describe
gradient. The greater the gradient, the greater the ‘steepness’. As the driver
proceeds from C to D to E the hill becomes less and less steep. The gradient
is decreasing and the ‘slowing’ effect will decrease. Once the car passes the
top of the hill at E it will start to speed up again as it is going down the hill
now. In mathematical terms C, the point of greatest steepness, is called a
‘point of inflection’.
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Exercise 18b

1.

a. . Describe the passage of a car which is going at a constant speed as it
begins to travel up the hill.  Throughout the joumey the driver never
accelerates.

—’ C

A B

D E

b.- - Which point is the ‘point of inflection’?

Repeat quiestion 1 for the hill below:

5o D

A B €

Draw a graph which would describe the following trip.

I'am proceeding along a flat road. I notice a slight slope at A which increases '

as I pass from A to B to C.. After I pass through C the hill I'have come up
starts to flatten out as I pass through D and the road after E is once again flat.

Draw a graph which describes this child’s path down an amusement park
slide.

It started gently but quickly got steeper. Then the slide seemed to be getting
flatter and flatter till it was actually flat then it suddenly got steeper and

steeper again till I landed on the water below.

Draw a graph which might describe this company’s profits.

We started out making a profit of about $1 000 a day in January This slowly

increased over 6 months when we were making $1 500 a day. Our profits
rapidly increased till the end of August. After that the rate of increase of

profit decreased till from the beginning of December till the end of the month

profit was constant at $3 000 a day.

Exercise [&¢ 169

Gradient Function

The function which arises from the calculation of the gradient, slope or rate of
change at every point of a function’s graph is called the gradient function for that
particular graph.

= f(x) At points on the graph where

y the gradient of this there is a tangent the gradient

A tangent at the point function gives the slope of the
Ais the gradient of tangent to the curve at that point.
the function f(x) at See diagram
point A. gram.

t
Example E:

Find a formula for the gradient function of the graph y = x°.

Solution:
Using a graphical calculator or the method of example B the student will

obtain the following values:

X 312114011213
y 91410114109
gradient 6 |412101}12|4 6

Quite clearly the gradient function for y = x* is the function y = 2x.

Example F:
Find a formula for the gradient function of y = 3x + 1.

Solution: '
y = 3x + 1 represents a straight line and has a constant gradient of 3 thus its

gradient function has the formula y = 3.

[This could also be obtained by using the method in example E.]

Exercise 18¢c

1. For the function y = x3:
a. - -Copy and fill in this table of values.

X B3021-1[ 0| 1f]2]3

Y
gradient

b. - Obtain a formula for the gradient function.
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2.° For the function y = 2%
a.  Copy and fill in a table of values similar to that in question 1.
b. - Find the formula for the gradient function.

3. Repeat the above and find formulae for the gradient functions of the
following:
a y=x b. y=2¢2 ¢ y=x2-x
d y=@+22 e y=2x+1 f. y=7

Sketching Graphs of Gradient Functions from the
Graphs of Functions

Example G:
a. Skf:tch the graph of the gradient function for the function y = f(t) whose
graph is shown in the diagram. y is measured in thousands and ¢ in months.

b. If t represents time measured from January 1 and f(t) represents the
number of immigrants arriving in a city, interpret the gradient function.

Solution:

Examination of this graph shows that from
‘ -5 to -3 the gradient decreases. The

gradients
of the graph at the points (-5, 0), (-4, 3),
(-3, 4) are the gradients of the lines / , /

_5 - ft 12 bos
[~ y=10 l,, which are the tangents at those points.

These gradients are decreasing because the
tangents are becoming less steep.

1

54321 12 t

Once the graph has passed through (-3, 4)
. the gradients become negative, reaching
their lowest value at the point (-2, 2.5) as shown by the line / , which is not a
tangent but whose slope has the same value as the gradient function at that
point. (-2, 2.5) is a point of inflection.

The gradients then gradually increase taking the value 0 at the point (-1, 1.7),
and then increase from there on.

Graphs of Gradient Functions 17

This information enables us to make the following sketch of the gradient

function: , N
gradient gradient
positive for gradient L positive for
[-5,-3) negative for (-1,2]
(-3,-1
\ 1 ] I 1 WA 1 1
-5 -4 -3 -2 f1 1 3 45
gr%d‘ijlfl“ n/ \ gradient is 0
;s= 3 © gradient Whenx= -1
is least
when x =-2

Note: The interval notation [-5, -3) means -5 < x < -3; (-3, -1) means
3 <x<1;(-1,2] means -1 < x £ 2. (A curved bracket excludes an
endpoint, a square bracket includes an endpoint.)

b. From five to three months before January 1 there was an increasing number
of immigrants arriving in the city. The rate of increase steadily decreased until
October when the actual number of immigrants began to decrease reaching its
greatest rate of decrease near the beginning of November. The number
continued to decrease until the beginning of December, when the number of
immigants began increasing again with the rate of increase steadily increasing
until at least February 1.

Note: If you initially find it hard to sketch freehand the graph of a gradient
function then you can get a good sketch as follows. Make a large neat
copy of the graph given by plotting points on fine mesh graph paper.
Calculate approximate values for the gradients at those points, then
plot those values on another graph.

Example H:

For the graph in example G, after making your large copy on fine mesh paper
a good sketch of the gradient function could be made by calculating the
gradients at -5, -4.5, -4, -3.5, -3,-2.5,-2,...,2,2.5, 3 then plotting them.

A less accurate but still reasonable sketch could be obtained by calculating the
gradients at -5, -4, -3,-2,-1,0, 1,2, 3.

Calculation of the gradient at any point is by use of the formula (see next
example).
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Example I
Calculate the gradient at the point (-4, 3) for y = f(t) of example G.

Solution:
Let (-3.9, f(-3.9)), (-4.1, f(-4.1)) be the points corresponding to -3.9 and -4.1
which you can find by checking your graph drawn on fine mesh paper.

£(-3.9) — f(-4.1)

The gradient at (-4, 3) can be estimated to be 30_ 41

. . Yy 2 y 1
[using the formula gradient }*_T].
2771

Exercise 18d

1. a.  Sketch the gradient function 2. a. Sketch the gradient function for

for the graph shown.

*
d -7
-6
-5
-4
-3
-2
-1

321 1234¢

the graph shown.

3t

b. I the graph represents the b. The graph represents the profit p

distance from a house in

km with { being time

measured in-hours, interpret
 the gradient funciton.

of a business in units of $1 000
per day and t represents time in:

3. a.  Sketchthe graph going through these points:
: ('37 0)7 ('27 S)v ('17'8)9 (09 9), (1, 8), (2’ 5), (39 0)
b.  Sketch the gradient function for the graph drawn.

4. a. Sketch the graph going through these points:

(-2,-6), (-1,0), (0.5, 0.4), (0, 0), (0.5, -0.4), (1, 0), 2, 6) |

b.  Sketch the gradient function of the above graph.

5. a.  Sketch the graph going through the following points: =
(-2,0.25), (-1,0.5), (0, 1), (1, 2), (2, 4), (3, 8) ;
b.  Sketch the gradient function.

months measured from March 1.
Interpret the gradient function.

Problems and Investigations 17

3

6. ‘a.  Plotthese points and join them with straight line segments: ~
(-4,2),(:3,3), (2,4, (-1,3),(0.0), (1. -1), 2, -2), 3. -1), (4, 0)
b.  Sketch the gradient function for the graph drawn in a. «

7. a. Plot these points and draw a neat sketch of the graph going through them:

(-4,0), (-3.5,2), (-3, 3), (-2.5, 3.5), (-2, 3), (-1, 1), (-0.5,0.5), (0, 1),
(1,1.5),(2,1.8), (3, 1.9), (4, 4).
b. - Sketch the gradient function for the graph drawn in 7a above.

8. Sketch the gradient function for 9.

the function whose graph is shown. the graph shown below.

y A&

5
-4
-3
iv

A

Sketch the gradient function of

(P‘r;)ml;”lvé;;i;wand Investigations

1. horizontal asymptote

‘\ 2| | ie—vertical asymptote
1 1 1 1 ;1 m 1l
5.3 \ y=g()

1
D)

a.” Examine the above graph and describe a real situation which might be
modelled by the graph.
b. .. Sketch the gradient function of the graph.

2.. Investigate the gradient functions of each of the following with the aim of
finding formulae for therm, ’
a y=-)1(— b.oy=xg eooy=er od y=lhx e

| f y=—is g y=l h y=x+li

y = logx
y=xlnx j.  y=xe*
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] 9 DE RlVATlVE S 'Example C: Differentiate x” and find the value of the derivative when x = 2.

Solution: Differentiating x’ gives the derivative 7x°.
When x = 2, the value of the derivative is 7 X 26 =448.  [substituting x = 2]

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at: ¢

Lo Dy . _— .
), o orY all mean the derivative of the function, y = f(x).
LEVEL 7 MEASUREMENT AND CALCULUS Lf’(a) means the derivative of the function y = f(x) at x = a.

« to determine an expression for the rate of change of a variable

Example D: a. f(x) = x* o ()= 24x3

b, y=x1 %:11;&0

Infroduction R . %u 1312
d g=K sog =908

Derivatives are a part of mathematics called calculus.

The derivative of a function f at point x in the function’s domain is the gradient When a term has a coefficient a, the term is differentiated using:

function’s value at x. : -
(ax") = anx™!
lo-

Example A: E le E: e b pw
It was shown in example E of the previous chapter that the gradient function xample E: a. ffx )=5x 2 ! g(x )=
5 . . . S )=5%x3xx Sogi) =6x4xx
of f(x) = x* is the function having the expression y = 2x. — 1522 = 24,3
By using identical methods it can be shown that the derivative or gradient If an expression contains several terms, the expression is differentiated by
function of x* is 3x* and of x* is 4x°. differentiating each term separately. Brackets may need to be removed first.
Generally: Example F: Differentiate: a. y=x°+x"—x"+2x b. u=8tt+7%+5
The derivative of x" is nx"~! d
— Solution: a. ay = 1029 + 928 - 7x6 + 2 b. %1:— =485+ 14t + 0
Example B: The derivative of x* is 4x* and the derivative of x** is 43x*, % = 48¢5 + 14¢
Note: Example G : Differentiate: o + 1)?
a. The derivative of x is 1.
) o ) Solution: (@ +1?=x*+2x*+1  [expanding]
Proof: x can be written as x'. The derivative of x' is 1x°= 1. of () = 46 + 4x [differentiating each term]
b. The derivative of 1 is 0.

Good setting out helps to avoid making mistakes. Always take care ot to write
Proof: 1 can be written as x. The derivative of x°is Ox' = 0. incorrect mathematical statements.

Differentiation Example H: Differentiate x7.
Solution: f(x)=x

The process of finding a derivative is called differentiating. Functions which can () = T8
be differentiated are differentiable. Substitution is used to find the value of the h B
derivative for a particular value in the domain. Note: Writing x’ — 7x® is acceptable but x” = 7x° is not, because x” # 7x°.
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Exercise 19a

1.

g e o e

i

'ht.

V=457 Fmd—

V=3 + 17

Differentiateﬁ ~ :

a0 b. C. JC“; d. 37

e 5¢ £ 102 g 53- h. 88 -32+6

P = a2 k. 9 L Sy 47
2 3

m. 2024 3x o 71" ~§3§~— 0. (x +17

p. 2x +1)7 q. (3x +4) roox? Ex)

s (2x =3 t.. x(x +3) o+ DE

vio (P+Dhx+3) w. PP+ 3x +2)

X, B+ +2x+2) y. x(x+2)+x £ DX +3)

z. xNE-3)+ -%(xZ +3x)

b. y=6x% Find %

Hx)=5"2+ 3x 2. Find f'(x).

h{t) = 3¢ + 4= 3t +7. Find h"(t).

o(u) = 2(u? + 3u) + 3(u + 4). Find g"(u).

w = 3x% + 2t. Differentiate w with respect to x where-t is a constant,
w = 3x2 + 2t. Differentiate w with respect to t where x is a constant.

y= 4x5+-— Find y".

p=2r(r + 1) (r+3). Flnd -—
u= (2t + —)(3t2 + 4t), Fmd u’.

f(x) =x* +3x

.. Find £°(2).

iii. Solve the equation f'(x ) = 4.
g =a2~2x +3

i. - Find g(2). ii.
iil. Find g°(3): iv.
W) =20 =32 +5x - 11

1. Find the derivative of A when x is 5.
il Find h'(x) when x. is 2.

iii. Solve h'(x)=5;

ii. Find £°(3.5).

Find g’(2).
Solve g"(x) = 5.

p . ; . . d 1
i, Find y" when x =-2. ii. Find ny" whenx = 5
ifi. Evaluate 7|

This means “find the value of _gl_y_ when x ==-1";

iv. Solve -—— =75,

Rational Powers 177

e. y=%x3-x2‘8x+2
i, ‘What is ywhen x =27 it. - Find y" when x = 1.

dy

iii; Solve —= 0. iv. Solvey =T

Negative Indices

Differentiation of expressions involving negative indices is dealt with in the same
way as for those with positive indices, taking care with the sign.

Example I: Differentiate the following:

2 i 4 3
a. fx)=x b. 3 c. 5 d. 556
1
Solution: a. fl)=x72 b. x_3 =x3
. 3 -2 1y 4 3
f'(x) =-2x> (or ;3‘) 3= -3x* (or )
_4 3 _3.6
C. f(x) = ;5— d. 56 5x
= '5 é. -6 ! = i§. -7 ___1_8.
4x 20 (SX ) =% rge)
f(x) =-20x"* (or —%)
X
Exercise 19b
Differentiate each of the following:
1 1 3 5
| 2. ;5_ 3. u 7 4, " 4 5. .16_6
2 3 1 3 2 3
6. 35 . 72 8. @ 9. 73 10. gt

Rational Powers
Expressions involving rational powers are dealt with using the methods in Chapter 4.

EXGmplezJ: Differentiate the following:

a. (x)5 b. 3,/x c. Ju?

{ 2] 42 2

: 30 _ 2 3 3
Solution: a. | (»° | = T’ or 303 or 3¥x
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¢ -3

3 2 3 3
(u)5 = z(u)_S_ or Zor 5342
5 5(u)3 u

Use of Calculators to Find Derivatives

There are some calculators available which work out derivatives. An example is
the Hewlett Packard HP 48G. This is done by means of the SYMBOLIC MENU
and the DIFFERENTIATE option.

Exercise 19¢

1. Differentiate each of the following;

a.‘t/; biﬁ c.3“

j
[a N
¥
=
B~y
[2:3
(9% )
‘et
W

1 1 4 5 1
f. J; g. /UB h. 4,1_3 1. ¢ u5 J P

i 2 3 2 5
k. 53‘/;2' L 34:/';3' mgify no 3 0. 3_;

2.2 f= \/; Find £'(4) b. f(t)= ;13' Find °(2)

2 L 1

c. glx)= A Find g°(3) d. h(x)= -Z—J—_- Find h’(9)
X
=2 mpg Y 3 . dy
e y= Fmda; ” f. y="3 Flnda!3
2 .

g =-3—‘/? Find %‘f ] 2
h s= %/f u=7 3\/ t2 Which is the greater, s"(4) or u’(27)7

: 4
i os=5yx3 u=7 ‘3/ x2 Which is the greater, s°(16) or u”(64)?

. ' 1
joooglty= ‘ﬁ h(t) S 7-; Find g’(4) and h"(4)

Problems and Investigations

Lo () =Ax® Find Aand B if:

a. f4)=6and F(4)=7. b £(8)=4and £'8) =1 .

a 5 -
h(x) =%, h(b)= > and h'(b) = . Findaand b.

3. Who was.Leibnitz, arid what did he discover? Explore the development of
calculus, its notations and applications.
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20. CALCULUS AND TANGENTS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT AND CALCULUS
« to sketch the graph of a gradient function

~ (Suggested learning experience: students should be investigating and
interpreting the relationship between a graph and its slope)

Infroduction

From chapter 18 we have the following extremely important result:

The gradient of the tangent to the curve y = f(x) at (a, f(a)) is f'(a).

Example A: Find the equation of the tangent to y = x> when x = 2.

Solution: Whenx=2,y=4, [sincey=2?] )
thus the tangent goes through the point (2,4). Y T+ ) 47

. d
The gradient of the tangent at x is Ey =2x

\

[differentiating]
- — required

", the gradient when x=2is2x2=4
{substituting x = 2] = tangent

N RN e O

> X

The equation of the straight line is: -4 20 2 4
y—4 =4(x -2) [fromy—y =m(x—x )]
soy—4 =4x-38 [expanding]
Sy =4x—-4 [simplifying]

Normails

At any point, the normal to the graph of a function is the perpendicular line
to the tangent at that point. Y

In the diagram, AB is the tangent to the curve at point
C, and DE is the normal at point C.

If the gradient of the tangent at a point is m then
! the gradient of the normal at the same point is El
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Note: The reason for this is that gradients of two perpendicular lines have a
product of -1. Thus m X ”an =-1.

Exqmple B: Find the equation of the normal to the graph of y = x° at the
point where x = 1.

Solution: The gradient of the tangent is % =342
- atx =1, the gradient of the tangent is 3 x 1>=3 [ substituting in 3x? ]

.. gradient of normal is ?l [ since 3 x - % =-1]

. When x =1, y= 1, so the normal passes through (1, 1) [substituting in y = x°]
*.equation of the normal is:

y-1= %(x -1 [substituting into y — y, = m(x — x,)]
So3y-3=-(x-1) [multiplying by 3]

S 3y-3=x+1 [expanding]
S 3y+x—-4=0 [adding x, subtracting 1]
!Example C:  Find the points on y = x2 with:
i. atangent with gradient 3. ii. anormal with gradient 2.
Solution:
i. Gradient of the tangent is 2x. [differentiating x?]

.. point with tangent having gradient 3 satisfies 2x = 3.
sox=1.5 [dividing]
atx=15, y=(1.5? [sincey=x%

. =2.25
The point on y = x* where the tangent has gradient 3 is (1.5, 2.25).
it. The gradient of the normal at (x , x?) is 2—L [since 2x X i—l = -1]
.. The point with a normal of gradient of 2 satisfies: *
0 T
2x © 2
so-1 =4x [multiplying by 2x]
X o= —4—
2
Sy = (71) [substituting x = Zl into y = x? ]

1
. P SO
. thepomtls(4 ’16)'

Problems and Investigattjqns - 1 81

Tangents and Calculators

There are some calculators available such as the Hewlett Packard HP 48G which
by use of certain modes enable the user to find the slope and the equation of the
tangent at any point on the graph.

Exercise 20

1. Find the gradient of the tangent to each of the following curves at the point
required:
4. y=x*+x whenx=2 b y=x?=2x whenx=1
¢ y=x+x whenx=-2 doyeat-x? whenx=1
e. y=2xwhenx =4

2. Find the equation of the tangent to each of the following curves at the point
indicated: e

a y=x*whenx=2 b. y=2¢ whenx=-1

x2 x3
c. y=-2—whenx=3 d. y=75+1whenx=1

e. y={xwhenx=4

3. Find the equation of the normal to each of the following curves at the
indicated point:
a. y=x*whenx=2
c.y=x*~3x whenx=2

b y=/x whenx =4

4. Find the point or points on each of the following graphs where the tangenfs ~
have the gradient indicated:

a. y=x?, gradientis 3 by z—;-x3 , gradient is 4
5. Find the point on each of the following graphs where the normals have the
given gradients:

& y= 1 pradientis=: . b, y=*—3, gradientis 2
y=rg

2
¢, yelx, gradient is -4

Problems and Investigations

k
1. Find the value of k so that the tangents to the graphs of y == and y = x?
intersect at right angles at the point where the two graphs cut.

k
| 2. Find the value of k so that the tangents to the graphs of y =— andy=x°
| intersect at right angles at the point where the two graphs cut,

3.y =x(Cx + D) passes through the point (-2, -4) and has a tangent with a gradient
of T-at that point. Find C and D.
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21. INCREASING AND DECREASING
FUNCTIONS: TURNING POINTS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 MEASUREMENT AND CALCULUS

* to determine and use an expression for the rate of change of a variable

Increasing and Decreasing Functions

A function is increasing on a set of values, if as the values increase, the function’s
values increase.

A function is decreasing on a set of values, if as the values increase, the function’s
values decrease.

Example A:

6

4

2
—
4 2 IR 4 6 8 10

1
1
- —> !
Asthe x values increase !

Asth s i 1 As the x values
from - 410 1, the y values| s the x values increase from 1!

[ . to 8, the y values decrease ¢ increase from 8
i?ncreqse rong 1 tp 5. The i from 5 to 1. The function | the function

— : k ' . .
bun_ctlon y=1() li said o}y, = f(y) is said to be decreasing | ¥ = f(x) is again
be increasing on the on the interval | <x < 8. ! an increasing
interval -4 < x < 1. ! i function.

Turning Points

A point at which a function changes from increasing to decreasing or vice versa is
called a turning point (abbreviation T.P.).

If the function changes from increasing to decreasing, the turning point is called a
local maximum. In Example A, the point A (1, 5) is a local maximum because at
the value 1 the function reaches a maximum of 5 for all values close to 1.

Determining the Nature of Turning Points 1“83

the: When the x value exceeds about 11, the value of the function becomes
greater than 5.

Local minimums are turning points where the function changes from being a
decreasing function to being an increasing function. In Example A, the point B
(8, 1) is a local minimum.

Tangents to Graphs

y=g)

|
{ X
t ! | f i >
2 -1 1 2 1? 4
- >l >l >
function increasing | function | function
for x < 1; tangents Vdecreasing | increasing for
have positive lfor 1<x<3; | X> 3; tanggnts
gradients. | tangents have| have positive
| negative | gradients.
| gradients. |

Any tangent drawn at a point on the graph of a function where the fuqction is
increasing is ‘tilted up’ and hence has a positive gradient. Thus at points on the
graph of a function which is increasing, the derivative will be positive. Sqmlarly
when the function is decreasing the derivative is negative. This can be written:

If y = f(x) is an increasing function thenr f(x) > 0.
Similarly, if the function is decreasing then f'(x) <0.

A
At turning points, tangents are horizontal turning points
and have a gradient of 0. / T
\
At turning points, £'(x) = 0. \
X
\>

Determining the Nature of Turning Points

A graph will show clearly whether a turning point is a local maximum
or minimum.



184 Increasing and Decreasing Functions: Turning Points

Example B: Find the turning point(s) of y = 2x — 8x +4 and determine
their nature.

Solution: y =4x -8 [differentiating y = 242 — 8x + 4]
4 —8=0 (y"= 0 at the turning point(s})
Sox=2 [solving for x]
Atx=2, y=2x22—8x2+4 [substituting x =2 in y = 2x* - 8x + 4]
L y=-4

" co-ordinates of the T.P. are (2, -4).

¥y =2x* — 8x + 4 is a quadratic 10 f‘y
function and its graph is a parabola. 0

7.5\7
The y intercept is (0, 4) and from the
diagram (2, -4) is a local minimum. 5.0 «— 4

2.5 1

T T T T T T ™™ X
2 -1 2 4 5
2.5 j '
S04

. . . 1
Example C: Find the turning points of y =3 X ~x?—8x +3 and determine
their nature. For what set of values is this function decreasing?

Solution: Y =x'-2x -8 [differentiating y]
Yy =0atany T.P.
X -2x-8=0
- +2)=0 [factorising]
x=-2or4
1
whenx=-2,y = E('2)3 ~ (-2 -8(-2)+3 [substituting x = -2 in y]
= —% -4+16+3
1 .
=123 - TPRis(2, 123
1
whenx=4,y =3 x4 -4 -8x4+3 [substituting x = 4 in y]

=21§-16—32+3

=232

S TPis(4,-233)

Exercise 21 185

Substituting x =0 in

1 40
y=3x~x*-8x +3 30
shows that the function 20
has a y intercept of - -] 23L
(0, 3). A sketch of : X
t I ¥ ) L] T E T T T T T T ¥ T Ll
the gra[ih shows thal 6 5 35 1 5 3 4 3 7 8
(-2, 12—3- ) is a local
maximum and (4, -23 3 ) -20
is a local minimum. -30 23%
-40

The function is decreasing for all values in the interval -2 < x < 4,
Use of Calculators

A student with a graphical calculator such as a Casio 6200G can, by drawing the
graphs on their calculators, readily see which points are maxima and which are
minima. They can also easily tell where the graph is increasing and decreasing.

Exercise 21

For each of the following functions, find the co~ordinates of the turning po ,
and determine their nature. State the values for which the functions are inc asmg
and those for which the functions are decreasing,

L y=x*~4x+1 2. y=6-8x-x*
4 y=4-3x-20-2rF 5 y=8-6r-3 @1
7. y=x=12x+2 8. y=2Tx=2*+2

a, - Sketch a graph of f, marking the mtercepts on the axes.
b. - Differentiate to find £'(x). '

¢. - Find the values of x that give turning pomts of £, stating the namre of
these turning points.

For what setof valuesof xisfa decreasmg funcuon‘? ,
Find f(0). , '
Find £(0). -
Find the equation of the tangent to the graph of f,atx=1
What is the remainder when f(x) is divided by x:

Famoa
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10. A funection is defined by f(x) =i° = 3x* =~ 9x +30.
a. Find £(3).
b. Differentiate to find f(x ).
¢. Determine the values of x that give the

d. - For what values of x is f(x) decreasing?
e, - For what values of ¢ will'a straight

o

turning points of f. -

line y = ¢; parallel to the x axis, cut
the graph at 3 points?
{.- Find the equation of the tangent 10 the graphatx = 1.

1.

Problems and Investigations

A function y = Ax*+ Bx + 2 has a turning point when x'= % In addition,

x = Fthe function has a value of 9. Find A and B.

A function y = Ax>+ Bx + 4 has a tuming point when x = %. The point (2, 8
lies on the graph of this function. Find A and B.

y=Ax* + Bx+ C. y has avalue of -2 when x = 1 and a value of 2 when x =
In addition the point (1,-1) lies on the graph of this function. Find A, B and C
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22. APPLICATIONS OF DIFFERENTIATION

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT AND CALCULUS

* to determine and use an expression for the rate of change of a variable
and apply it to practical situations, such as maximum, Minimum,
velocity and acceleration

Velocity - A Rate of Change

When an object is moving, the distance it travels and the time taken can be used to
provide information about its velocity. Velocity is the rate at which the distance
from a reference point is changing with respect to time.

The average velocity is the average rate at which the distance from a reference
point changes over a period of time and corresponds to the gradient of a line
segment on a distance time graph.

Example A: A car is moving along a road. The distance of the car from a
town at various times is shown in the table:

90 | 105 | 120

|t (minutes) oj[ 153 [45] 60| 75

d (km) 0]35 | 60| 75 80 75 60 [ 35 [ 0
From the 15th to the 75th minute:

the change in distance is 75 — 35 = 40 km and

the change in time is 75 — 15 = 60 minutes
Distance Ay 7

The average velocity of the car from  (km) 301 P(75,75)
15th to the 75th minute is the ]
average rate at which the distance i
changes from the 15th to the 75th 60 | 40

minute and is:

change in distance 75 _35 7 60
changeintime 75 —15 20 1
a0 1/ Qas,35)
=60 X
—zkm er minute o T
=3 xmp 0 50 100

Time (min)
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The average velocity, % km per minute corresponds to the gradient of the line
segment joining the points P(75, 75) and Q(15, 35) on the distance-time graph of
the car’s motion.

The instantaneous velocity is the velocity at a particular instant. It is the limiting
value of the mean velocity and corresponds to the gradient of the tangent. Ina car,
the 'speedo’ measures the instantaneous speed of the car.

Y Tangent
Example B: In Example A, the actual : P,
velocity of the car at t = 15 minutes is 80 Py
the instantaneous velocity of the car at ] P

t = 15 minutes. It can be found by 60 ’
letting the point P on the diagram shown 40 4
shift along the curve toward Q through ]
positions P, and P,. 20 J

X
0 ————— -

50 100

As P gets closer and closer to Q, the mean
rate of change of distance between t =15
and the time corresponding to P will eventually become the gradient of the
tangent to the graph at (15, 35) which is the derivative of the distance graph
at (15, 35).

Other Rates of Change

‘Many other situations involve rates of change. Differentiation is often used to
solve such problems in the following way:

Quantity

Time (days)

The quantity of goods stored in a warehouse is q(t) at time t. The quantity q is
measured in kilograms and time t is measured in days. The rate of change at time t
can, by a similar argument as that for velocity, be shown to be q'(t), the derivative
of qatt.

Example C: The quantity of goodsstored in a warehouse during the year is
given by q(t) = 100 + 30t — 2t* where t is the time in months and q is the
quantity of butter measured in tonnes.

How much butter is there at the beginning and end of the year?

Find the average rate of change of the butter stock during the year.
Write an expression for the rate of change of butter stock after t months.
At what time was there zero rate of change?

e o
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Solution:
a. At the beginning of the year, t = 0 months. The quantity of butter is:
q(0)=100+30x0—-2x0? [substituting t = 0 into q(t) = 100 + 30t — 2¢*]
= 100 tonnes

At the end of the year, t = 12 and the quantity of stock is:
q(12)=100+30x 12-2x 122 [substituting t = 12]
= 172 tonnes

b. The average rate of change during the year is:
quantity at end —quantity at beginning 172 —100
number of months Y

= 6 tonnes per month
c. The rate of change is q'(t) = 30 - 4t tonnes per month  [differentiating]

d. When the rate of change is zero, q"(t)=0
- 30-4t=0

t= 7% months [solving]
Exercise 22a: Rates of Change

1. The weight of water in a tank over a year varies with time according to.the
equation W = 0.007 2 +0.15 t + 50. W is the weight in kilograms of water in
the tank and t is the time in days.

What was the initial weight of water?

What was the final weight of water?

What was the mean rate of change in the weight of water during the year?

What was the rate of change after 64 days?

What was the rate of change after 150 days?

opoop

2. S.=0.01¢% + 0.2 + 5t + 2 gives the distance in metres of a car fromi a point at
time t in seconds, This formula applies for one minute.
a.. Copy-and fill in this table:

t] 0 10|20|30,40] 50| 60

S
b. “Find the average rate of change of distance during:
1. -the first 10 seconds. ii.- the second 10 seconds:
iii. the first 30 seconds. iv. the full minute. '
¢. Find the rate of change:
i initially. ii. when't'is 10 seconds.
ifi. when't is 30:seconds:. iv. when tis 1 minute.
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3. The table following shows the amount of coal being mined on various days
during a 60 day period. A is the amount of coal mined in a day in tonnes, 1s

the number of the day being considered.

in mmutes Thzs formula holds true for 10 minutes.

Femeanos

5. A rectangle has the length of its base given by 3 +.0.1 t metres and its height
given by 1 + 0.2 t metres where t is measured in hours.

Frmoaoop

6. " The length of the base of a rectangle is given by 7.= 0.1 t metres and its heigh
by 2 + 0.2 t metres where t is measured in hours.
a
b.
¢

t 1 21 41 51 60
A 1.4 2.6 3 29 |2.639

Show that the formula, A(t) = 1.319 + 0.082t — 0.001* models the
situation described.

How much coal was mined on the 45th day?

Find the mean rate of change per day in the amount of coal mined from
the 51st day to the 60th day.

Find the mean rate of change in the amount of coal mined from the 5th
day to the 51st day.

Wirite an expression for the rate of change of the amount of coal mined
ondayt.

Find the rate of change of the amount of coal being mined on the

11th day.

By drawing a graph or otherwise find which day had the greatest coal
production.

What is the length of the cube’s side after 10 minutes? :
What is the rate of change of the length of the cube’s side after t mmutes |
What is the area of a face of the cube after t minutes? '
‘What is the area of a face of the cube after 4 minutes?
‘What is the total surface area of the cube after 5 minutes?
‘What is the volume of the cube after t minutes?

‘What is the volume of the cube after 5 minutes?

‘What is the rate of change of the volume after t minutes?

‘What is the initial length of the base of the rectangle?
At what rate is the length of the base increasing?

At what rate is the height increasing?

At what time does the length of the base equal the length of the height?
‘What is the area of the rectangle at time t?

‘What is the area of the rectangle after 3 hours?

What is the rate at which the area changes after t hours?

At what time does the rectangle increase in area by 5 m? per hour?

What are the rates of change of the length of its base and height?
Explain what the values obtained in a. mean:
‘What is the time when base and height are the same?
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d.- When does the rectangle cease to exist?

¢.  Whatis the area of the rectangle at time t?

f. ~What.is the rate of change of the area of the rectangle?

g£.. What is the initial rate of change of the area of the rectangle?

h. - When is the area increasing by 0.6 m? per hour?

i. - When is the area decreasing by 0.3 m? per hour?

j-. By sketching a graph or otherwise determine the maximum area.

The radius of a circular oil slick 18 given by 2 + 0.3t cm where tis in
minutes. The oil slick is centred in the middle of a circular tank of radius
50 cm.

a.-How much is the radius of the oil slick increasing by per minute?

b. How much time elapses until the oil slick has expanded as far as possible?
c. -What is the time when the radius of the oil slick is 30 cm?

d. ‘What is the area of the oil slick at time t?

e. - What is the area of the oil slick after 1 hour?

f. - What is the rate at which the area is increasing after 2 hours?

A company allots the sum of $100.000 to market a product. After t months

total expenses are 10 000t and total revenue is 250t% Both are in dollars.
These relationships apply for 30 months.

a. ~ Write a formula for M, the total amount of money after t months due to
this product.

What is the value of M after 2 months?

What is the rate of change of M after t months?

During what period of time 1§ M decreasing?

Sketch a graph or otherwise to find the minimum value of M.

oao o

A different company to that in question 8 allots $60 000: Total expenses after

t months are 5 000t and total revenue 1006, Both are in dollars, These

relationships apply for 3 years. _

4. Write a formula for N, the total amount of money after t months due to
this product.

b.. What is the value of N after 3 months?
¢. - What is the value of N after 25 months? What is the significance of this?
d. . After what times is N equal to $2 4007
e. - What is the rate at which N is changing after 5 months?
f.. ‘At what time does N have.a zero rate of change?
. A'right-angled triangle has its 2 shorter sides of lengths 2 + 0.1t and

3+0.2t. Both sides are measured in metres, time is measured in-minutes.
a.How rapidly are the shorter and longer of these sides increasing
respectively? '

‘When will the longer side be twice as long as the shorter side?

What is the area of the triangle at time ?

‘What is the rate of change of area of the triangle at time t?

‘When is the rate of change of area equal to 2.1 m? per minute?

What is the lehgth L of the longest side of the triangle at time t7
Find the rate of change of L* with respect to t,

R i
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. Length of the third side =6-2x
soarea, A =x(6-2x) [areais length X breadth]

11. A cube has volume (5 = 2t)*> measured in ¢y’ with t measured in minutes.

a.  What is the length of a side of the cube after t minutes? —6x g2

b.  When does the cube cease to exist? LA B 6x ; . differentiating A

¢. What is the volume of the cube after | minute? oA =0 differentiating A

d. At what time does the cube have a volume of 8 cm’? Asea. A is a maximum when A’ =0

e. What is the surface area of the cube at time t? T ) 6611 4 : 0

f.. ‘What is the rate of change of the surface area at time 1? T =

g. What is the rate of change of the volume of the cube at time t? X = 1%
Maxima and Minima . maximum area A = 1%6' 2x 1§J [substituting x =1% into A =x (6 -2x)]
Turning points can be used to find the maximum or minimum values of a quantity = 45 m?

where the quantity varies according to a particular equation.
Use of Spreadsheet

Example D: The distance S of a boat from a port is given by P adsheets
S =36t — 0.1t2, where S is in metres and t is in minutes. Find the greatest

distance of the ship from the port. Example E: Done using a spreadsheet:

A

Solution: S is a quadratic function 3240 === ! Area of rectangle problem 5
of t. The following sketch of the st |
graph shows an in%erted parabola. Distance (5) i S(®) )(;ﬁi—éZx__Agea 4
The maximum corresponds to the greatest | 0.5 5 25 3
distance from the port. i 1 4 4
Differentiating S gives S"=36-0.2t : 1.5 3 4.5 2
At the maximum distance, S =0 0 ! > 2 2 4

. 3602120 0 180 360 t 25 1 25 1

t = 180 minutes [solving] Time (mins) 3 0 0 0

maximum distance = 36 x 180 - 0.1 x 180*> = 3 240m

Example E: Daniel has 6 m of wire. He bends it to give three sides of a X 6-2x Area 45 T
rectangular shape so that two of these sides have the same length. Find the 1.2 36 432 4.45 1
length of each side so that the shape has the largest possible area. 1.3 34 442 441
14 32 448 ’
Solution: Some possible lengths and the resulting areas are shown: 1.5 3 4.5 435 ¢
1.6 28 448
17 26 442 4371
1.8 24 432 4.25 T
: 4.2 i
Area=4  Area=4 Area=2.5 Area=25 Area=4.5 NMm gL x

The sketches suggest a maximum area of 4.5 m* when two sides are each 1.5 m
and the third 3m. This can be confirmed using calculus:
Let two sides have a length of x, and the area of x
the shape be A.

This pair of worksheets and charts show how a maximum or minimum
problem can easily be tackled using a spreadsheet. This set of diagrams was
created in about four minutes using the Excel spreadsheet. The first

6 - 2x worksheet suggests the next set of x values to use in the search for that value
of x which gives the maximum area. In this case it is easy to see the answer is
1.5. In other cases though the value may be some decimal whose accuracy
can be made as precise as is necessary by doing repeated spreadsheets.
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Exercise 22b: Maxima and Minima

1.

Example F: Find the minimum positive value of x + y if xy = 9.

Solution: LetV=x+y

y = % [making y the subject of xy = 9]
9
S V=x+ = [substituting into V = x + y]
For a minimum value, V9 =0
o 1- == [differentiating V and putting V = 0]
Sox-9=0 [rearranging]
sx=3 [solving for a positive value of x]

andy =3 [ substituting into y = % ]
s V=6

" the minimum value of x + y is 6.

The distance D of a boat from a port in metres is given by D = 48t — 0.08 ?
where t is in minutes. Find the maximum distance of the boat from the port.

The volume of water in a tank in litres is given by V = 360t — 6t2 where t is
measured in minutes.

a.  Find the maximum volume of water in the tank.,

b. - At what time is the maximum volume reached?

The speed of a boat in kilometres per hour is given by 1222 60t + 90 over a

period of 6 hours (t is in hours). For this six hour period find:
a. - The maximum speed.
b. The minimum speed.

The depth of water at a pier at t hours after sunrise is given by:

d= %ﬁ ~ 12+ 95t where d is measured in centimetres from a mark on the pier.
a.. Whenis high tide and when is low tide?
b. At these times what is the depth of water from the mark on the pier?

What is the maximum possible area bounded
by a fence of length 100 m if the fence forms . ,
a rectangle with a river bank which is not River  Riverbank
fenced, as shown in the diagram? TETT T T

—_ Fence*;;;‘
2. 'What is the maximim possible area of
a trapezium made by bending a piece of [ y i
wire 10cm long, as shown in the diagram? s
(4th side, not wire, shown dotted) -1 Mso

[Note the two right angled bends.]

10.

11.

12.

13.

14.
15.

16.

17.
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b. A farmer is about to build two

holding paddocks alongside a dense
hedge, one for sheep, the other for
cattle as shown in the diagram. He
has only 240 metres of fencing
available, but he wants to enclose
the largest possible area.

X metres

A ‘C B
i.  Suppose the width of the strip of land is x metres. Show that the
length AB is/(240 23x) metres and write down an expression for the
total area; A m?, of the two paddocks.
ii. Pind a value of x for which this ‘area is a maximum, and find the

maximum area.

A farmer constructs a rectangular enclosure by means of
d fence of total length 150 m'and two gates of - length 3 m.
These are situated as shown in the following diagram.
Find the maximum area enclosed.

7
i

‘What is the maximum value of XY if X +2Y = 107
What is the maximum value of UV if 3U + 2V = 127

What is the maximum value of X?Y if X +Y = 6?

A right-angled triangle ABC is drawn as shown so Y

A is at (0, 0), B is on the parabola y = 3x — X%, and
C is on the x axis.

Find the maximum possible value of the area of
this triangle.

v><

Al
a. - Find the minimum positive value of x +2y if xy = 4,0 c3
b. Find values of x and y so that x + 2y exceeds 1 000.

Find the minimum positive value of 2x + 3y if xy = 5.

Find the minimum positive value of x* + y* if xy = 4.

Find the minimum perimeter of a rectangle if its area is 10.

A box-shaped object i$ made by moulding a piece of putty of volume
125 cm®. -1t has a square ‘base. Find its minimum surface area.

x=7-3t,y=2+4t,s = 2xy ' ‘
Find the maximum value of s, and the values of x and y when s is a maximum.
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18. Find the ‘maximum and minimum values of ¥* ~4x — 12 on the set “3<x<
[A function assumes its maximum and minimum values on a ¢losed interva
either at turning points or at the-ends of the interval.]

19. Find the maximum and minimum values of X - 12x on the interval -3 < x <

Problems and Investigations

1. Investigat? the problem of cutting a piece of string into two pieces. One wi
be turned into a square, the other into a circle and in so doing, cover:
a, the least area. b, - the greatest area.

2. Repeat_ question 1 where this time the pieces will be turned into a square an
an equilateral triangle.

3. A p}'ece of stﬁng is cut into n equal pieces, each of which is formed into an
equll’at.erz'll _tnangle. Investigate the area of the combined n areas with a view
to- minimising and maximising total area:
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23. BASIC TRIGONOMETRY

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 ESTIMATING AND MEASURING;

* 10 model a given situation using trigonometry to find and interpret
measures in context, and evaluate their findings.

Sine, Cosine and Tangent

Consider the angle x in the right-angled triangle shown. If the size of angle x stays

the same while the size of the triangle changes, the values of %, % and % remain the
same. These values are called the sine, cosine and tangent of the angle x.

= sine x
o
= cosine x %
X
\ = tangent x
Note: o refers to the side opposite angle x.
a refers to the side adjacent to angle x.

h refers to the hypotenuse, the side opposite to the right angle.
The hypotenuse is always the longest side of a right-angled triangle.

wlo Tim =io ‘

The names are commonly abbreviated to sin x, cos x and tan X.

Example A: Angela cuts a piece of cardboard A
as shown in the diagram and measures /t\he
lengths of two sides. Find the angle ABC.

17 cm
12cm

X
C B

A
Solution: Let the angle ABC be x. Since 12 cm is opposite to ABC and

17 cm is the hypotenuse:  sin x = % [substituting o =12, h=17 in sin.x = %]

= (.70588
s x=44.9° [using the sin ' key on a calculator]
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Note: On a calculator, x is found from sin x = —% using the keys:

@-O-O-O-w-
Example B: Bobby, Dave and Diana are on a field. Diana is 100m E 35° N
of Bobby. She is due North of Dave who is East of Bobby. How far is Dave
from Bobby?

Solution: It is always wise to draw a diagram for problems like this:

Diana

N
A
W E
Bobby <33
X Dave S

Let the distance between Bobby and Dave be x.

x is adjacent to 35°.

100 is the hypotenuse.
. cos 35°= fm [substituting x = a, 100 = h in cosine = %]
. x =100 cos 35° [multiplying by 100]

. x=819m(1d.p)

Pythagoras’ Theorem

In a right-angled triangle, the square on the hypotenuse is equal to the sum of the
squares of the other two sides.

In the right-angled triangle shown
with sides a, b and c:

Proof: To prove that ¢2 = a>+ b2, two squares are constructed as shown.

The area of the large square can be found by multiplying
the lengths of the sides together:
area=(a+b)x(a+b)=(a+b)

The area of the large square can also be found by adding
together the areas of the shaded square and the four

: . —c2p 1 1 1 1
triangles: area=c +2ab+2ab+2ab+2ab.
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The two areas are the same so: ~
2, 1 1 1 lop= (a+b)?
C +2ab+2ab+2ab+2a
. ¢+ 2ab=a’+2ab +b?
[simplifying and expanding]
Locl=a+ b?
[subtracting 2ab from both sides]
Q.E.D.

Example C: The length of the side BC in Example A can be found using

Pythagoras’ theorem.
AB?=AC?+BC?

S172 =122+ [letting y be the length of BC]
s 1722122 =32 [subtracting 127]
S 145=y2 [simplifying]

sy=1204cm 2 d.p)
Exercise 23a: Basic Trigonometric Problems

1. Use the diagram to answer the questions:

a. cosa= b. sina= c. cos b=
d. sinb= e tanb= f sing=
g. -tana= h. sind = 1. tand=

2. Find the angles or sides marked with letters in the diagrams:
11.3

2.3 3 5

a b. 14.2
34
M
x
d.

c. %0

° |
" < 53
13

3.6

3. A ship:sails 5 km due west and then 3 km due north. Fipd the angle which
the line joining the ship to its original position makes with the north.

4. To find the distance to a hill C, two observers A.and B position themselvis S0
that AC is at right angles to AB. If AB is 15 km and the angle ABC is 49°,
find AC.

5. Achord subtends anangle of 110° at the centre of 4
circle of radius 5 m. Find the length of the chord. ﬂ‘
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6.

10.

11.

12.

13.

The sides of a rectangle are 8 cm and 10 cm long.. Find the acute angle
between the diagonals.

A straight, sloping road runs beside a horizontal wall. A man 2 m high finds
that his head is level with the wall at one point of the road and that his feet are
level with the wall after he has watked 65 m further up the road. Find the
angle of the slope of the road.

An extending ladder slopes at an angle of 55° when its-length is 8 m and it is

placed against a vertical wall. ’

a. How high up the wall does it reach?

b." How far is its foot from the base of the wall?

¢. “Tfitis now extended to 12 m; what is the new angle of slope, if the foot is
in the same position?

AB is a diameter of a circle with tadius 9 cm and AC is a chord which makes
an angle of 24° with the diameter. Find the length of the chord.

24°
>

1\

2. Acone of height 16 cm has a semi-vertical angle of 24°.
Find the length of a slant edge.
b. Find the diameter of the base.

X
3
b. "y in the diagram shown. Y

Find: a. x

In this diagram, find: 12 11
a X b. h
c.y d z

In this diagram, f}\nd:

a.” the size of ACB, marked x .
the length of BE.

the length.of AC.

the length of AF.

the size of AﬁB.

o oo

14.

15.

16.

17.

18.

19.

20.
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In this diagram, ﬁnd:

4. the size of BEC, marked x.
the length ofABC, marked h:
the size of BFA.
the length of /{XE
the size of AED:

the size of DﬁlC.

™o a0

In the diagram shown, find:
a. the length of h.
b. the size of the angle marked x .

c. the size of AﬁC.

d. the length of BC: B
c D
AD is of length 15 m, BC is of leng}\h
5 m and BD is 9 m. Find the size DAC.
A
. AL AL A
In this diagram BDC is 20°, ADB is 30°,
BD is 6.8 m. Find the length of AB. B
C D

A girl stands 15m from a wall and has to look up at an angle of'40° to the
horizontal in order to see the top of the wall. How far would she have to walk
back from her present position to be able to see the top of the wall while
looking up at an angle of 20° to the horizontal?

A boy sits at the top of a tree of height 20 m. His two friends are both due
north of the tree. The boy has to look down at an angle of 60° to the vertical
to see one, and 40° tothe vertical to see the other. How far apart are his two
friends?

A surfeaster looks directly out to sea and sees a fishing boat on the horizon,
which is about 16 km away, moving parallel to the coast. A short while later
she observes the boat 30° to her right, and 15 minutes after that 40° to her
right. How far has the fishing boat travelled in that fifteen minutes?
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Other Trigonometric Relationships

For all angles x:

sinx + cos?x =1 1

Note: sin’x means sin x X sin x or (sin x)

h
0
X

Proof (for any acute angle): Consider the right-angled a
triangle shown:

sin?x + cos’x = (sin x)* + (cos x)? [since sin’x = (sin x)? and cos.x = (cos x)?]

ol a2 . .. o0 . a

v + v [substituting 5 for sin x and h for cos x]
02+ a? L

= [simplifying]

h2

h2 i

2 [since 0® + a® = h? by Pythagoras’ theorem]

=1 Q.E.D

Two other relationships which are true for all angles are:

_. sinx . - _
{tan X = osx and sin x = cos (90 — x)

Finding Exact Values of Sine, Cosine and Tangent

Example D: In the triangle shown, sin 6 = % 7 3
The side y, adjacent to 6, can be found using ]
Pythagoras’ theorem: y
y:i4+32=72 [by Pythagoras’ theorem]
Sy +9=49
. ¥?=40 [subtracting 9]
Y=/40
=2 /40 =3_3
cosO=5=" tane—y—J4_0
{40

Note: The values, 7 and :/431:0 are in surd form and are exact.

Applying a similar method to the triangles below gives the exact results shown for
the angles 30, 45° and 60°. The values for 90° are also given.
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Angle Sin Cos Tan
in d S)
(in degree:! - o
0° 0 ‘/l 1 \/E
°© 1 _3_ - 02
30 2 2 '8 6 !
1 L 1
LR I ¢
60° L 1 ¥E) P 1
2 2 »
90 1 0 Undefined |£35\ O

Example E: ABCD is a pyramid in which the base is

an equilateral triangle. The triangle has three S{des.of

length 2 and the height, AE, is also equal to 2. Find in

surd form the following: D

a. the length of ED. b. the ler/lgth of AD.

c. the length of EF. d. sin ACE

e. the tangent of the angle between planes ABC and DBC.
Let G be the point where the line BE meets DC.

Solution:
a. Inthe ADBC, D/I:ZC is 120°and ED=EC=EB  [by symmetry]
1
DG=1 [DG is 5 DC] G .
DG =ED cos 30°  [since cos 30° = ¢l
.. 1 =ED cos 30° 5 .
3
1= EDlz_:i [cos 302 = EN ]
2 . l.f .n ] D P
X =T ifyi
PR mplibine 30°/1 G 1 60°

b. (AD)? = (ED)’ + (AE) [using Pythagoras’ theorem]

-~ AD2= (:/2_'3') +22

2
[since AE=2 and ED = 7“; ]

or 1{2 [taking square roots]

e I3
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¢. EF can be found by subtracting DE from DF.
DC? = CF?+ DF? [applying Pythagoras’ theorem to triangle DFC]

.. 4=1+DF [since DC =2 and CF = 1]
. DF=,3
. _ ) R _2 . -3 _ 2
~ EF=DF-DE=3 5 [since DF =73, DE = =1

3432 . : :
= 53 = 7—3‘ [changing to a single fraction]
. A AE . 0 . .
d. sin(ACE) = Ac [applying 1, = sin x to triangle AEC]

A
* sin(ACE)=2+ *43“ [since AE=2,AC=AD = %]

<\|

. sin (AGE)=§

e. The tangent of the angle between planes ABC and DBC is:

tan (AFE) = ’—gFE
=2+Jl§=2£ {sinceAE:Z,EFzJ_%‘]
Exercise 23b

Answers to this exercise should be left as surds.

1. In aright-angled triangle one of the angles has a sine of -;- Find the cosine
and tangent of this angle.

2. Inaright-angled triangle one of the angles has a cosine of % Find the sine and
tangent of this angle. ‘

3. Aright-angled triangle has an angle of size o. Find values for the following,

i 1

ifsing = 7

a. coso b. sin (90 - o) c. tano
d. tan (90 - o) e. sin? o+ cos?q

4. A right-angled triangle has hypotenuse of length 5 and an angle ¢ with
1
cos o= 7. Find the lengths of the two other sides.

5. The shortest side of a right-angled triangle is 3 units long. One of its angles

; 1 .
is @'where tan 6 = 3 Find the lengths of the other two sides.

6. The largest non-hypotenuse side of a right-angled triangle is 5 units long,
One of its angles is 60°. Find the lengths of the other sides.

7.~ ABCD is a pyramid with all sides 2 units long.
AE is the perpendicular from A to the plane DBC.
Find:
a: The length of DE. " 'b. The length of AE,
A
¢. Sin ABE.
d. The tangent of the angle between
planes ABCand DBC.

b
8.  ABCDE is a square based pyramid with all sides
2 units long. AF is the perpendicular from A to
the plane CBDE. Find:
a. The ler}\gth of EF.
c. Sin (AEF).
d. The sine of the angle between planes
ABC and DBCE;

b. The length of AF,

\(Probl‘éihu and Investigations

1. Investigate each of the following statements by substituting values for ¢, to
see if they always seem to be true. If they are, prove them.

sin o .
a. tanqg= b. . sin(90 — o) =cos O
Cos 0L . :
c. cos (90 - a).=sino d.  sin (o + B)=sina ¥ sinf}
1
i = 2si . +tan’o =
e. sin(2a) = 2sing f. . l+tan cou s
— . ————1 .
g 1+ 12 ="2 h. . tan’o cos?o, - sinfo =0
tan"ot sin o
: . o
i, * tan?o cos’ot+ cos?o =1 jo - sino+ coso = tan7

2. A sphere of radius R encloses a.cube in which the corners are points on the ’
surface of the sphere.” Write an expression for the volume of the cube in terms
of R
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24. COSINE, SINE AND AREA RULES

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 MEASUREMENT;

* to model a given situation using trigonometry.

Introduction and Conventions c

In this chapter trigonometry is extended to b
triangles which are not always right-angled.

The diagram shows how capital letters are
used to show the angles at the corners of
the triangle. The length of the side Ale » B
opposite each corner is denoted by the same

letter in the lower case.

The Cosine Rule

For any triangle the cosine rule states:

l—a;= b? + ¢?—2bc cosﬂ
A le —

Proof (for angle A acute): In triangle a ¢
ABC, A is acute. The line from C meets AB at right angles at D. The length of CD
iso.

o]
In triangle ACD, sinA=} [0 is opposite to A, b is the hypotenuse]
.. CD=bsinA [multiplying by b, b = length CD]
Similarly, AD="b cos A
In triangle CDB, BD=AB - AD
. BD=c-bcosA
CB2=CD? + BD? (by Pythagoras’ theorem]
- a?=(bsinA)? + (¢ — b cosA)? [substituting]
. a?=Db?sin?A + ¢> 2bc cosA +b%cos’A  [expanding]
o a?=Dbsin?A + b? cos?A + ¢2 - 2bc cosA  [rearranging]
s a*=Db? (sin’A + cos?A) + ¢c?— 2bc cosA  [factorising]
L a’=b*+c¢?-2bccos A [sin?A + cos?A = 1]
Q.E.D.
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Note: Although this proof applies only to acute angles, the relationship
a?=b? + c2— 2bc cos A applies to obtuse angles as well.

Making cos A the subject of a2=b? + c?— 2bc cos A gives the useful result:

2 2 2
b +¢ —a
cos A= Jbe

Example A: A fishing vessel sets out to sea. It is 5.2 km from point A on

the shore and 4.7 km from another point, B. The angle between the boat and

these two points is 75°.

a. How far apart are the two points?

b. Failing to catch any fish the captain sails the boat to a point which is now
5.4 km from point A and 6.3 km from B. What is the angle between A, the

9
boat, and B? A B

Solution:
a. The diagram shows the points A and B.

AB2=522+4.7"-2x52x4.7cos 75 52 4.7
[using the cosine rule]

=36.48
S~ AB=6.0km(1d.p)

b. The required angle, x, is shown below.

. 6.04 N
A= 1B
2 2 2
—63 +54 -604
COSX="7354x63
L. b +ct—a
[substituting into cos A =—7-—] 54 6.3
=0.4757

s x=61.6"(1dp)
Exercise 24a: Applications

1. In the diagram shown, find: 2. In this diagram find:

a. - The length x. a. The length x.

b. ABC /\Bﬁ/\ b. The angley. /\
6.2 \ x:
Ko\

Ala—s57—> C

1\

104
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3. . Inthis diagram find: 4. A bar of length 2m is suspended by
a. QR, two strings of 1.3m and 1.8m long,
A 1
b. POR. attached to a nail:
Q a. . Find the angle between the two
153 pieces of string;

b. . If the bar is now shortened o
that the angle between the two

el

134 ™ of the bar.

p 23° R strings is. 75°, find the new length -

5. A triangular shaped field has one boundary extending 350 m from a gate in al’é
direction N35°E." The other boundary extends N32°W from the gate for 200m.

a. Find the length of the third side of the field to the nearest metre.
b. Find the largest angle of the field.

The Sine and Areda Rules

The sine rule states:

sinA _sinB _sinC a b c

a b ¢ 9T sinATsinB T sinC

The area rule states that:

2

Area = —l~ab sin C

Note: Alternatively, the area is equal to % be sin A or %ac sin B,
Example B: Peter and Kathy tie two ropes to the top of a pole. They stake
the other end of each rope into the ground so they are tight and in the same
plane with the pole. Peter’s rope is 5.6 m long and makes an angle of 26°
with the ground. Kathy’s rope makes an angle of 32° with the ground.
a. Find the length of Kathy’s rope.
b. Find the distance between the two stakes.
¢. Find the area of the triangle formed by the two ropes and the line along the

ground which joins the two stakes.

Solution: The following diagram shows Kathy’s rope with length L, and the
distance between the stakes d. Let the area required be A.

L 5.6

sin 26° = sin 3¢ [using the sine rule] 5 L

L7 =6 o
s L=535e81n 26
[multiplying by sin 26°] ¢ 26° 3700
< L=46m(1dp). [simplifying] |¢ »l

I
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b. ﬁ? = ﬁf {using the sine rule and 3rd angle of triangle, 122°]
5.6 x sin 122° L . R
sd= —sns%;— [multiplying by sin 122°]
S.d=90m((1dp)
c A= % x 5.6x 9.0 x sin 26 [using area = % ab sin C]
=11 m?

Exercise 24b
1. In this diagram find: 2. In this diagram find the length of:

a. Thé length AC. a. AB '
b. - The length BC. b. AC

c. The area of AABC. B
5.3
37° 43°
A C

B
15.3
12.3

3. In this diagram find:

a. The length of AC. 30 fo

b. The length of CD. A

c. The area of ABCD.
4. A ship sails for 105 km in a direction @

E32°S. It then sails for another 200 km in a D

direction N10°E.
a. How far is it from its original position?
b. What is its compass bearing from the original position?

5. A father looks down at his son’s eyes. The man’s eyes are tilted at 38° to the
vertical. His son looks at his father’s feet. The boy’s eyes are tilted at 42° to
the vertical. The son’s eyes are 1.1 m from his father’s eyes. Find the height
of the father’s eyes from the ground.

6. A triangular wedge has an angle of 43° enclosed between sides of 4.3 cm and
5 ¢m. Find:
a. the length of the other side.
b. the area of the cross-section and hence the volume if the length is 51 cm.

7. A section of land is of triangular shape. One corner of the land has fences of

lengths 52 m and 54 m enclosing an angle of 66°.
a. * Find the cost to the nearest dollar of fencing the land at $6.80 a metre.
b. Find the area of the section.
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Quadrant II e Quadrant I
(cos x, sin x) (cos (180° — x), sin (180° — x))

N\ 180° —x
X

Quadrant I1I / Quadrant IV

In the 2nd quadrant the radius (making an angle x with the positive horizontal axis)

is the reflection in the y axis of the radius which forms the acute angle (180° - x).
It can be seen from the previous diagram and definitions that:

cos x = - cos (180° — x)[since the x co-ordinate of the two points on the
circumference corresponding to angles x and (180° — x)
are equal and opposite]

sin x =sin (180° —x) [since the y co-ordinates of the two points are the same]

tan x = 225 [by definition]
sin (180° — x)

= cos (180° - x)

= - tan(180° — x) [simplifying)]

[substituting sin x = sin (180° - x) and cos x = - cos (180° —x)]

The table below shows how the trigonometric function of an angle greater than
90° can be expressed as the trigonometric function of an angle in the first quadrant.

Angle } Quadrant ) cos x ] sin x tan x
0° <x<90° I cos x sin x tan x
90° < x £ 180° | -cos (180° —x)| sin (180°—x) | -tan (180°—x) |
180° < x £270° I -cos {x— 180°)| -sin (x—180°)| tan (x— 180°)

270° < x £ 360° v €0s (360° —x) | -sin (360° ~x)| -tan (360°-x) |:

Note: The trigonometrical functions are frequently called the circular functions
because they are defined by the co-ordinates of the points on a circle.

Example A: sin 130° = sin (180° — 130°) [130° in quad II, sin x = sin{180° — x)}
= sin 50°
cos 220° = - cos (220° — 180°) [220° in quad III, cos x = -cos(x— 180°))
= - cos 40°

The mnemonic all science teachers cry is applied from quadrant I, going
anticlockwise to decide which quadrants have positive values for each of the
trigonometrical functions:
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a refers to quadrant I and stands for ail are positive. -

s refers to quadrant IT and stands for sine only is positive.

t refers to quadrant IIT and stands for tangent only is positive.
¢ refers to quadrant IV and stands for cosine only is positive.

The following diagram summarises the data from the table above and combines it
with the mnemonic.

Quadrant II 90° Quadrant I
Sin only positive | All positive

] R

180 — 360°
Tan only positive] Cos only positive
Quadrant ITI 270°  Quadrant IV

The sine, cosine and tangent of angles between 90° and 360° can be evaluated
using the results summarised on the previous page.

Example B: a. sin 135° = sin (180° —135°) [since 135° in quadrant ]
= sin 45°

-2

- tan (360° - 330°) [since 330° in quadrant IV]
- tan 30°
-1

3
Angles Greater than 360°

b. tan 330°

The trigonometrical functions of angles greater than 360° can be expressed in
terms of an acute angle in the following way.

Example C: 750° =2 x 360° + 30°
. ¢0s 750° = cos 30°
The following diagrams illustrates this:

y y

\j

=
\j
=

750°
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Exercise 25a

1. Write each of the following as positive or negative sine, cosine or tangent of
_an acute angle:
[example: 'sin 312° = -sin 48°]

a.c0s8237° b.  sin 136° ¢ tan 325° d. o tan173°
e cos310° f.  sin256° g.. . tan 214° h. " sin 342°
i cos 162° j. sin 500° k.- cos 392° 1. tan 1060°
m. cos1126° n. - sin 3647° 0. cosH3°

2. “Find the values of the following, leaving dnswers in surd form:

a7 cos 45° b. sin 60° ¢.-tan 30° d. cos 150°
e.sin 210° f. . tan 240° g tan 330° h.  cos 540°
i sin420° J. cos 675° k. 'cos 225° L. sin 225°
m. sin 315° n.. cos 330° 0. sin300°

Trigondmetric Equations

A trigonometric equation is given in terms of a circular function. The solution is
an angle, usually expressed in degrees.

%

Example D: Solve sin x = 0.363 for 0° < x < 360°.
: 158.7°
Solution: There will be two different angles in the
set 0° < x < 360° for which the sine is 0.363, thus x
corresponding tosin x = 0.363. These will be in the

first and second quadrants because sine corresponds to

the y coordinate and is positive only in these two quadrants.

The sin! key on a calculator gives 21.3 as follows: - @ - @

The two angles required are: 21.3° in the 1st quadrant and
180° —21.3° = 158.7° in the 2nd quadrant.

Example E: Solve the equation cos x = - 0.4721 for 0° < x < 360°.

Solution: cos™' (0.4721) = 61.8°  [using the cos’' key, ignoring the negative.]
Cosine, measuring the x co-ordinate, is negative in the 2nd and 3rd quadrants so
the angles required are:

180° — 61.8°=118.2° in the 2nd quadrant and

180° + 61.8° = 241.8° in the 3rd quadrant.

Example F: Solve the equation tan 6 =-1.42 for 0 <8 < 360°,
Solution: tan' (1.42) =54.8° [using the tan' key, ignoring the negative]

Tangent is negative in the 2nd and 4th quadrants and hence the solutions to
the above equation are:
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180° — 54.8° = 125.2° in the 2nd quadrant and
360° — 54.8° = 305.2° in the 4th quadrant.

Example G: Solve the equation sin (x + 37°) = - 0.832 for 0° < x < 360°
Solution: sin' (0.832) =56.3° [using the sin"' key, ignoring the negative]
Sine is negative in the 3rd and 4th quadrants:

. X+ 37°=180° + 56.3° or 360° — 56.3°

=236.3° or 303.7°  [simplifying]
s x=199.3° or 266.7°. [subtracting 37°]

Negative Angles
Sometimes a negative angle results when solving trigonometric equations.
Example H: Solve the equation, cos (x + 49°) = 0.913 for 0° < x < 360°

Solution: cos! (0.913) = 24.1° [using cos’!' key on calculator]

o x+49°=24.1° [the angle in quadrant I]
or x +49°=360° — 24.1° [the angle in quadrant IV]
. x=-24.9°286.9° y
A

Negative angles are the angles obtained by rotating in a
clockwise direction about the unit circle rather than in an
anti-clockwise direction. Thus -x corresponds to the same 360°— x X
position on the unit circle as 360°-x . Hence in Example H,
-24.9° is equivalent to 360° — 24.9°= 325.1° and so the
solutions to Example H should be written x = 286.9°

or 325.1°.

Exercise 25b

Solve these equations where 0° < x < 360°: o

1. sinx=03172 2. cosx=04314 3. tanx=-1.21
4, cosx=-0.4621 5. sinx =-0.8623 6. tanr=0.6821
7. sin(x+34°=08634 8 cos(x~339)=-07144 .

9. 2sin(x-37)=08613 10. XEELED_ 5

Equations where the Unknown has a Coefficient = 1

When the unknown has a coefficient other than 1, care must be taken to ensure that
all solutions are found. There are usually two solutions for each rotation of 360°
about the positive horizontal axis. Thus, if 0° < x £360°, 3x takes values in the set
0° < 3x < 1 080°. This is up to three rotations from the positive horizontal axis, so
there will be six solutions to the equation.



216 Sine, Cosine & Tangent Functions
Example I: Solve tan 3x = 0.5913 for 0° < x < 360°.

Solution: tan (0.5913) = 30.6° [using a calculator]
Since 0° < x < 360°, 3x lies in the set 0° S x < 1 080°. [3 x 360° = 1 080°]
There are two solutions for 3x in the set 0° to 360°:
3x=730.6° and 3x = 180° + 30.6°
=210.6°
- x =10.2° and 70.2°

[tan positive in quad I & IIT]
[dividing by 3]
Two other solutions occur when 3x lies in the set 360° to 720°. These are
obtained by solving:

3x=360°+30.6° =390.6° .. x=130.2° [dividing by 3]

3x=360° + 210.6°= 570.6° ., x=190.2° [dividing by 3]

The last two solutions occur when 3x lies in the set 720° to 1 080°. These are:

3x=720°+30.6° =750.6° .. x=250.2° [dividing by 3]
3x=720°+210.6°= 930.6° .. x=310.2° [dividing by 3]

.. Solutions are x = 10.2°, 70.2°, 130.2°, 190.2°, 250.2°, 310.2°
-1
Example J: Solve sin 2x = 7 0° < x £360°
Solution: sin'! (?;) =45° [exact trig. value or by using a calculator]

Since 2x lies in the set 0° to 720° and sin is negative in quadrants III and TV:

2x=180° + 45°, 360° — 45°, 360° + 180° + 45°, 360° + 360° — 45°
<ox=112.5°157.5°,292.5°, 337.5° [dividing by 2]

Exercise 25c

1. Solve the following equations for 0° < x € 360°:

a, sin3x=0.5613 b. cos2x=0.2132
€ tandx= 13342 d. tan2x =-0.6345
e. cosdx=-05632 f. sin2x =-0.4763
g tan2x =0.7634 h. sindx = 0.8632
i sing=0.1342 j. cosy=04152

2. Solve the following equations:

a. cosx=0.3164, 0° < x<360° b. sin6=0.4839, 0° < 0 < 360°

c. siny=-08134,0°<y<360° d. tanx=-2.137,0° £ x < 360°

€. cosx=0,1350°<x=<360° f. tanx=23,0°<5x% 540°

g cos3xr=03625 0°s x<180° h. cos (x+30°) =0.83,0° < x < 180°
L 3tan(x+35°)=5,0°€x<180° j. 3tan2x=1,0°<x<270°

k. -5cos (x - 70° =-0.853, 0° < x < 360°

L. 5sin3x=2sin3x+048,0°< x < 180°
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3. Solve the following equations for x where 0° < x < 360°:

a. sinx'—-j% b. sinx=3[2-§' & tanx=fja~l§

d. cosx=-1 ’e. cosxz']% et tanx:ﬁ_

g sinxzfj1 h. sin3x =1 i sin2x="~;—~k'f; .
j. cos2x= 1;%- k. sin (x+60)= 12@ L cos(x —30)m -
m. cos (x +45) = }% o ﬁ tan 2x =k 3 0.2 sinzx# 1  "

Graphs of the Trigonometrical Functions
The graph of y = sin x can be plotted from the points in the table.

’ x° _|-180 -907‘0 90 | 180 m 360F50 540‘ 63017720
0 0 1

[sinx®] 0 [ -1 Lo | 1| 0| -1]0
y
1 —_
I\ -180 I\ 180 360
| 270 ¥/ A X
2360 -270 {
|
Similarly the graph of y = cos x is: .
y
I\ 270 -90 90 270 :
} T /-llg(l)'\ T T /"rIIS(I)'xlllll-lv1
-360 | | 360
[ [
' -1

The graph of y = tan x is quite different from the sine and cosine graphs, as seen by
plotting the points from the following table.

x* [-907-45 [ 0 | 45 90 [ 135 | 180 [225 | 270 | 315
tanx’ | E[-1 [ 01 1| B | -1 0 |1 E | -1
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o4
1..

| I

| |

| !

l |

‘180 | /10 | /180 | /360 |

111 1 |
[

Note:

a. The graphs of sine and cosine repeat themselves every 360°. The sine and
cosine functions are said to be periodic with a period of 360°,

The domain of both sine and cosine is R, the set of all real numbers.

The range of both sine and cosine is {y: -1 <y < 1}.

The period of the tangent function is 180°.

caog

multiples of 90° i.e. . . .-270°, -90°, 90°, 270°, 450°, . ..
f. The range of the tangent function is all real numbers.

More Complex Trigonometric Functions

The sketching of graphs of more complex trigonometric functions follows the sam.
patterns as noted in chapter 13.

Example K: y = 3sin 2x is sketched by noting that compared to y = sin x :
The 3 enlarges all vertical values by a factor of 3.
The 2 compresses the graph by halving the period to 180°.

Note: In the case of sine and ;]‘L o

cosine graphs, the 7
magnitude of the number : 90 180 : /0
multiplying the sine or | - 135 I 315 360 o
cosine is called the 75 i 225 7t
amplitude. In example \:‘/ \i/
K, the amplitude is 3. Bl NV 2
Example L: To sketch y = - 4cos (3x + 30°) consider the effect of -4, 3 and

30° on the graph of y = cos x. The graph is sketched using the information:
'

a. The -’ in -4 inverts the
cosine graph and the 4
stretches the y values by a
factor of 4.

b. The 3 compresses the

period to L of the normal
period ie: to 120°,
c. The function will take the value of -4 when 3x + 30 =0, i.e. when x = -10°,
d. The function will take the value 0 when 3x + 30 = 90, i.e. when x = 20°.

The domain of the tangent function is the set of all real numbers except odd’
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The relationship of more complicated trigonometrical functions to the basic sine or
cosine graphs is summarised below:

In the graphs of y = Asin (Bx+ C) + Dor y = Acos (Bx+ C)+ D

A is the amplitude and enlarges the vertical values. (If A <0, then the graph is
inverted) - 360°
B changes the compression of the graphs, i.e., changes the period to B

c . . (G
C shifts the y axis to the right by 7 units, i.e., the graph moves left by J Units.
D shifts the x axis down by D units, i.e, the graph moves up by D units.

Example M: Solve sin (4x + 240°) = 0.5 0° <x<180°

Solution: The period is % =90° [comparing sin 4x to sin x]

The two values of 4x + 240° in the set 0° < x < 360° which give a sine of 0.5 are:
4x + 240° = 30° or 4x + 240° = 150°

L ox =-525° or x=-225° [solving the equations]

The other solutions are found by adding the period and multiples of the period
to -52.5 and -22.5 which gives:
-52.5°,37.5°,127.5°,217.5°, ... and -22.5°,67.5°, 157.5°, 247.5°, ...
-, the solutions in the set 0° < x < 180° are 37.5°, 67.5°, 127.5° and 157.5°.

Exercise 25d

1.. ‘Sketch the following graphs:

a.. y=2sinx b y=-cosx . Cioy=sinx+1
d.y =sin(x+30°) e, y=sin (x = 30°%) f. y=sin2x
g. y=3sin2x h. - y=2sin (x —60°) i y=3cos (dx ~120°%

joo y=tan(x~30°%)

2. 'Write.down the equations of the functions represented by these graphs:

1, y it Y

3 __ il

N
90 | 360 ° +°
90 : } 270 i
I
|
Y RGN T R | A

v
i | y s ,

/
D
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3. The graph opposite shows which function?

3. y=sinx _} _______ : ‘
b, y=-sinx A

¢, y=-sin(x+ 90° o
ey sin(x( - 90°) ) 130 ! 0 %
e. y=sin(90° - x) : 360 I

P ) SRS, W 1S A

Applications of the Trigonometry Functions:

The trigonometrical functions provide a powerful tool for describing any
phenomenon which is periodic.

Example N: The tide reaches high tide every 12 hours in a harbour. The
difference between the high and low water marks is 1.88 metres. Write an
equation which describes the height of the water as a function of time passed
since the last high tide was measured. The height of the water is measured
from the position of the horizontal line midway between high and low tides.

Solution: Sketching the situation reveals the following:

height
4
0.94
\ /2 time
-0.94 U

The function can be described by a cosine function of amplitude 0.94 [% % 1.88].

To calculate the period in terms of degrees:

12 hours 360°

- 1hour = 30°

o thours = 30t°

This can now be substituted into the cosine function
- the height h(t) of the tide when time is t hours is:

I

h(t) = 0.94 cos (30t°):l
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Exercise 25¢

1. a. - Find a function which describes the height of the water sinice the last
occasion the tide was ‘midway betweén low and high tide for the harbour
in example N.
b. Find a function which describes the height of the water in this harbour
since the last low tide.

2.  Find a function which describes the depth of the water in-a harbour. The -
depth is 4m at low tide and 6.8m at high tide. Begin at high tide.

3. A wave pattern has a distance of 5m between crests and a vertical distance of
10m between the highest and lowest point on the pattern.
Find an equation which describes the height of the wave as a function of the
distance from the point midway between the lowest and highest points.

4. A wheel is turning about a fixed centre. The wheel has a radius of 6m. It turns
through 540° a minute. An ant stuck on the circumference is intially 6m
horizontally to the right of the centre of the wheel.

a. ‘Write an equation which gives the height of the antabove the centre as a
function of time.
b.  Find when the-ant is 3m above the centre.

5. The depth of water in a harbour at low tide is 5m and at high tide is 7.4m. The
bottom of a bridge is 4m above the high tide mark. A boat, the top of whose
aerial is Sm above the surface of the water, comes into the harbour at low tide.
What is the longest time it can stay before it is trapped in the harbour?

| Problems and Investigations

Investigate each of the following sequences to find a function <f(n)> which
describes each of them:
1.:0,2,0,-2,0,0..
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26. RADIAN MEASURE

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT

* to model a given situation, using trigonometry (including radian
measure)

LEVEL 7 ALGEBRA

* to choose suitable strategies (including trigonometric) for finding
solutions to equations and interpret the results

introduction

The fomulae for the circumference and area of a circle are C = 2nR and A = tR2
respectively, where R is the radius. These formulae involve 7 (pronounced ‘pi’), an

irrational number which has approximate values of 2—72,3, 3.1,3.14,3.142,...,
depending on the degree of accuracy required.

The quantity m provides for an alternative way of measuring the sizes of angles
where angles are measured in radians rather than degrees.

fn radians :1@

Thus 3 radians are approximately 180°, or, more accurately, 3.142 radians are
approximately 180°.

Conversion between Radians and Degrees

An apgle measured in degrees can be changed to radians and vice versa using the
relationship & radians = 180°.

Example A: Change: a. 48°toradians. b. -21% radians to degrees.

Solution: a. 180° = & radians

=15 [dividing by 180]
- 48° = 48 xm 1ti .
=7180 [multiplying by 48]
48 x3.1 .
T [taking 0 = 3.142 and multiplying]
=0.838 radians (3 d.p.)

Exercise 26a: Angle Conversion 223

b.

7 radians = 180°

Com o 2X180°
..15rad1ans— 5
=24°

[dividing by 15 and multiplying by 180]

Note: Books of mathematical tables contain a section allowing conversion

between radians and degrees.

Example B: A wheel of radius 1.5 m does three revolutions in 1 minute.
a. How many radians does the wheel turn through in 45 seconds?
b. How fast does a point on the circumference travel in metres per second?

Solution:
a. The wheel turns through 3 revolutions in 60 seconds.

. In 45 seconds, the wheel turns % x 3 revolutions.  [using proportion]
45x3x2xn
= 60

_ 45x3x2x3.142

[since 1 revolution is 2% radians}]

€0 [substituting 3.142 for «t]
= 14.14 radians (2 d.p.)

b. In 1 minute a point on the circumference travels a distance equal to three

times the circumference, which is 3 x 2R = 6%R metres.
.~ Its speed is %%R metres per second. [speed = QLZ%]
- 6x3.14x1.5 [taking 7t = 3.14 and R = 1.5 m]

60
=0.5ms ' (1dp)

Exercise 26a: Angle Conversion

L

Change the following angles given in degrees into radians (take 7t = 3.14):

a 18 b. 38° c. 156 d. 2471 e. 418
Change the following angles, given in radians, into degrees:
a. 2.6 b. 3.4 ¢. - 1.18 d.  0.57 e 0.03

The following angles are given in radians as multiples or fractions of 7.
Change them into degrees.

n 2 5T In . 4n
a 7 b. o ¢ 5 d. g e :5
n 5n I : : 4l
fo15 g 1 h. 3 i. 3n J: | 5

Change these angles, given in degrees, into fractions or multiplies of 7t:
a, 1200 b. 135 ¢ 315 d. 405 e 22.5°
.72 g. 108° h, 84 i 132° o 27

A fly walking round a circle does 5.5 circuits. How many radians will the
fly have turned through?
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. n 1
: ) =5, 0<x<2m.
6. The fly in 5. above continues walking and goes through another 37.7 radlan Example D: Solve the equation cos (x + &) 20 T

How many more circuits will the fly have made of the circle?

Solution: cos"(%) =60° [using a calculator]
7. A wheel is rotating with a speed of 15 radians per second. How many 60xTT 1 . &
revolutions is this per second? How many revolutions is this per minute? 60° = 180 radians [changing to radians]
8. Another wheel is rotating at 12 revolutions per second. How many radlans = ‘3‘ radians

does the wheel rotate through in a second? Cosine is positive in the I and v quadrants, so the two solutions are:

Sox+ 2 3 orx + =2K-%5 [27 radians = 360°]
9. grzggﬁligl;n:etcfgsg?gh 72 000° a minute. How many radians does it turn = g or 3715 [rearranging and solving]

10. A spoke rotated through 52 778.75 radians in an hour. What was the numbe When are Radians Used?
of revolutions it did per second? . o
. In most practical situations, such as building, navigation and engineering, angles
11. Mary runs around a ¢ircular shaped track. are normally measured in degrees.
a.. After running 3l laps, how many radians will she have turned through?

b. If Mary has run through 64 radians, how many laps has she done?

However, angles are measured in radians in most advanced areas of pure
mathematics and science for a number of reasons.

12. A string is to.be wound around a circular rod of radius 8 mm. Assummg tha

all the string lies in one layer on the rod, how many turns are necessary in
order to wind in 20 m of string?

R . sinx
One reason is that if x is measured in radians: the ratio —, gets very closeto 1,
as x gets very small.

This result is very important and is used to establish many other important results
in more advanced mathematics.

Exercise 26b

1. Bvaluate each of the following, giving the answer exactly:

13. A pulley, 18 cm in diameter, drives another pulley of 12 cm in diameter. The
former revolves at 240 réevolutions per minute.
a.  What is the angular speed of the 12 cm pulley in revolutions per minute?
b. “What is the angular speed of the 18 cm pulley in radians per second?

14. A pulley, 10.5 cm in.diameter, is running at 1 800 revolutions per minute; 4. sin 12‘- b.  cos 2’3 ¢. sin %’5 d.. tan 3f
a: What is the angular speed in radians per second of the pulley? % o ' o h >
b.  What is the speed of a point on the rim in metres per second? e. tan(z) f. sin(g) g. cos(5 i
; 4n ‘
o oosin
15. A'cog wheel with 36 teeth is engaged to one with 30 teeth. The first rotates ¢ : 3 ; ,
90 revolutions per minute. , e i : S 069
a. What is the rotational speed of the other wheel in revolutions per minute 2 Whlﬁh of the follow;ng i solutlonnto snge 0.9 x
b. If the radius of the first cog wheel is 10 cm, what is the radius of the a5 b 3 o 7 d ¢ e. 0
second wheel?
i i 3. Which of the followm isasolutiontocosx = —1: 7
Trigonometric Problems 5
I 21: Sr n 4r
a 3 b c. & d ¢ e 3
Example C: Find the value of sin 2% leavmg the answer in surd form. - o
Solution: % radians = A x 180° lchangmg T radians to degrees] 4. Which of the foﬂowmg sets contams the solutlons tosin x = J1§ O'S x<21?
= 240° ’ e
-, sin 4; = sin 240° a {.&,l&} b. {f—,g’f—} c. {Qf%&} d. {'Sf. %E} €. {“3%,1411}
= - §in 60° [since 240° is in quadrant TIT] : il ; ‘ ‘

e

= 2
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5. Which of the following sets contains the solutions to sin x = —=, 0 < x <217

3n 5m St 7n 3w 7nl
ok ) {4,4} e {—4—,-4—};;

22} » (58] « |

Sl

6. Which of the following sets contains the solutions to tan x = 1, 0 < x < 277

% o {25 o

in radians as multiples of 1):

a.

<.

e,

-y

k
m,

0;

sinx=izl,0SxSZ1t b.
sinx =7, 0<x<2m d.
tanx=-1,05x < 21 f.
cosx:ﬁ,-nSxSn h.

cosc-P=Lawsn

cos3x=f]~12‘,0st27t I.

tan2x=1,0<x<2xn n.

x -1
Zom TR <x<
cos 3 ﬁ,o_x_n

= 5% 1n sn5n]
4'4} d. {4’4} e {4’4

7. Find the solutions for the following trigonometrical equations. (Give answers

cosx=%,0£xs27t
tanx=3,-w<x<m®
sinx=l32Z§, MEXER
sin(x+g)=§,05xszn
sin2x=§,0$x£2n
sin3x=1,nt<x<2n

X1
sm2_2,03x32ﬂ:

8. Find solution sets in angles for the following trigonometric equations,
Express answers in radians.

a.

C.

Frw oo

sinx=04,0<x<2n b.
tanx=0.8,0<x <2 d.
tanx =0.6,0<x<2n f.
3sinx=1,0sx<21 h.
J-
L.

8sinx=7,0<x<2n
Ttanx=-8,0<x<2n

cosx=0.3,0£x< 2
tanx:%,OSxSZn

tanx:%,OSxS%t

dcosx=-3,0<x<2x
2tanx=3,088<2n
-cos x = 0.1513,0<x < 2n

Exercise 26¢: Further Trigonometric Problems

1. . Sketch graphs of the foﬂowing functions:

a.
C.

€.

y=cosx,0<x<2n b.
y=tanx, -aSxs2n d.
y=sin(x+%),0§x$21:

f
¥ =-2sin (x+§), MEXSE h

y=2sinx, 0&x <2x
y =sin (x—%), L xL2n
y = 3cos (x——TZE),OSxS%:

. =IC T
= e o v i
y 231n3x,2_x_2

Exercise 26c: Further Trigonometric Problems 227

i, y=3cos Zx,%SxS

jo y=dcos(x-7), T <x<m

ol &

a.  Which function is represented by the graph shown?

i. y=2sinx y
ii. y=sin2x 1
il y=sinx /\ I x

iv. y=2cosx 0
1

V.Y =CosX v \/

b. Sketch, on two separate pairs of axes, the other four functions.

K ki3
The function f:x — cosx can also be expressed as fix — sin (gﬂf). Ina
similar way, express each of the following in terms of sine:

a.  cos(x— g) b. cos (x+ %) €.’ Cos.{x~—Tm)
d. cos (X + %) €. =COS X

The diagram shows the graphs of two . ¥

trigonometrical functions gand h. -1 ()
a. Write down the equation of g \ g(x)
and the equation of h. ;
b. Whatis the period of h? 0 TR 3% R
¢. Using the graphs, or otherwise, J 3 n Vi n
find the value(s) of x for which
g(x) =h()in 0 S x < 2w y1
a. - The function f(x) = sin x is shown in the /\ f 3
-

diagram. Copy the diagram, and on it
sketch andlabel the functions
g(x) =sin2x and h(x) = 3 sin x. -1
b. Copy the diagram of Y
f(x) = cos x, and on it sketch n
the functions: m{x) =cos (x — 5)
n{x) = 2cos x
¢. - Write m(x) in terms of sine only.

BALE
?l \V 2n\/f

The graph is of the function y = AcosBx. What

are the co-ordinates of point P if: T 7\
a.A=2,B=1? b.A=3,B=27 L
c. A=1,B=3? d.A=4,B=37 QLW \/f
e.A=2,B=4? ->/p
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7. Write equations for the functions represented by the following graphs:

8. A mark on a steadily revolving ferris wheel is at a height h-metres above the
ground after t seconds. The height h is given by: 5

h=8+7 sin 1y
How high above the ground is the mark after 2 seconds?

After how many seconds is the mark at its greatest height? What is this
height?

o

Sketch a graph of the function s:x — sin %
Write down the period of function s.

What is the value of sin % when x = -135?

oo op

Solve sin52€= % for 0 < x < 2x.

10. Write out the equations of the functions whose graphs are shown:

Problems and Investigations

229

Y
2 T

2 /\ g
c. _zl_~W\%v d.

o

|
|
i 4

61
i

\/

y=

Problems and Investigations

2. A mathematician analysing the motion of a small mark on a turning

wheel believes the height in metres of the mark above the floor at time tin

seconds 1s given by:

H = A sinkt + B, where k i3 a constant.

He records the following data;

t 0/03(05[07 |1

131512

H | 8 |10.4] 111048

56| 5 8

Investigate his belief.

3. Suppose the mathematician, from question 2; had come up with this data:

t[01)02[09[13[17

1.8] 2

h|6.16]6.31|7.21|7.47|7.47(7.4317.30

What conclusions could be reached now?

1. Investigate the number of times the line y = ;lfx intersects the graph.y =sin x.
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27. ARC LENGTH AND SECTOR AREA

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT

* tomodel a given situation, using trigonometry (including radian
measure) to find and interpret measures in context, and evaluate their
findings

Intfroduction

The length of an arc and the area of a sector are found by S
using radian measure. In the following diagram of a circle of A
radius R, the sector is shown shaded, 0 is the size of the angle

in radians, and S is the length of the arc. The arc, S, is said to

subtend the angle 0.
When 6 = 2w, S is the circumference C:
. % = Z_?t [the length of S is proportional to the size of 0]
" §= 2% xC [multiplying by C]
5 §=5-x2mR [since C = 27R]
. S=R6 [cancelling 2m)

The formula for the length of an arc, together with the similarly derived formula
for the area A of the sector, is shown below where the angle 8 is in radians:

Worked Examples

I the angle is given in degrees it must be changed to radians before using the
formulae A = —;—Rze or S =R6.

Example A: In the sector shown,  is initially 0.8 radians. 2-3cm

a. Find the length of the circular arc.
b. Find the area of the sector if 6 changes to 70°. A

Exercise 27a 231

Solution:
a. S=RO b. 70" =55 x T radians
=2.3x%x0.8 = 1.22 radians
1n2
=1.8cm (1dp) ;. area= ER 0
=1x2.3 x1.22
=3.2cm? (1 dp)
Example B: An arc subtends an angle of 35° forming a sector R
of area 24.2 cm?. Find the length of the radius of this arc. =

Solution: In the diagram the radius R is shown.

35°= > x Tt radians [changing 35° to radians]

180
A= sR%
242 = % x R?x %(-)E [substituting for A and 0]
R*= 2x 180 24.2 [making R*the subject]

35xm
R2=79.23187796
R=28.9cm (1dp)

Note: To avoid the build-up of errors, rounding off is left until the final step.

Exercise 27a

1. Ineach diagram the marked angles are in radians and the lengths are in
metres. Find: i the length of the arc. ii. the area of the sector.

a./\ bz@ -
sl
7
7.3
1 ol S
6.3

(A

12
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2. For ¢ach of the following diagrams find:

1. the length of the circular arc. il the area of the sector.

Exercise 27b 233

~ Solution:
a. For each triangle:

area= % ab sin C
=2 x10x 10 x 5in 40° [substituting]
v : b D & ’ =32.14 m? [leave to 2 dp accuracy]
8
' %3 area of the kite = area OPQ + area OQR
84 — 64.28 m’ [area OPQ = area OQR = 32.14]
. =64.3m? (1dp)
/80° | R
d e 64 b. The required area = area of sector OPR —area of kite OPQ
: area sector OPR = %R29

a.. An arc 5.cm long is on a circle of radius 7 cm. What angle, in radians,
does it subtend?

b. Anarc 8 cm long is on a circle of radius 12 cm. What angle, in degrees,
does it subtend?

¢. - A sector of a circle is bound by an arc 4 cm long ‘and radius of 3 ¢m.
What is the angle of the sector?

d. - How long is the arc which subtends an angle of 40° in a circle, radius 5 m?

e. . Asector of a circle with radius 4 cm has an angle of 50°. What is its area?

a. - Find:the angle in degrees of the sector of a circle with area 18 cm? and
radius 7-cm.

b. A sector of a circle subtends an angle of 36° and is bound by an arc
and two radii. The arc is 7 cm long. Find the area of the sector.

¢, An arc subtends an angle of 72° and covers an area 60 ciy’. Find the
length of the radius.

d.: - An arc subtends an angle of 48° and makes a sector with area 54 cm?.
Find the length of the arc.

Exercise 27b

1.

= % x 107 —1%% « 7 [changing to radians & substituting]

=69.8 m* (1dp)
. area required is 69.8 — 64.3 =5.5 m’

Find the area of the shaded region in the
diagram opposite.

In this diagram find:
a. the area of the shape CDB

which is shaded.
b. the perimeter of CDB.

A
{Note: ABD is a sector of a circle of radius 4.}

e.Asector of a circle has a perimeter of 70 cm. The radius of the circle

is 20 cm. Find the area of the sector. 3. In this diagram the triangle OPQ is an equilateral
triangle with sides 2 m long. The circle has a
radius of 1 m.

Problems Involving Trigonometry

2 a. Find the area of the shaded figure RSQP.

Example C: The kite OPQR is shown below in
y Q R b. Find the perimeter of RSQP.

the sector OPR. The sides PQ and QR of triangles p
OPQ and OQR each subtend an angle of 40" at the
centre. The circle has a radius of 10 m. Find:
a. the area of the kite

b. the shaded area.

P Q

4. A regular hexagon with sides 2 m long is inscribed inside a circle. Find the
area of that part of the circle which lies outside the hexagon.

5. A circle is drawn within a square with sides 3 m long. Each s@de 18 a'ta'ngent
to the circle. Find the area of that part of the square not contained within the

circle.
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6. Ty«o circles of radius 4 m and 5 m are placed so their centres are 6 m apart.
Find the area of the region common to both circles.

Problems and Investigations

L. A wire of length 10 is bent into the shape of a circular sector.
Investigate the problem of maximising the area of this sector.

2. Find a formula for the area of a regular n-gon inscribed in'a circle of radius 1. |

E s =
~

3. Investigate the following conjecture: o ~
It is possible to find two congruent sectors which >
Hie on top of each other as in the diagram so that the
curved parts of each are part of the circumference
of the same circle.

<
~ -
_____ -
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28. ANTIDIFFERENTIATION (INTEGRATION)

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT AND CALCULUS

« 10 use integration and antidifferentiation in real and simulated
situations

Intfroduction

Antidifferentiation, as the name suggests, is the opposite process to differentiation.
Antidifferentiation is often called integration. When an expression is
antidifferentiated or integrated, the result is called the antiderivative or integral.

Exomple A: Find the antiderivative of 3x,

Solution: If x*, x3 + 1 or x* — 7 are differentiated, 3x’results. Generally if

1+ C, where C is any fixed number, is differentiated, 3x*results. Thus the

antiderivative of 3x%is x* + C, where C is called the constant of integration.
%6 %6

Example B: The antiderivative of x° is %~ + C, because if g~ + C is

differentiated, x° results.

The examples above can be generalised to give the following result:

+

1
| The antiderivative of x*is £ — + C.
P n-+l1

Note: The result may be checked by differentiating

the derivative is x".

n+l
’I‘] T C and confirming that

13
Example C: The antiderivative of x'? is x1_3 +C.

-8
The integral of x? is - % +C.

Further Rules for Antidifferentiation

The sum or difference of the two functions, f and g, may be antidifferentiated by
antidifferentiating each function separately.
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Sometimes expressions need to be expanded before they can be integrated,
Example D: The antiderivative of x* — x? is the antiderivative of x* minus the

Cy e 5 Sy L4 ca e
antiderivative of x*. The antiderivative of x3is XZ + C, and the antiderivative of Example H: J' (2 + 1)(x + 2)dx = J.(x3 +2x2 + x + 2dx [expanding|
o3 K2

' ==+ =+ = +2+c
e L. . . 4 3 . 2
The antiderivative of x> — x2 is written XT - % + C because the difference 4 3

L3 . .
xX2is 1‘3- + C, where C, and C, are the constants of integration.

between the two constants C, and C, is another constant, C.

Use of Calculators

Expressiqns qf the type ax" can be antidifferentiated by antidifferentiating x* and There are a few advanced calculators such as the Hewlett Packard HP 48G which
then multiplying by a. enable the user to work out integrals. Owners should consult their manuals,
Example E: The antiderivative of 4x*is the antiderivative of x* multiplied by

4x9 Exercise 28
4, which is 5 +C.

1. - Antidifferentiate each of the following functions, with respect to x:

a. x b. »® c. 2 d. x4 Xt
Notation e X-x+r £ 20436 g 4020 h 2¢-3d
i x(x—3) o2 k. 3 Lex3
Integrating a function means finding its antiderivative or integral. The symbol for m. xX*~3x +4 n. (x+3)x+4) 0. (2x+3) .
p. me Q. (2x+3)(34 +4) r (457
the general integral, antiderivative, or integral of the function fis | f(x) du. s X X e x_z_ .
S. & - B : d
Example F: a. j5x5dx = %x6+c bz X1 Y
4 ' v. A@?+Bx+C w. 'x—'+§+a % (A1 Brac)
b._[ Sde = j4x' 2 dx [rearranging to the form ax"] R A
X l y. {(Ax +x?%)
4x-

l +C [integrating]

) 2. Integrate the following functions with respect to x:
=-4x'+ Cor T4 +C

a. 3x b. 3x* c. 37 d, 2«8
e. xB—xl° f. 24"+ 8% g x=43430 h (P4 D+ 3)
2 - 2 .
3 3 i. (2x+5) j. Ex+D
c. _[3 Zdv = J.X3 dx [rearranging] .
5 3. Find the following:
: . : 2rd
: . e b [l oo e a [ua
= XE +C [integrating] a j 4x 5 J. J
i e. [8ear £, jstﬁdt g [Bax h. _[adx
.33
-1dsc i [fa i Jora k[ @c+ o
Note: Strictly, {f(x )dx is read ‘the general integral of f with respect to x’. L J (- 32+ 5x+ 2) dx m, J. (4x+3)dx
Usually this is unnecessary. However, if there is more than one letter

involved, such as when one or more letters are constant, it is important to n J. 2x% + 1)4dx 0. fxz(x + 3)dx
say which letter is the variable by using the full and correct expression,

Example G: Integrate yx with respect to x, i.e., find J yx dx. 4. Find the following: { i
. 2 a. [xidr b [4fd e | & b &y
Solution: _[yxdx=—2—+c J, 3 “ 5d av N J‘de :
2 — f. J—“— u e Ry S
Note: By comparison, if yx is integrated with respect to 'y, we get 22X + C. & x12 ut : v 5!

2

2
ie. [y dy=2%+C
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29. FINDING THE CONSTANT OF

. %3 i 1 1
1. T & j ~—dx k.
J ) J » J u INTEGRATION
m. %%[- a I(_L AL )2 & :
X * 2 X
A ACHIEVEMENT OBJECTIVES

5.  Find the following: On completion of this chapter, students should be able, at:

a 'J; dr b J‘y; e J‘ ot ax g LEVEL 7 MEASUREMENT AND CALCULUS
* e to use integration and differentiation in real and simulated situations
e. jg[—.lﬂ du f. j% da g J.Si/;z- dx  h.
i J10Y7a J.—iz It ae J' I e | Finding the Constant of Integration
J‘ dx . J‘ dr j . With enough information, the constant of integration can be evaluated.
m. n |ir— s e :
Ve ¥ o Jifa £ Example A: £'(x) = 2x +3 and £(2) = 5. Find f(x).

5dx ~ 2 ,
q. jﬁwg o j(\/x+3) dx Solution: f'(x)=2x +3

s f)=x+3x +¢ [integrating]
- 3 V2 . s fQ)=4+6+c [substituting 2 for x inx*+3x +c]
5. -’.( X +1) dx t. J.(2 U+J'T§‘) du S 5=10+c [since f(2) = 5]
u ‘ - ¢c=-5

s f)=x2+3x =5
dy . .
Example B: +- =3x-x +2andy = 6 when x = 2. Find an expression

for y in terms of x.

] d
Solution: D 3y 42

dx

Ly=x- % xX+2x +c [integrating]
L6=8-2+4+cC [substituting y = 6 and x = 2]
L=

Ly=xX—sx+2x -4

Example C: The rate at which the volume changes with respect to time, t, is
given by the expression 10 — 2t. The volume is initially 50. Find an expression
for volume with respect to time.

Solution: Letting V be volume and using the information given:

N 10-2
V=10t-t2+¢ [integrating]
50=0-0+c [substituting V = 50 when t = 0]
* 50=c

L V=10t—-£2+50
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Exercise 29a

1. 1(x) = x, and f(0) = 0. Find an expression for {(x).
2. g%(x) = x* +x and g(0) = 2. Find an expression for g(x).
d

3. Exz' =3x*and y = 4 when x =1. Find an expression for y'in terms of x.

4, % = 43>+ 2xand'y = 5 when x = 2. Find an expression for yin terms of x.

5.-y’=2x*+ 1 and y =7 when x = 2. Find an expression for y in terms of x:

6. 1(x)=3x+2,13)=4. Find anexpression for f(x).

7. g'(x) =55 g(4)=11. Find an expression for g(x).

8. % =2x*~x +3,y=16when x = 6. Find an equation for y in terms-of x .

d
9. '&Syc_ =3x+ %, y=42 whenx = 12. Find an expression for y in terms-of x .
10. y'=2x% — 3x + 2. The point (1, 5) lies on the graph of this function.

Find y in terms of x .
11, y’=x'+ 3. The point (2, 1) lies on the graph of this function.

Find y in terms of x.

12, = -2r. Eis 5 when r is 4. Find the equation relating E tor.

13.-a..~ A balloon has volume increasing at the rate of 2t + 1 cubic centimetres
per second. Initially the volume is 12cm’. Find the volume at time t,
where t is in seconds. .

b. - The balloon will burst when the volume is 210 ¢m®. Find the time when
the balloon will burst.

14.a. ~The water in a tank is escaping at the rate of 60 + 2t cubic centimetres per
second. Initially the volume was 11 000 cm®. Find an expression for the
volume-at-time t.

b,  Find the time when the tank becomes empty.
15. a.  The rate at which fuel is used by a vehicle after the first kilometre of

; 6 . .
travelis 5+ 7 litres per kilometre when it has travelled x km. After

travelling for 1 km the vehicle has 150 litres of fuel. Find an expression
for the amount of fuel it has' when it has travelled x km,
b. When will the volume of fuel be 100 litres?
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Distance, Speed and Acceleration

If the position, s, of an object is expressed as a function of time, t, then the velocity,
v, of the object is the instantaneous rate of change of the distance with respect to

time and is written v == . Similarly, the acceleration, a, is the instantaneous rate

. . . . dv
of change of the object’s velocity with respect to time and is written a ==~ .

. ds dv
Integrating the expressions v =—- and a = gives:

L

s =[vat andv=]a ﬂ

Note: Speed is the absolute value of velocity.

Example D: A car moves so that its distance in kilometres from a town is
given by s = 80t (2 —t) where t is time in hours.

Find the distance of the car from the town after 1.25 hours.

a.

b. Find an expression for the velocity at time t.

¢. Find the velocity of the car after 45 minutes.

d. Find when the car is at the greatest distance from the town and the

magnitude of that distance.
e. Find the velocity of the car when t = 1.5 hours and explain why it has a
negative value.

f.  Show that the car has a constant acceleration and find it.

Solution:

a. The distance from the town when t =1.23 is:

s=80x 1.25x (2-1.25) [substituting t = 1.25 into
=75km s=80t(2-1)]
b. The car’s velocity is v = %ST
Lv= adT(SOt (2-1)) [substituting 80t (2 —t) for s]

= %(1601 —80t>) [expanding the bracket]
=160 — 160t

c. The velocity when t = 45 minutes is found by substituting in v = 160 — 160t:

v=160-160x 0.75 [since 45 minutes = .75 hours}
= 40 km per hour ds
d. The greatest distance of the car from the town will occur wheno- = 0.
- 160 - 160t=0
. t=1hour [solving the equation]}
-, the maximum distance =80 X 1 X (2 —1) [substituting in 80t (2 —t)]
=80 km
e. The velocity when t = 1.5 hours is:

v=160-160x% 1.5
=-80
The negative sign shows that the car is moving back towards the town.

[substituting t = 1.5]



242 Finding the Constant of Integration

f. The acceleration of the car is given by:
dv

a_E{

= 5(160— 160t)
= -160 km (per hour)?, which is constant.

Example E: A toy car moves with velocity 16t — 2t> cm per second for 8
seconds. Initially it is 5 cm away from its base.

a. Find the velocity when 3 seconds have elapsed.

b. Find an expression for the acceleration at time t.

c. Find an expression for the distance of the toy from its base at time t.

Solution: Letting s be the distance, v the velocity, and a the acceleration gives:

a. After 3secondsv=16x3-2x 32 [substituting t = 3]
=30 cm per second

dv
b. a= =a

_d , )

[16t —2t% [since v = 16t — 2t%]
= 16 4t [differentiating]

c. §= j v dt

. s=[(6t-20)dt  [substituting v = 16t - 2¢

213
. s=8— —3'+ C

Initially when t = 0, s = 5 hence:

, 28
5=0-0+c [substituting into s = 8t* — =+ c]
213
=8t— =3 +5

Exercise 29b: Distance, Velocity and Acceleration

1..'A 'man moves so that his distance from his house after t minutes is 50t — 5t

metres;

a." How far is he after 2 minutes? b. . How far is he after 4 minutes?

¢. How far is he after 8 minutes? d. : When does he return to his house?
¢. What is his velocity after t minutes? f. ~ What is his velocity after 3 minutes?
g. What is the greatest distance he is away from his house?

h. “What is his acceleration after time t?

i.  'What is his acceleration after 3 minutes?
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A stone is projected vertlcally upwards with a speed of 30 metres per second.
Its height after t seconds i§ given by h= 30t — 5¢2,

How high is it after 2 seconds?

How high is it after 1 second?

How: long does it take to return to the ground?

What is the velocity after t seconds?
. ‘What is the velocity after 4 seconds?

What is the velocity when it retums?

What is the greatest height it reaches?

What is the acceleration after time t?

FRme a0 o

A rocket is moving from an observation point with a velocity given by

100 — 4t metres per second.

a. What is the velocity after 5 seconds‘? b. When does the rocket come to ‘
rest?

¢. Whentime is zero the rocket is 100 m from the observation pomt Fmd
the distance of the rocket from the observation point when time is t.

d. Find the distance the rocket is away from the observation point when
3 seconds have gone by.

e. What is the acceeleration of the rocket?

A toy moves with a-velocity given by 50 — 3t cms per second. Inmally itis
10 cm from its operator. ,

a. Find a formula for the distance from the operator after t seconds.

b. Find the distance from the operator after 4 seconds.

c. .Find the distance from the operator after 6 seconds:

d. ‘When does the toy come to rest?

e. What s the acceleration of the toy?

A toy initially has a velocity of 5.¢m per second. It is subject to an
acceleration of 3 cm per second®

a.-What is.its velocity after t seconds?

b. - What is its velocity after 10 seconds?

c.” When is its speed 45 cm per second?

The distance s of an object from an observer is given by s = 3t - %,

a.  Find the velocity at time t. b. Find the acceleration at time t.

¢.” What is the velocity whent =2? -d. ‘What is the acceleration whent=1.
&. - Solve the equation s (t) =0,

v =2t~ t? describes the velocity in metres per second of an object from an
observer who mmally held it:

How far away is it after | second?

What is the velocity at time t = 37

When does it conie to rest? ,
‘What is its maximum distance from the obsewer in the first 3 seconds" ‘

& 6o
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8. A projectile is fired vertically upwards so that its velocity v (in metres per
second) after t seconds is given by v =40~ 10t
a: - Find its initial velocity (i.e. v when t =0).
b, Find its acceleration.
¢.. Show carefully that, after t seconds, its height h (in metres) above the
point of projection is given by h = 40t — 5%, Begin with v = 40 - 10t.
d. “Find the time it takes to reach its greatest height.
¢.  Find its greatest height above the point of projection.
f. State the time it takes to return'to its point of projection:

9. . The vertical component of the velocity of a hot air balloon, v metres per .
second, after it is released from the ground, is given by the relation v=2 - 7=t
a. What vertical distance does the balloon rise in the first two seconds? .
b. ‘What is the vertical acceleration of the balloon?
¢. How long does it take for the balloon to return to the ground?

10. A vehicle is moving with a speed of 4 metres per second when the brakes are
gradually applied resulting in a deceleration of - 0.5t metres per second”
(t 1§ time in seconds), Find how far the car travels before coming to rest.

| Problems and Investigations

1. A'stone is thrown:at an angle of 40° with a speed of 30 metres per second.
The horizontal speed with which it is moving away from the thrower is
30 cos 40°. Investigate this problem in order to find the horizontal dlstance
the stone thrown at 30 metres a second travels.

2. A vehicle is brought to rest by use of a brake which decelerates it at a
constant rate. The following data is available:

x |44.35]188.75/241.15/280.35/306,35 | 314.4
t 1 5 7 9 11 12

where x is the distance travelled after t seconds since the brake was applied
Find the deceleration.
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30. DEFINITE INTEGRALS AND AREA

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 7 MEASUREMENT AND CALCULUS

* to use integration and antidifferentiation in real and simulated
situations

Definite Integrals
Ttl)1e definite integral of f with respect to x between the limits of a and b is written

[ 00 dx .1 F(x) is the antiderivative of £, then:

a

b b
j fx)dx = [FO
‘ = F(b) - F(a)

Definite integrals are calculated in the following way:
3

Example A: J-Zx dx = [x2 + c]3
-1

. [integrating 2x]

2 2 )
=(3°+c)-\(-D +c [substituting into x* + c]
=32 (-1 [simplifying]
=8

Note: The constant of integration always cancels out during the calculation. For
this reason it is unnecessary to include it during the calculation as the above
example shows.

9 9 -
Example B: f% = [()%ar [since 1= = 3]
4 4
| 9
= [2(x)—2—] [integrating]
1 4 1 1
= 2A9)7 - 24)2 [substituting into 2(x)’]
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Use of Calculators

There are a number of calculators which permit the quick calculation of definite
integrals. An example is the Casio fx-7700 GB.
In order to calculate Example B the user would calculate f (1+4x,4,9).

Exercises 30a

1. Calculate the following definite integrals:

4 5 2 4
a J.xdx b. Ixzdx c. j2t%it d. J-l-;zdu
2 i 1
1 3 2 6
e J. (B3 +2Ddx £ jz dx g. J- 3du  h de
& 3 ! 3
2 1 2
i, Jx(2x+l)dx ji j(u+3)2du k. J.(r3-2r2+3r+1)dr
1 2 3
1 .
5 2 2 2.8
3
L j x2 dx . J- T d n J'(p2 +2p-3)dp 0. J' (r2-2) dr
-1 1 ' -3 1.2 o
2

2. Calculate the following definite integrals:

9 27 4 3 5
; 3 o

a _[‘/;dx b. jﬁdx c. J.\/;gdx d. Jx_z‘ . |3
4 8 1 2

w3
3.6 18 248 4.82 48
& < 3dx du 3dt
o X i . . -
£ i) g J( ) dv p, 2 L. PRI Js./? .
12 0.6 157 1.97 26

Area

When the graph of a function is above the x axis, then the area, A, between the

graph, the x axis and any two given values on the x axis is related to the definite
integral of the function between these values.

The relationship is:

Example C: Find the area of the shaded region
in the diagram:

4
Area = f (x2 +0.5) dx
1

3 4
_ [%—+O.5x]

[integrating]
1 g 6 4

3
1

3

If the graph has negative values, the definite integral is
the negative of the shaded area. If A is the area then: Ay

b
[ ) ax
a S~

b
A=- J.f(x)dx or| A=
a

Example D: The area of the shaded region shown is:

0.3 [all points on the graph
A=|] Fdr between -2 and 0 are
2 below the x axis]
& 0 -2
= [1—} [integrating]
2
4! _ 4
=1%73 1 =3

Note: Itis advisable to sketch a graph before
finding the area required.
When the function has both negative
and positive values as shown, the shaded
area under the graph is made up of an
area above the axis, labelled A , and an
area below the axis, labelled A,.

2 0 2 4

1 1
= (-6i + 2) - (5 + 5) [substituting into £, 0.5x]

oy
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b
The shaded areais A, + A, = f flx) dx + j flx) dx
a

Example E: The area between y=4—x?, x=1 and x = 3 is
2 3

2 Ayl = _X _x
1(4 x)dx+2(4 xHdx X =73 1+ X =73 , BEE

W
[SSTEN

+57=4

Use of Calculators

In order to find the area between y = f(x) x = aand x = b using electronic

calculators, the student should calculate f abs (f(x)) dx. The ‘abs’ function is the

modulus or absolute value function.

Exercise 30b

b y=x2_2x+ 3
1. The graph shown is a sketch of ;
y=x*-2x+3, Find the values of A A, A

Find the area between:

y=x+l.x=1,x=3 and the x axis.
y=2x—1,x=2, x=4 and the x axis.
y=xt x=2.x=5and the ¥ axis.
y=4-x%x =1, x =2 and the x axis.
y=4x—x?and the x axis.

¥ =x% 3x—4 and the r axis,
y=x,x=-1,x=2 and the x axis.
x=1,v=0E-2)(x—4),x =3 and the x axis.
x=0,y=4~%% x=3 and the x axis.

gpwﬂ@Mwa

Finding the Area between Curves
Example F: Find the area between y=x+2 and y = x*.

Solution: The graphs intersect at x = -1 and x = 2 [solving simultaneously].
The area required is shaded and is: 2

(area under y = x + 2) — (area under y = x?) = j (x+2)dx - J x*dx
T
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)C2 § x3 >
5] {4
-1 1
4 2
(EERRCES

2 0 2
Note: An alternative solution involves calculating the integral:
2

[[ec+2)-02) dx
-1

Exercise 30c

1. Find the shaded area:

2. Find the area between y = 2x + 8 and y = 16 — x%. The two graphs mtersect
whenx = -4andx=2,

3. Draw the graphs of y = x> and y = x + 2 then find the area enclosed between
the two graphs.

4. Find the area between the graphs of y=4 and y = 1%

5. Find the area between y =8 ~ x> and y = X%,

Using Areas to find Integrals

Previously in this chapter, integrals have been used to find areas. It is possible to
reverse this process and, by using areas, find definite integrals.

Example G: For the function represented by the graph shown, find:
-1

[foa b [foae e [ ) ax
1 3 3
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Exercise 30d 25'!

R

Solution: Exercise 30d

1. Use the graph to evaluate the following

definite integrals:
2 , 3 f’
a. J'irx) dx b j flx) dx o
01 11 2
By finding areas the following results are obtained: e & 4 5 4 : .
C. j f(.x) dx d. J. K.x) dx ¥ ¥ 4 I 4. i W 1 I
; i ) I 2 4 6
a. J flx) dx is the area marked A, E 5 ‘
] which is two triangles and a square. 2 2 3 1°
i
Area:i—xlxl;—+l><1+1§xlx1 €. J.f(x)dx f. jt(x)dx
1 s 1
= 21 -2'2‘

1

P
ey 103150

1 0 3
' td n [ s [we ; [we
b. J f(x) dx is the negative of the area marked A, and is: : ' ) 2 e

-3 = _[% X 2 X 1} [area of a triangle]

i
N,

- y
2. Using the graph shown of the function 4
3 1 y = g(x) where g is defined on the set
: -4 < x < 4, find the approximate values of
c. J flx) dx - = I flx) dr + | f(x)dx the following definite integrals: 2t
-3 -3 -1 - -/
=-A+A +A +A 4 3 4 ' 2?- ' ' ) i
1 o 2 4
=—1+%x1x2+5x1‘k2+2%1+2% o J.g(x)dx o J-g('x)dx 44 |
=14+ 2pr 2=t oo i 2 ; 3
x) dx d.j ode 6 j Ndr £ (x) dx
Note: The area of A, is the area of a trapezium, i.e, %(a+ b)h « J g(’ , , g g(‘ ) gx) : g
where a, b are the lengths of the parallel sides and h is ' 2 :3
the distance between them. a b o

A, in the above example could be treated as a trapezium
plus a triangle.

=

jg(x) dx ,h.’ jig(x)dx i jg(x)dx I J“g(x)dx
- 3 2 e %o
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— e
Problems and Investigations

L | ‘ The diagram shows the graphy = x2 4+ 1 for
0<x<2. .
a. Find the area under y=x+ 1 exactly by

2

calculating the integral f (xz + 1) dx.

b. . Find an approximation tg the area by i

treating the curve joining (0, Dand (1,2) |
as straight and the curve joining (1, 2) to
(2, 5) as straight, then working out the arey |
using triangles and rectangles (see diagram |
below), or trapeziums,

2 a. Drawﬂlegraphofy=9-—x2for05xs3 and
find the area under this graph using calculus:

b. Find an approximate area by plotting the points 0,9,(1,8),2,5), ,
on the graph, then using the method involving triangles and rectangles,
trapeziums, used in qQuestion 1b.

¥y y=x2

For the diagram to the right, find what fraction of
the rectangle is shaded.

Find the value of k so that

the shaded area is half the

area of the rectangle in the .
diagram to the left:

Find the‘ value of k so that the area between the curve y=k~a%and
the x axis is 2; ,

Find the value of k so that the area contained between y=x=0x=1 an

the x axisis 3. '

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 6 STATISTICS

* 1o formulate statistical questions about situations involvin g possible
relationships between variables

* to formulate questions about variations over time i continuous
processes
LEVEL 7 STATISTICS

* toplan a statistical investigation to make inferences about q population
or experimental situation

Introduction

Statistics is the collection, display and analysis of data.

Data means the numbers and information involved with and arising from an
investigation.

The main use for statistics is to provide evidence for decision making. By using
statistical techniques it is possible, on the basis of an investigation of only a
fraction of a population (called a sample), to reach conclusions about the whole
Population. These conclusions have a good chance of being correct,

Statistics is an important branch of mathematics. It has widespread applications in
science, commerce and industry.

In other fields of mathematics such as algebra, calculus and geometry, it is possible
to achieve answers which are definitely right or wrong. In statistics, it is possible to
reach conclusions which are Wrong, even when the techniques employed have been
used correctly. Furthermore, it is possible, by the use of statistical techniques, to

draw completely false conclusions from data which is false, incomplete or ‘biased’.

An example is the ever-changing assessment of the effects of a nuclear war. As
ever more accurate data becomes available, correct statistical analysis reveals
different consequences, which are often more and more serious.
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Statistical Questions

The most important part and the first step in the process of statistics is the asking
of a question(s). This provides a guide as to what comes next, usually an
investigation to try and answer the question.

Example A: An orchard owner wants to know if the fruit packing is being
done efficiently or whether it would be better to buy a new machine. The
orchardist decides to take a sample of packed boxes and count the number of
bruised fruit. From this sample, using statistical techniques, the proportion of
all boxes with bruised fruit can be accurately estimated.

In Example A the orchard owner would have asked the questions:

Are there better ways of picking the fruit:

which allow more fruit to be packed without damage;

ii. whose cost is more affordable.

Having done this the orchard owner designed and carried out an investigation as
outlined in Example A.

Exercise 31a

For each of the following situations formulate a statistical question and outline
possible way in which you might answer the question.

1.

2.
3

10. An economist claims that products which are heavily advertised cost more

11
12,
13

14
15.

A worker in a-cafeteria notices that some customers order tea, others coffee,
others soft drink.

A passenger on the bus notices where people sit when they get on. ,
A car owner notices that the car does not seem to be using as much petrol
after its recent servicing:

A coach shows the film ‘Rambo’ to the team before Saturday’s game. The
team wins by a big score. ,
Aholidaying couple notice that their joints are stiff after their return hom
During their holiday they frequently swam in a hot thermal pool. ;
A farmer believes that chickens which are given one type of feed produce
larger eggs than chickens which are given another.

A shopper has the choice of going fo two supermarkets from different ch
which are equally convenient to shop at.

A television watcher notices the products advertised on different stations
the length of time for each commercial.
Aradio listener believes his favourite station plays the same songs each d

than similar products which are not advertised.

After repeating a physical movement the pulse increases.
After repeating an exercise the muscles used hurt.

After a period of time the end of a metal bar will get hot if the otherend is
heated. ‘
The height of the water in a bay isdifferent depending on the time of day.
The speed at which salt dissolves in water depends on the temperature of
the water.

Exercise 31b 255

Surve_ys

A survey is a statistical investigation in which data are collected.

Surveys are usually carried out for the purpose of assisting decision making.
Ideally, they are conducted in such a way that the results obtained are as close to
reality as possible. Decision makers draw conclusions from these results and make
their decisions based on these conclusions.

Sometimes decision makers have a definite idea about what they want to do and are
interested only in the results of surveys which strengthen the case for their
predetermined course of action. In such circumstances it is necessary for a
statistician to try and design a survey which will produce the required result, while
still looking plausible to as many people as possible.

Target Population

A target population is the population being investigated in a survey.

The target population should be carefully defined.

Example B:

a. It may be necessary to find out as much as possible about the ages of
women when they get married. The target population is ‘the ages at
which women marry’, rather then just ‘women’ or ‘people’.

b. Similarly it may be necessary to find out the distances tyres can travel
before becoming unsafe. The target population is not ‘tyres’, but
‘distances at which tyres become unsafe’.

Exercise 31b -

For each of the following identify the target population.

1.

[ TSI S ]

=

A catering company took a survey of high schools to find out the dates of their
‘sports days’.

. A market research company did a survey on brands of soap people use.

. A teacher recorded the subjects taken by the pupils in a F7 class.

. A zoologist catches mice and records their age.

. Acstudent surveys houses in different streets to determine the main colours on

the exterior.

. Aresearcher asks people about their attitudes to a number of different

politicians.

. A supermarket asks its customers to fill ina form giving their address so that it

can work out how far its customers travel.

. Atoy company pays 4 school for the phone numbers of its F1 students so that

it can find out more about the favourite toys of eleven and twelve year olds.
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9. A magazine asks its readers to fill in a form which gives their name and

address. On the form the customer haveto put one of the numbers 0, 2., 10

indicating their attitude to new government policy with 0 being “very low

opinion’ and 10 ‘very high opinion’. The magazine is keen to find out what its

readers think about the policy. All readers who respond go into a draw for a
trip overseas.
10. A petrol station records the number of passengers in the cars of customers.

Two Types of Survey

A. Census
A census is a survey where every member of the target population is investigated.

In New Zealand, a census is taken every five years. A census is expensive and
takes a long time to analyse and report on, despite the use of computers. However,
the information it provides allows planners in many fields to decide policy.

B. Sample Surveys
A sample survey investigates only a subset of a target population.

Any survey which does not involve investigating every member of a target
population may be called a sample survey.

The following two examples illustrate how sample surveys may be used.

Example C: A merchandising organisation may wish to decide on the
effectiveness of a nationally televised advertisement. This advertisement will
have been seen by many people. A sample survey of only a tiny proportion of
viewers will reveal information which has a strong chance of accurately
reflecting the effectiveness of the advertisement on the whole television
audience.

Example D: A factory producing expensive machines will subject only a
few to vigorous use until they break down, in order to work out how long a
guarantee or warranty should last for all the machines.

Sampling is a powerful tool for obtaining information about an entire population.
In many cases it is the only way in which a survey can be done. For example:

*  when the target population is too large or

*  the cost of surveying too high or

*  the population is inaccessible.
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A sample survey would be used to find information about a species of fish. Despite
the fact that we catch relatively few fish, we can draw conclusions based on this
sample which have a very high chance of correctly describing the entire population.

Market Research and Opinion Polls

A poll is a survey which seeks opinions from people.

Periodically, the results of political polls are presented in the media to show the
relative popularity of the political parties.

Polls are taken all the time for many reasons, mostly commercial, in order to find
out the attitudes of people to a variety of things. Such a procedure is called
market research.

In preparing such surveys, much work has to be done. Consideration has to be
given to:

The purpose of the survey and for whom it is being carried out.
Survey design.

Execution of the survey.

Quality Control.

Analysis.

Reporting.

The a0 o

a. The purpose of the survey

Various private and public bodies get research organisations to conduct surveys on
their behalf in order to find out public attitudes to policies, products, events, etc.
They usually approach the organisation and discuss with a researcher the nature of
their problem. If a survey will assist in the solving of the problem, an appropriate
survey will be designed.

b. Survey design

A questionnaire is prepared by people who are usually trained in the social
sciences. The preparation of the questionnaire is a matter of the highest
importance. Consideration has to be given to such matters as:

i.  The target population.

ii. Type of sample required - there are a number of different sampling
strategies, see chapter 33.

iii. The actual questions to be asked. These are critical to a successful survey.
Much research, over many years, has gone into the best types of question
and the methods of questioning.

All questions are tested before being actually used in the field. This pre-testing is
referred to as piloting.
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ACHIEVEMENT OBJECTIVES

c. Execution of the survey On completion of this chapter, students should be able, at:

Most interviewers are part-time workers who work in their spare time on a

contract basis - they have no special training in market research. LEVEL 6 STATISTICS ‘ ) '

It is the responsibility of the research organisation to ensure their interviewers are « 1o formulate statistical questions about situations involving possible
thoroughly briefed on each survey before it takes place. Such matters as the relationships between variables

Cpg::}gll:g:litllft:: r(\)/f ;l\:/es crlrllllel:::lt()):r(lja:;let, ;Illt(}il ‘the area and streets in which they are to 10 identify data collection methodology
= to collect bi-variate measurement and discrete number data
d. Quality control

As with any process, researching must have quality control to ensure that the ¢ LEVEL 7 STATISTICS

research process is carried out properly. The work of interviewers is viewed very

seriously by the managers of research organisations. The supervisors must check

* to design and justify data collection methods

every filled-in questionnaire for inconsistencies. They also personally check a s to collect data

fraction of each interviewer’s respondents to ensure the survey was conducted

properly.

e. Analysis Introduction

The information from the completed and checked questionnaires is fed into A questionnaire is a paper consisting of a series of questions used to obtain the

computers and analysed by using statistical methods. particular information required. The questions are prepared by people expert in
such work. These people are usually highly trained in the social sciences which

f.  Report . include such subjects as sociology, anthropology, psychology and geography. In

Once all analyses are complete a report is written on the survey and presented to addition, they must have a good knowledge of statistics.

the client for whom the survey was done.

i i sed in questionnaires can be either structured or unstructured.
Exercise 31c The questions u q

Structured Questions

Choose a topic you will investigate and draft a plan for this investigation

incorporating as many ideas as possible from this chapter. Your plan should These are questions which are put in such a way that the answer will always fall
include: : ' into predetermined categories. Structured questions are found on such forms as
i, what'you intend to irivestigate. - passport applications, investment applications, examination entries etc.
ii,  the questions you will try to answer. . _
lii. . your experiment or other data-gathering exercise. ’ Example A:
Iv. . Yout target populatior, Note: The respondent is the person answering the questionnaire.
v.. -how large a sample will be and why.
vi. +how much time and resources you are allowed, 1. Sex
vii. -how you will analyse your data. Circle that which applies: M/F
viii.-how you will report your results. ”
’ i 2. Number of children Age Number
List the number in each
age group residing in this Less than 5
dwelling: 5~-10
10-14
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3. Age
Put a tick below the age group in which you belong:

Age | <15 |15-19 |20-24 [25-29 |30-39 | 40-50 | >50 |

4. Circle the letter beside each photocopier you are familiar with:

Kamakusa K
Ricoh R
Nashua N

" Xerox X
IBM I

5. Rank from 1 to 10 the current importance of the following matters by circling
the appropriate number. 1 is least, 10 is most important.

Crime 1 23 4 5 6 7 8 9 10
Defence 1 2 3 4 5 6 7 8 9 10
Education 1 2 3 4 5 6 7 8 9 10
“ Employment 1 2 3 4 5 6 7 8 9 10 |
Energy 1 2 3 4 5 6 7 8 9 10
Industrial Relations 1 2 3 4 5 6 7 8& 9 10
Inflation 1 2 3 4 5 6 7 8 9 10
Nuclear Policies 1 2 3 4 5 6 7 8 9 10 |
Pollution 1 2 3 4 5 6 7 8 9 10 |
Race Relations 1 2 3 4 5 6 7 8 9 10
6. Rating scales
This school is most suitable for pupils who are:
very dull | dull average bright very bright ‘

[Respondent ticks where he or she believes the school rates. If the respondent
thought the school was run mainly for very dull people, a tick would be placed in
the box beside “very dull people”. If the respondent thought the school catered
more for the bright than the dull the fourth box from left should be ticked].
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7. Top of head recall

A list of names is prepared, say for cars:

Cortina 1 2
Corolla 1 2
Escort 1 2
Sierra 1 2
Civic 1 2
City 1 2

The interviewer asks the respondent, without showing the list, to recall brands of
cars. The first brand on the list which is recalled has a (1) circled. All others
recalled have (2) circled. Any not recalled have neither (1) nor (2) circled.

For example, suppose in one interview the respondent recalled City first, then said
Cortina and Sierra and none of the others, then the response sheet would appear:

Cortina 1 )
Corolla 1 2
Escort 1 2
Sierra 1 2
Civic 1 2
City ) 2

Unstructured Questions

These are questions in which the answers are not restricted to particular categories.
In a school exam, an essay question is an unstructured question while a multi-
choice question is definitely structured.

Asking and recording the answers for unstructured questions requires a skilled
interviewer.

The object of unstructured questions is to get the respondent to give as much
information as possible without being prompted (i.e., without suggesting an
answer).

Example B:
Interviewer: “What do you think about the government policy on industrial

relations?”
Respondent: “It is inadequate.”

The response is not very revealing and a good interviewer will now try to
obtain more information. If the interviewer was to say, “Do you mean that the
government should take a firmer stance?”, then they are prompting the
respondent. The question is /eading the respondent to an answer.

A much better question would be: “In what way is it inadequate?”
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This question contains no idea which the respondent can ‘latch onto’ and use
as his or her own.

The interviewer should keep on probing with questions until the respondent
has made their first response quite plain.

The probing should continue until the respondent has given an answer such as:

“The government should take much firmer action with the
companies and the unions!”

At this point the interviewer may feel the respondent has completely clarified
the initial response. However, if this is not the case, the interviewer could
continue:

Interviewer: “What action do you think the government should take?”

The answer of the respondent will probably terminate this particular line of
probing. If the respondent does not know what kind of action the government
could take, she/he will probably say so. Otherwise, the answer given will
probably be sufficient to finish this probe. Either way, the interviewer has
received a far more satisfactory series of responses than just accepting the
original response of: “It is inadequate.”

Another example of probing is shown in the following interview, the purpose of
which was to determine a respondent’s knowledge of dog food.

Example C:Interviewer: “Tell me all the types of dog food you know of.”
Respondent: “Woofo, Doggydear, Waggyboy.”

Interviewer: “Any others?”
Respondent: “Super Pup.”
Interviewer: “And?”

Respondent: “Fido.”

Interviewer: “Can you think of any others?”
Respondent: “No.”

Interviewer: “No others?”

Respondent: “Sorry.”

In this interview, the interviewer probed until the respondent had revealed
every type of dog food she/he knew.

Exercise 32

The topic of questionnaires is particularly well suited to projects. The following }

exercises are suitable as projects.

1. Prepare, using the type of structured questions in Example A (1)~ (6), a
questionnaire to. assess your classmates’ attitudes to something you are
interested in. Below is an example of a questionnaire that could be used to
assess their attitudes to maths.

]

i

4
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QUESTIONNAIRE ON ATTITUDES TO MATHS
a.

b.

What is your sex? Circle that which applies:

M /F

Do you take maths because: You have to

( Tick those which apply )

You want to

You enjoy it

You need it as a qualification

In what group does your fifth form
mark belong? (Tick that which applies)

How importantly do you rate

the teacher in your understanding
of maths this year:

( Tick that which applies )

How importantly do you rate
the textbook in your
understanding of maths this year:

09 | ]
- 10-19
20-29
30-39
| 40-49 |

50 - 59
6069 |
70-79

80 -89

90 - 100

very important | f

important

same as all years

not as important
Funimportant

very important
important

same as all years
not as important

unimportant
If you were asked to rate maths Number of Rating of maths
against the other subjects you are subjects against other
studying this year, where would it taken subjects

rate in terms of being your

favorite subject:
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g. Has your attitude to maths improved
changed during the past stayed the same
years at school: deteriorated

(tick that which applies)

How relevant do you believe the study of maths to be to your
future likely career:

of little of some
importance | importance

irrelevant |unimportant important | highly

important |

i.

Listed below are 10 topics studied during most sixth form maths
courses.

Circle the ‘1’ if you have studied this topic.

Circle the 2’ if you find it difficult.
Circle the “3’ if you did not understand it.
( you may circle more than one number )

3

Factorlsmg 12
Equations 11213
Sequences and Series | 1 1213
| Circle Geometry ' 1]2 3
Straight Line B R S A
Graph Drawing 1123
~ Logarithms 2 3
Exponents 1213
Trigonometry 123
Differentiation 1i2(3
Using the list of topics given Fopic | Difficuity
in question 1 i. above, as well Ranking
as any others, rate the 10 most |
difficult maths topics you have 1
studied this year in order of 2
increasing difficulty, ‘1’ being 3
the easiest topic studied, | 4
‘2’ being the next easiest etc. 5
6
7
8
9
10

i
ii.

V.

! ii.

1v.

Problems and Investigations

Using a questionnaire such as this could reveal a wealth of information even if
only given to twenty people or so in your own maths class:
Among the things that could readily be found would be:

Differences in attitude to maths between male and female students.
Differences in attitude to maths between students who have done well

in earlier work-and those who have not.

Differences in pupils’ opinions about the importance of teachers and

text books.

Whether interest in maths tends to increase or decrease as pupils get older.
The topics pupils find the easiest and the most difficult.

A survey such as this could be modified to be applied to nearly any topic.

1.

Prepare an interview using unstructured questions on some topic and

give it to, say, ten pupils in your class selected by drawing names from a hat
or similar. Asan exampTe, here is a possible questionnaire designed to assess
someone’s general knowledge of the motor industry:

a. Name as'many different types of motor cars on sale as possible.
[maximum of 15]

b. Name as many different types of trucks on sale as possible.
[maximum of 5]

c. Name as many different types of oil on sale as possible.
[maximum of 5]

d. Name as many different brands of tyre on sale as possible.
[maximum of 5]

¢. Name as many different motor vehicle manufacturers as possible.
[maximum of 5]

f. Name as many different parts of a motor engine as possible.
[maximum of 10]

g. Name as many different petrol companies as possible.
[maximum of 5]

h. Name as many different parts of a car as possible which will concern a
driver while sitting in the driver’s seat.
[maximum of 5} :
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33. SAMPLING

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 STATISTICS

* fo design and justify sample selection and data collection methods

Infroduction

A sample is a subset of a population which is selected and studied so that
conclusions may be reached about the population as a whole.

In taking samples, care must be taken to avoid what statisticians call bias.

A survey is biased if t.he conclusions obtained from the survey do not accurately
describe the characteristics of the whole population, when many such surveys are
taken and their results are averaged.

Example A: A newspaper or magazine invites readers to fill in and return a
questionnaire about a controversial issue so that public feeling on the issue
can be assessed. The results of such a survey are usually very biased for the
reasons that only the interested readers of that particular newspaper or
magazine will reply.

Example B: In addition, if the readers of the publication in Example A are
drawn mainly from a particular section of the population such as ‘university
educated females with liberal views’, or ‘rugby players’, then it is highly
likely that the survey will be biased.

Sampling Strategies

Statisticians use many different methods for.collecting samples. In general, the
method used must ensure that every member of the population being surveyed has
the same chance of selection. If the sample fulfills this criterion, it is said to be
free of bias.

a. In the random selection method every individual in the population is given a
different number, then the required sample is obtained by using random
number tables as the following example shows:

Example C: Select a sample of 3 people from the group: Shane, Dave,
Mary, John, Rachel, Jessica, Trudy, Ian, Den, Tasha, Melanie and Jane.

c.
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Solution: Each person is given a number:

Shane 01 Trudy 07
Dave 02 Ian 08
Mary 03 Den 09
John 04 Tasha 10
Rachel 05 Melanie 11
Jessica 06 Jane 12

Random number tables are then used to find a set of three. Selecting from the

following list of random numbers:
9003, 1250, 2876, 0586, 0584, 7400, 9873, 0128, 5315, 1840, 0410, 8918,
4905, 2986, 9907, 9117, 4292, 9366 .......

Starting from 9003 and using the last 2 digits we find the numbers 9003, 0410
and 4905 are the first three which correspond to people in the group. Thus
Mary, Tasha and Rachel are chosen.

Note:

a. If the same number appeared twice it would be disregarded after being
used once.

b. The above result, though not biased, does not reflect the population
because it suggests that the population is completely female when in
fact half are males.

c. This method would be impractical with large populations.

d. It is usual to try to find your starting point in the random number

tables by “using a pin”. This means picking a starting point through
some random procedure such as dropping a pin on the random number
table and starting from where it lands.

The stratified sampling method avoids some of the problems of completely
random sampling. In this method the population is split into strata which are
subsets of the population which we might be interested in. In the previous
example we might split the population into the strata: {males}, {females}, and
then randomly sample from each stratum numbers in proportion to their
numbers in the population. A further example follows:

Example D: A school has 300 pupils in Form 3; 300 in Form 4; 250 in
Form 5; 100 in Form 6 and 50 in Form 7. A sample of 40 pupils is to be
interviewed. The sample is to be chosen using strata given by form level. The
total school population is 1 000.

The number of third formers in the sample is the proportion of

third formers x number required = 13—(%% x 40 =12

Similarly there are 12 fourth formers, 10 fifth formers, 4 sixth formers and 2
seventh formers in the sample.

A quick and often effective method of sampling is the systematic method
where two numbers are selected randomly, as the following example shows:
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Example E: To select a sample of three from the following list of 20 names:

Anne Arthur Ben Bill
Bob Bonny Chris Den
Evan Felicity Frank George
Hilda Tan Jill John
Kirk Lenore Paul Tania

Select two random numbers, each less than 20.

Suppose random number tables give the values 16 and 7. Counting in rows
the 16th name is John.

Counting another 7 names gives Ben (after Tania start at the top of the list
again). Counting another 7 from Ben gives Felicity as the third name. Cross
out names chosen as you proceed.

d. Often a population will be distributed in subsets, each of which has similar
characteristics. In this case such a subset is often randomly chosen and then
the survey is conducted on this subset using one of the other methods
discussed. Such subsets are called clusters.

Example F: A country has three large cities with similar populations. A
survey has to be taken. Suggest how the cluster method could help.

Solution: One of the cities is randomly chosen then the sample is taken from
that city. The results obtained will be just as accurate as a survey which

incorporated the citizens of all three cities and will be easier to organise.

Exercise 33

1.~ a. Asetof values is said to be randomly obtained from a population. What i

does this mean?

b. - Aresearcher decides to find an estimate of the mean weight of pupils in 3

“school by taking a random sample of 50 pupils and finding the mean
weight of the sample. Which of the following methods of sampling
ensure a random selection of pupils and which do not? Explain your
answer in-each case.

i.. Each pupil’s name is put on a ticket. The tickets are put in a drum
which is well stirred and then 50 tickets are withdrawn.

ii. Every 10th pupil who walks through the school’s main gate is
weighed until a sample of 50 has been obtained.

iii. The weights of the first 50 pupils whose names appear in the
detention book are taken.

iv. The weights of the first 50 pupils who weigh-in for school sports

teams are taken.

2. a. A coin is said to be “biased”. What does this mean?
b.” How could you test whether or not a coin was “biased”?
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¢. -Arresearcher decided to do a survey on school pupils by interviewing

only third formers. ‘Which of the following results might be expected to
be biased as a result of this? Comment on each.

i, Anestimate of the mean weight of school pupils.

ii. ‘An estimate of the mean number of cars owned by the parents of

school pupils.

iii. - An éstimate of the proportion of left-handed school pupils. ;
iv. Anestimate of the mean number of brown-eyed pupils in the school.
v..- An-estimate of the mean height of school pupils.

A sample of 100 people has to be chosen fo investigate the consumption of
alcohol in society. Analyse the following sampling methods for bias:
a. People are chosen randomly from the telephone book:and phoned. Those
who reply are interviewed. This is continued until 100 have been
questioned.

100 people are chosen randomly from the telephone book and phoned.

1f they don’t reply, the number is phoned back until a reply is obtained.

100 people entering a liquor store are randomly chosen and questioned.

100 people are randomly chosen as they leave a cinema.

100 people are chosen randomly from the school roll.

Questionnaires are put in letter boxes of a randomly chosen suburb.

They are mailed back by people who fill them in. From the

questionnaires sent back a sample of 100 is selected.

g. - An advertisement, which includes a questionnaire, is placed in a number
of newspapers. People whoread it fill it in and send it back, and from the
responses a sample of 100 is'selected.

h. 10 streets are randomly chosen from a road map and from the dwellings
on these streets, 100 are randomly selected. The houses are visited
repeatedly until contact is made with the inhabitants, and then the next
person over the age of 15 to have a birthday is questioned.

i. ~Alist of dwellings in the city is obtained. These are divided randomly
into groups of 1 000 and one group is randomly chosen. This group is
then divided into groups of 100 and one group is randomly chosen. Each
dwelling in this group-of 100 is visited. The first person to answer the
door is interviewed.

j.  The same method of dwelling selection as-in (i) but this time the last
person to have had a birthday is interviewed.

=

oo

A sample has to be taken of 50 people to find what their attitudes are to the

new. government education policy. The sample has to be obtained quickly and

reasonably cheaply. It needs to be as-unbiased as possible. Comment on the

following sampling procedures:

a.~ 50 people are chosen from the ¢lectoral roll and visited at their homes,

b. A suburb is randomly chosen and 50 people are selected from the
electoral roll in that suburb.

¢. . 50 people who work in a large factory are randomly selected from the
payroll of the company.



Sampling

5. A country is inhabited by people of three ethnic groups, A, B and C. The

d. A long street is chosen and in every 5th house the next person over the
age of 15 to have a birthday is interviewed until 50 people have been
interviewed.

e Alarge school is randomly chosen, then 50 teachers are systematically
selected,

- population breakdown is shown below:
' Total

_ Ethnic Group A B c
. Number 2500000 1300000 4200000

8000000

a.  If a stratified sample of 2 000 is to be selected on the basis of ethaic
~ group, how many people from each group should be in the sample?
b. If a stratified sample is chosen which includes 75 members of group A,
~how many members of the other groups would it contain?
¢. A stratified sample is selected so that the number of people from
groups A and B total 95. What is the size of the sample?

_ The following sets of random numbers and names should be used to do
_ exercises 6to 15.

; Random Numbers
. 7833 3001 1594 7473 1710
9538 0523 6307 9176 8292
0024 6783 1955 9326 3058
0014 6851 3386 5222 1652
1669 4851 6374 4486 9117
4595 0048 7118 9907 4292
5886 3740 1271 5403 0290
5272 8211 7433 8207 7842
7516 5136 8674 0850 9366
3364 0482 9703 1876 7019
Naines

Adam 01 Frank 13 Kirsty 25
Amanda 02 Gareth 14 Lynette: ~ 26 Susan
Aroha 03 Gwyneth 15 Luke 27 Tammy
Ben 04 Harry 16 Megan 28 Tom
Bronwyn 05 Helen 17 Mark 29 - Tracey
Charlotte 06 Hilda 18 Natasha 30 Valerie
Conan -~ 07 . Holly 19 Nicholas 31 Verity

Danielle: 08 Ingrid. -~ 20 Odette =~ 32 Warwick
Darius 09 Jasmin 21 Oliver 33 Winsome
Elaine 10 Jean 22 Paul 34 Winston

Edward = 11 Jessica 23 Philipa = 35 Xenia
Fleur 12 John 24 Ramesh 36 Yvette
Rosalie 37 Zane

Problems and Investigations 2mM

10.

11.

12.

13,

14.

15

Starting from the flrst number on the ﬁrst column and going down the
columns using the last two digits, find a random sample of five names.

Starting from the fifth number of the third column and going down the
columns using the first and last digits of the random numbers, ﬁnd a random
sample of four names. ,

If a sample of twenty is required based on the strata of “males” an'df
“females”, how many of each type will be required? '

A sample chosen using the strata “males” and “females” has the following
males: {Ben, Harry, Paul, Winston}. How many females must it have?

A stratified sample using the strata of “males” and “females” has four males
and six females. The males are chosen sysiematically from a starting point
of Edward and recording every seventh name. The females are chosen
randomly starting from the third number from the top of the second column
and going down the columns using the last two digits of each number Wnte ,
down the sample obtained.

A stratified sample of fifteen is chosen. The males are chosen randomiy
starting from the sixth number from the top of the first column, using the
second and last digit of each number. The females are chosen randomly
starting from the third number of the 2nd column again, going down the
columns and using the second and last digits of each number. Write down the
sample obtained.

A sample of ten is chosen from the cluster of all those with names begmnmg
with letters from A to N. Find the sample if it is chosen systematically, using
the seventh such name and every fourth subsequent name.

A sample of five is chosen randomly from the cluster of females with names
beginning with letters from F to W. Find this sample if the random numbers
are selected starting from the eighth number from the bottom of the third
column, going down the columns using the middle two digits.

Name clustefs that the following samples could have been chosen from:
a.. [Conan, Gareth, Harry} b. {Odette, Rosalie, Yvette}
¢.. | Adam; Jean, John, Zane}

Describe how this sample could have béen chosen systematically:
Danielle, Edward, Gareth, Helen and Ingrid.

—

'Problems and Investigations

Obtain a census result such as the height of all F3 students at your school.
Take samples of about 5%-10% of your total population using different
sampling strategies and see how closely the results for each sample compare
with those of your population.
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34. BASIC DATA DISPLAY

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 STATISTICS
* to collect data and present it visually

s 10 analyse and discuss statistically-based inferences about population
or experiments

Introduction

Once data from a survey have been collected they are often displayed so that
deductions can be made from it. The following example shows raw data and is in
the typical form of a tally chart combined with a frequency table.

Example A: In a survey on the attitudes of 25 maths pupils, a student
obtained the following data which ranked maths by preference:

Ranking Tallies Frequency
1 I 3
2 1 6
3 M 7
4 il 5
5 i 3
6 I 1

Tallies are vertical lines put beside a value each time that value occurs. When four |

lines have been put down the fifth is usually drawn as a horizontal or diagonal line
through the previous four. This gives blocks of five tallies which are easy to count.

The frequency of any possible value is the number of times it occurs in a survey.
It can be found by counting the number of tallies.

Discrete data means that there are no other values possible between the values
obtained in the data.

Example B: In example A, the data obtained is discrete because the only
possible values are 1, 2, 3,4, 5 and 6. There are no other values possible
between | and 2 such as 1.2, or between 2 and 3, etc.
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Display of Discrete, Ungrouped Data

Bar Graphs are the most basic and useful visual display of discrete data.

Bar graphs are drawn using the following general rules:

a. Frequency is usually on the vertical axis.

b. The bars are usually separated when dealing with discrete data.

c. The axes must be labelled and, where appropriate, a title should be given to

the bar graph.

Example C: On a bar graph, the data in Example A appears:

Rankings of Maths by Preference

Frequency

- N W Ak N

Ranking

Note: There is a bar for each possible value that the ungrouped data has.
Exercise 34a

1. Draw a bar graph of the information given by the following tally chart:

Number of
Jobs Held Tallies
0 H
1 JUiplgviRal
2 JHT T Lt i
3 M
4 i
5 I
6 |

2. :Gymnasts in a competition scored the following marks out of 10:
6,5,4,5,7,3,6,5,5,7,6,5,4,7,5,3,5,8,5,3,6,7.
Draw a bar graph to show these results.



274 Basic Data Display
Display of Discrete Grouped Data

Grouped data are displayed in groups to show a meaningful trend. Exercise 34 ’27’5

: o
Example D: A student collected the following data about a mathematics Nambers Tallies Frequency
test. Rather than recording each mark separately, the student grouped the 2024
marks in intervals of 10. A bar graph representing the data is also shown. s . :22 9
ot w0 R
Marks|Tallies |Frequency § 8 45_4 9 | _] .
30-39 |1 1 g 6 : '
40-49 |1l 3 g 4 1 Draw a bar graph for this tally Chart.
50-59 | M 5 i ilv .- ‘Comment on what trends or patterns are revealed by each graph
60-69 | Ml 10 ) iit. . -~ 'Which is the most suitable graph and why? -
70-79 [ 3 o
80-89 | 1I 2 30-39 50-59 70-79 90-99 2. The number of workers each day for six weeks at a building site are:
90-99 || 1 40-49 60-69 80-89 '
Maths Marks 26 27 43 41 53 20 32 27 44 21 29 33

23 23 30 35 54 51 45 37 51 35 36 32
27 24 29 26 46 31 53 26 44 31 37 32
22 24 4 49 30 36 : .

Note: The major trends are the concentration of most marks between 50 and
80 and the symmetry of the distribution of marks.

Exercise 34b
a. Select a suitable group size for this data and set up a tally chart and

1, a.  Setup atally chart as below for the set of numbers and complete it. :" frequency table for this data.
: b.  Draw d bar graph showing this data.

HNumber e Frequency | 3. The number of absentees daily over the summer term from a 5th form of 97
20 | , 1 o students at a small high school is listed below: o
# . 3 : Number of absentees Frequency
. , 0-4 7
46 ! ' 1 o 5-9 12
o 10- 14 16
Numbers . 15-19 10
, . 20-24 3
27 21 40 - 37 30 36 24 31 43 - 25-29 6
36 34 26 40 33 31 43 37 27 ; 30-34 2
34 29 26 46 42 38 40 36 5 35-39 2
34 32 43 23 24 30 40 33 25 40 -44 5
20 25 34 39 28 36 40 34 28 45 - 49 1 |
21 29 35 .31 45 25 43 20 41
a. Display this data on a bar graph.

b. Determine (if possible) the number of days on wtuch there were:

‘ i, Fewer than 10 students absent. - -
i . More than 19 absent.

iii. = From 10 - 29 students absent.
iv. . Exactly 20 students absent.

v, More than 22 students absent.

vi.  More than - 4 af the 5th form absent.

¢ Explam why it is not always pussﬂ)le to answer quesnons exacﬂy, such as
those in b. ~ ,

b.. Use the tally chart you have set up to draw a bar graph:
¢.- Set up another tally chart as below, with the data grouped in 5s.
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Relative Frequency

The proportion of total occurrences of any value is called the relative frequency

of that value.

Example E: Determine the relative frequencies of the data in Example D

and display these in a table.

Solution:
| Marks Relative frequenc;
30-39 0.04
40-49 0.12
50-59 0.20
60-69 0.40
70-79 0.12
80-89 0.08
90-99 0.04

Exercise 34c¢

L.

Note: Total frequency = 25
Frequency of 30-39 is 1
. Relative frequency of 30-39 is 5= = 0.04, and so on.

“‘Statistics is a branch of mathematics which in some countries is consider
to be so important that it is studied as a subject in its own right. The new
sixth form syllabus recognises this by devoting far more time to this topic.
Analyse this paragraph by setting up a tally chart as below in order to

determine the relative frequencies of the vowels in the English language.

Vowel Tallies Frequency

Relative Frequency ']

0o -aw

Using your tallychart, draw a suitablé bar graph.

Continuous Data 277

2. The table below shows the major causes of death in New Zealand during - '
1981. Figures are given as deaths per million. ,

Cause of Death 1981
Heart disease 2699
Cancer: 1770
Stroke 925
Accident 455
Pneumonia 290

Draw a bar graph showing the relative frequency of deaths per million people
during 1981.

Continuous Data

Continuous data means that for any two possible values of data which can be
listed, another can always be found between them. Such data are displayed on bar
graphs called histograms. The bars in histograms fouch because the data are
continuous.

Example F: A student collected data about the heights of pupils in her class.
The results are displayed below both in a table and on a histogram.

Height (cm)|Tallies | Frequency 121
150< 155 |1 1 9
<
155 < 160 |l 3 g8
160 < 165 |1l 4 g6
165 <170 |HiMil | 11 g 4
170 < 175 | il 4 e
175< 180 |l 2 2
180 < 185 | II |2

150 155 160 165 170 175 180 185
Height (cm)

Note: 150 < 155 means
150 < height < 155

Note: The compression of the bottom axis. This is a frequently used
technique in statistics. It is acceptable only when done to the
horizontal axis of bar graphs and histograms but should not be done
with vertical axes.
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Exercise 34d

1. Which of the following are discrete and which are continuous?
a.. Year of birth b. Weight
C Sex d. Exactage
__e. Number in family f.. Shoe size
g Surname , h. Amount of time spent watching T.V.
0 3 1.
.

Age to nearest minute
. Number in families of children in Form 3 classes

. Measurements are made on the heights of 100 children, Th i
in the table below: . e

I Height (cm) Frequencies

160<h<161 2
161 < 162 : 3
162 <163 12
163 <164 28
164 < 165 26
165 < 166 12
166 < 167 9
167 < 168 5
168 <169 3

Draw a histogram showing the distribution of heights.

3. This histogram shows the data obtained by weighing a large group of
~ children under the age of 14. S R

: ol
Frequenc
- Y 504

40+
30+

0 5 1015 20 2530 35 40 45 50 55
. Weight (kg)
How many children weighed between 15 and 20 kg?
_ How many weighed less than 30 kg? ,
What number weighed between 10 and 40 kg?
‘What fraction of the children weighed more than 15 kg?
- What fraction of the children weighed between 10 and 30 kg?
What fraction of the children weighed more than 17.5 kg?
Estimate what fraction weighed between 11.25 and 33.75 kg.
Estimate the proportion that weighed between 18 and 30.5 kg.

TR o oo o
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i. Estimate what percentage of the children weighed bgtwean 7.3and

226 kg. , .
j.  Estimate what percentage of the children weighed between 26.2 and

47.8kg.

Non-Equal Intervals

Some data have groups or intervals which are not equal. When these data are
displayed, the area of the bars is made proportional to frequency.

Example G: A survey was taken of the times between successive vehicles
passing under a bridge. The following chart shows the distribution of these
times, and a histogram shows the results.

Time (s)| Tallies

123456 789101112
Time (seconds)

Note: a. 0 <1 means 0 < time < 1 etc.

b. The height of the bar above the interval 2 to 4 is half that of the bar
above 1 to 2 because the interval is twice as long. Likewise, the
height of the bar above the interval 4 to 8 is one quarter that of the
interval 1 to 2 because the interval is four times as long.

¢. A maximum value (12 seconds) is chosen for time because one is

not given.

Exercise 34e

1. A fisherman weighed a sample of his catch and obtained the following data:

Weight (kg) Frequency
0«35 35
5<10 22 Note: O<5means
10«15 16 0s W35 et
15<20 12
20<30 8
30<50 4
50< 100 18

Draw a histogram which accurately shows ‘ths distribution of fish in his catch.
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2. Aoy in 6C took a survey of the heights of his classmates, His data
~was shown in the following chart:

Height (cm) Frequency

Note: 130 < 140 means
130 £ height < 140; et

130 < 140
140 < 150
150 <155
155<160
160 <170
170< 180
180 < 190
190 <200

P b s d U =Y 00

The histogram he drew to show this data is drawn below.

130 140 150 155 160 170 180 190 200

a... Write down all the things that are wrong with it.
b. Redraw it so that.it more accurately represents the distribution of heigh
in the class. ‘

Project Work

If you have done any questionnaires as suggested in the previous chapter,
then you should present some of the data obtained with the use of tally and
frequency tables, bar graphs and histograms.
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35. CENTRAL TENDENCY AND SPREAD

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:

LEVEL 7 STATISTICS

* to calculate sample statistics, including mean and standard deviation,
and verify these by reference to a data distribution

Introduction

Two important concepts used to analyse statistical data are considered in this
chapter. They are:

Central tendency which measures the ‘central value’ of a sample or population.
Spread or dispersion which measures how the data are spread out from the centre
in a sample or population.

The central value tells nothing about how the values are spread around that centre
as the following example shows:

Example A: Bar graphs have been drawn for each of the following sets of
values. x represents the possible values and f represents the frequency with
which each possible value occurs.

a. b. c.
x1]2]3]4]5] [x[1]2]3]4]5 x[1]2]3]4]5]
fl1202 2/2]2] (f|5 0]/0] 05 flolo0]o
10f 10]f 10]f
8- 8] 3]

6—. 6 6:
4] 4 4]
2 2]
0 0l+— —
123 45 12345
X X

Central value is 3. Values Central value is 3. Values  Central value is 3. Values

are evenly spread around  are the most spread because are the least spread

the centre more values are further from because they are all at
the centre than (a) or (c). the centre, 3.
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Measures of Central Tendency

The mean

The mean is the sum of all the values divided by the total number of values.
The mean of a sample is given the symbol X and is often called the average. In

simple cases, where x,, x,,..., x, are the different values in the sample and n is the
number in the sample:

- Zx R A
X= T = n

Example B: For the sample 1, 2, 7, 12, 13 the mean is X= l_tz‘tlsiM =7.

Usually, each value is repeated more than once in which case the following
formula is more appropriate:

n
3 i z fix;

i=]

T

1

i=1

The mean of a whole population has the symbol p (pronounced “mew”) and is
found using the same method as above.

Example C: The following results are a sample of marks from a 3rd form
History test. x stands for the mark scored out of 10 and f for the frequency.

xJol1l2]3] a5 6l 78] o]0
f1125121816\105 41 1

The mean mark is:
n
£x
¥ = 1=l [where f, is the frequency of the ith x value, x,]

=
PN
i=1

Ix0 4+ Ix]+ 2x2 + 5x3 +12x4 + 18x5 + 16x6 + 10x7 + 5x8 + 4x9 + 1x10
- 1+1+2+5+12+ 18+ 16+ 10+ 5+4+ 1

=547

The mean is the most commonly used measure of central tendency. It fits very
well into most applications of statistics.

Medians, Quartiles and Percentiles 283

Exercise 35a

1. Find the means of the following sets of numbers:
a.=5,12,13,5,6,11,12,27 b. 49,23, 47,68, 113,226, 14

¢. | number 31405 .6
frequency | 1322 | 47 |25

2. A student needs to have a mean mark of 58% to get into a course. The student
is sitting six subjects and on the first five has got marks of 47, 51, 53, 49, 68,
What mark will need to be obtained to get into the course?

3. Write down a set of 5 different numbers whose mean is23.

Medians, Quartiles and Percentiles

The median is the middle value of a population or sample. The median is found
by listing the values in numerical order.

Example D: Find the median of the numbers: a. 3,1,2 b. 2,3,4,1

Solution:

a. Placing 3, 1, 2 in numerical order gives 1, 2, 3.
The median is 2 because it is the middle number.

b. In numerical order, the numbers 2, 3,4 and 1 are 1, 2, 3, 4.
Because there is an even number of values, the median is found by taking
the mean of the middle pair of values. Thus the median is Zié—é =2.5.

It can be tedious to list a large sample or population in order. The following
example shows an alternative method.

Example E: Find the median of the values in Example C.

Solution: There are 75 values in Example C. The middle number of these
75 values in order is the 38th value. From the frequency table the 38th value
must be 5. Hence the median is 5.

The mean is generally easier to find than the median. However, if unusually large
or small values occur, the mean can be an untrue indicator of the centre of the
sample. In such cases, the median is preferred because it is not affected by these
values.

The quartiles are two numbers associated with the central tendency of samples
and populations.

The lower quartile is the value which 25% of the sample or population is less than
or equal to. This value is the median of the lower half of the values.
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The upper quartile is the value which 75% of the sample or population is less
than or equal to. This value is the median of the upper half of the values.

Example F: Find the lower and upper quartiles of the set {1, 3,5,4,9,7, 1, 4},

Solution:

i. Put the set into order: {1,1,3,4,4,5,7,9}.

ii. Count the number of elements. In this case there are 8.

ii. Find 25% of the number of elements [25% of 8 = 2].

iv. Find the second number. This is 1. The lower quartile is 1.

v. Find 75% of the number of elements [75% of 8 = 6].

vi. The sixth number in the set is 5. The upper quartile of this set is 5.

If the number of the data values is not divisible by four, the upper and lower

quartiles are found by a simple rule of thumb which is illustrated in the following

example.

Example G: Find the upper and lower quartiles for the values in Example C. ‘

Solution: Add one to the number in the sample giving 76 [75 + 1 = 76].

Take 25% of 76. This gives 19. The lower quartile is the19th number in
numerical order, which is 4.

Take 75% of 76. This gives 57. The upper quartile is the 57th number in
numerical order, which is 7.

Percentiles are generalisations of the median and quartiles. Generally the 1st
percentile is the value which 1% of the sample or population is less than or
equal to; the xth percentile is the value which x% of the sample or population is
less than or equal to. Thus:

The lower quartile is the 25th percentile.
The median is the 50th percentile.
The upper quartile is the 75th percentile.

The mode is the most frequently occurring value. In Example C, the mode is 5
because it occurs 18 times.

The mode can be a very inaccurate measure of central tendency-and hence caution
should be applied in using it. It can be used in circumstances where one value is
very much more common than all others, such as Example C.
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Exercise 35b

1. -Find the median, mode; upper and lower guartiles of each of the following sets
of numbers.
a. 23,32,13,16,73,42
b.. 43,3.12,4,2.7,4.3

c.. | number Ot 2130405
frequency | 11 | 231 4215527 | 8

d...64,4,34, 13,78, 13, 50,62, 73,42, 14, 45, 69, 50, 85, 63,56, 88,0, 77,
91,732,731, 85,34,45,12,47, 41,70

2. Write.down sets of 13 numbers which have:
a.; A median of 46, b. - A median of 53.
¢. ‘An-upper quartile of 79. d. A lower quartile of 87.
€. 3lstpercentile of 12

Measures of Spread

The range is found by subtracting the smallest value in the sample or population
from the largest value.The range is the simplest of the measures of spread though it
is not of much use as it rarely tells us how spread out most values are. The
following example shows this.

Example H: Inexample A, the range of a.is 5—-1=4,b.is 5-1=4
andc.is3-3=0
Note: a. and b. have the same range, yet as Example A shows, different spreads.

The interquartile range is the difference between the upper and lower
quartiles. The interquartile range for the data in Example C follows directly
from Example G. The interquartile range is:

upper quartile — lower quartile =7 -4 =3

The variance of a sample (symbols s? or 6?) is the mean of the squares of the
distance of the data values from the centre. If x refers to the values in the sample, f
is the respective frequencies of those values and X is the mean of the sample:

1 n
| flx —7)2
o e -%) _Z; i
.| variance =

=S5 5,

. . . . Ta-n)

For simple cases the variance can be written; variance = o , Or it can be
written in full, as above, in more complex cases. With practice, the variance can be
easily found from the formula. In the following example the variance calculation
is done directly by first finding the mean then using the variance formula. In a
second method, a table is used to calculate the variance.
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Use of Spreadsheets 287

Example I: The following table is a sample from a much larger population.

x 1 2 3 4 5
f 4 3 2 3 4

Find the variance of the sample values.

Direct Solution:
4x1+3x2+2x3+3x4+4x5

fo]

Mean = 473+2+3+4 [substituting in x = St
_48
=16
=3
-2
. 3 f(x-%)
Variance = Zf
C41-3)%432-3)7423-3)7+ 3(4- 9+ 45- 3)°
- 4+3+2+3+4
4224 30D+ 207+ 3D+ 47
B 16
16+3+0+3+ 16
= i6
=2.375
Table Solution:
x| f fx | @-% | @-%?
1 4 4 2 4
2 3 6 -1 1
3 2 6 0 0
4 3 12 1
5 4 20 2 4
Totals 16 48 '
f f(x-Xx)
2ir_4_, 2D 38, 4

Note: The calculation of x must be done before the table can be completed.

The standard deviation (symbol s) is the square root of the variance.

In Example I, the standard deviation is:

s=+v2.375

s=1.541 (3d.p.)

Use of Calculators

The standard deviation is the most important measure of spread. Calculation of the
standard deviation follows directly from calculation of the variance. It is easily
calculated with a calculator which has a statistical mode. The following sequence
of key strikes are with a Casio fx-82. Owners of other calculators should consult
their owners manuals.

@ [ this puts the calculator into 'statistical mode' |
[ this sequence clears the memory ]
@@@ @ [ this puts four 1s into the memory ]
@@@ @ [ this puts three 2s into the memory }

[ Continue this process until all data is entered ]

@ gives the mean and gives the standard deviation.

When dealing with an entire population, the symbol used for the standard deviation
is the Greek letter ¢, pronounced ‘sigma’.

Most calculators have a choice of two buttons for calculating standard deviations.
In most situations it does not matter which button is used. If the number of values
in a sample is larger than about 20 the difference is usually insignificant.

Use of Spreadsheets

Spreadsheets provide a very effective means of showing the effects of changes in
data on standard deviation and bar graphs. In example J the author was able to
change the frequencies at will and watch the standard deviation automatically
change, as well as the bar graph.
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Exercise 35¢ 289

Example J: Demonstration of the Effect of Changes in Frequency on Bar
Graph and Standard Deviation using Spreadsheets.

Value (x) | Freq. (f) fx | x—-m f(x ~ m)?
0 2T 0] 338 2566 Graph of Data
1 6 6 | 258 40 20
2 11 22 [ -1.58 27.53]
3 i6 | 48 | -0.58 5.421 15
4 16 | 64 | 0418 2.794 e
5 6 | 30 | 1.418 12.06 g 10
6 i | 24 | 2418 2339 g
=
7 3 | 21| 3418 35.05 =5
8 2 | 16 | 4418 39.04'
9 1 | 9| 5418 3935 002488
Totals 67 240 240.3 x
Mean (m) 3.6 3.587
St. Dev 1.894
Value (x) | Freq. (f) fXx | x-m f(x — m)?
0 5 T 0 358 64.16 Graph of Data
i 6 6 | -2.58 40 20
2 8§ | 16 | -1.58 20.02
3 7 | 21 | 058 2372 15
4 9 |36 | 0418 1.572 2
5 8 | 40 | 1.418 16.08 g 10
3 5 | 30 | 2.4i8 29.23 54
=
7 6 | 42 | 3418 70.09 “ 5
8 7 | 56 | 4418 136.6
| 9 6 | 54 | 5418 176.1 002268
Totals 67 301 556.3 N
Mean (m) 4.5 8.303
St. Dev 2.881

Note how the data in the first diagram is clustered around the centre and has a
smaller standard deviation than that in the second diagram which is much
more spread out.

Exercise 35¢

1, “Consider the scores {0;1,2,2.2.3,5,7, 8, 10}
. Find the median, mode and range of the scores.
b, Copy down and complete the table to show that:
1. the mean is'4, and
i, - the standard deviation is 3.16.

(x—1) (=37

(e o <R N IR W, SR TS 08 o5 2 16 30 o8 A R v L =Y

k.

Totals

2. Consider the scores {2,3,3,4,4,4,6,7,8,9}
a. " Find the median, mode and range of the scores.
b.  Copy down and complete the table to show-that:
i;v ~the meanis §,
ii. - the standard deviation is-2.24.

f fx (x=3%) (x=X)? | f.lx=%)*

OO0 @ s LR =

Totals

3. :a. - The mean of {0,:1,2, 3,4} is 2. Calculate the standard deviation of the
set of numbers without using a calculator.

b, There are 1 000 marbles in a box; 200 each are marked ‘0’, “1°, ‘2, “3°
and “4’, What is the standard deviation of the numbers on the marbles
in the box?

¢. - Mary took a random sample of 30 marbles from the box and recorded

* their values in a frequency table:

Number on marble 0 1 2 3 4 total
Frequency 6 5 3 6 10 30

- Calculate the mean of Mary’s sample.
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d.  Without doing any further calculation, say whether the standard deviation
of Mary’s sample is larger or smaller than that of all the marbles inthe
box. Explain why.

4.  Find sets of 4 digits with standard deviation of:
a0 bl c. 2

Adding a Constant Number to Every Value

The effect of adding a constant number to each value is to increase the central
value while leaving the spread of values the same.

Example K: The following set of values is changed by adding the
constant 5 to each possible value while leaving the frequencies unchanged.

x|1]2]3]4]5] +5 [x] 6] 7] 8] 9 10]
]2 3[4(3[2) — [ f]2]3]4[3] 2]

The bar graphs representing each table are:

f 5'f
4
3 4
2
11
04

S = N W Rk

123456738910
X

Note: The centre has increased by 5 and the spread has remained the same.

Multiplying every Value by a Constant
The effect of multiplying every value by a constant is to increase both the centre
and the spread of values.

Example L: The original values in Example K are each doubled without
changing the frequency.

f

10203/ 4]5 2
21 314321 —

— =
\S]
w
~
w
[\

Exercise 35d 20

The bar graphs representing each table are:

S1f 3¢
4]
3]
2]

12345 12345678910
X x

Note: The centre and the spread have both doubled.

Summarising the results in the previous two examples:

Ifx, %, %, 0 X, is a set of values with mean X and standard deviation s then:

a.

The values obtained by adding the same number k to each are:

x, +k, x,+k, x,+k, .., x +kandhave a mean x + k and standard
deviation s.

The values obtained by multiplying each by the same number k are:
kx,, kx,, kr,, ..., kx and have a mean kx and standard deviation ks.

Exercise 35d

L.

a.
b.

Find the mean and standard deviation of {1, 2, 5,35, 7,10}:

i.- Find the new mean and standard deviation if 10 is-added to all of the
scores, i.e., if the scores are {11, 12, 15, 15,17, 20}.

ii. -How are the new mean and standard deviation related to the original
mean and standard deviation?

i. Find the new mean and standard deviation if the scores are multiplied
by 10, i.e., if the scores are {10, 20, 50, 50,70, 100}.

it. . How are the new mean and standard deviation related to the original
mean and standard deviation?

A set of scores has a mean of 6 and a standard deviation of 2. Find the new

mean and standard deviation if:

@mo a0 o

5 is added to all of the scores.

all of the scores are multiplied by 5.

20 is added to all of the scores.

all of the scores are multiplied by 20.

2 is subtracted from all of the scores.
all-of the scores are divided by 2.

the frequencies of each score are trebled.

Find the median, mode, range, mean and standard deviation of
{2,2,4,4,4,8}.
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Although the exact values of all the data are not known, an approximation can
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‘ i : ‘ be found by letting all values in any interval take on the value of the midpoint
> :J - {y 50 1151' Y/ah';efl ﬂiolr;l o b e tenonig vilie for - of that interval. Thus all values in the interval O < length <1 are assurped to be
11 {6’ 6’ 1,2 ’12, 12,24} . 0.5; all values in the interval 1 <L < 3 are assumed tq be 2, etc. Puttllng these

iii { 162’ 10’2 164 ,104 104,108} - values into a calculator or using a table as in the previous example gives:

iv. {200, 200, 400, 400, 400, 800} x¥=8.06 and s = 10.75.
" Exercise 35e

v, {0,0,2,2,2, 6}
vic {1, 1,2,2,2.4)
G i . e 11 1 v
4. Mark made a spinner like that shown in the diagram. A pin L. . Find-estimates of mean and standard deviation for the following
at the centre of the regular pentagon allows the arrow to be
spun around. It soon comes to rest pointing to one of the
numbered triangles.

a | x 2-35 5-10 | 10=15115-30 [130=50
f 16 25 32 12 3

A = 5-7 7-9 9-12
a. i. Copy the table and show what frequencies he expects to obtain afte L 122

f

50 spins. 3 2 ! 2 2
 Number 1 2/304]5 /ol 2. Find the approximate mean and standard deviation of the data shown on these
| Frequency ] s O_MJ histograms:

ii. " Calculate the mean and standard deviation of these numbers.
6
a
b.~ Mark actually obtained these results, with mean 3.04:
l Number L2 k 3 | 4 |5 ' total
| Frequency 6 |12 [14 [10 | 8 | 50

Is his standard deviation smaller or larger than expected? Explain why, |

without doing any calculation. ‘ L
¢.. Mark’s sister changed the numbers to {11, 12, 13, 14, 15}, How would

this change;

i, 'the mean?

ii. - the standard deviation?

255075 100:125 306090120 150

The pair of graphs below shows the distribution-of the weights of 2 crops of
the same vegetable.

L - . 600 600

Estimating the Mean and Standard Deviation .. 500 2 500

o L : £ 400 g 400

Often data is given in such a way that it is impossible to work out the mean and 300 2,300
standard deviation exactly. However, a good estimate of the mean and standard g

£ 200

deviation can be found. The following example illustrates a typical method. 200 100

100

Example M: The table shows the length L of some steel bars.

0.1 2 3 .45 617 0123h4k567
Length (m) Frequency weight (kg) | weight (kg)
] Obtain numerical estimates of the mean weight of each crop-and also the
O0sL<l1 23 standard deviations of the weights of each crop.
1<L<3 42 ‘What would the values of the mean and standard deviation of the weights
3sL<7 63 of each crop be if: :
7<L<12 22 i, 7 the weight of every vegetable had been increased by 1 kg.
12sL<20 18 il. . the weight of every vegetable had been doubled.
20<L <30 9 iii.- there had been twice as many vegetables of every weight in-each of
30<L <50 the original crops.

5
50<L <100 2
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Central Tendency and Spread

Problems and Investigations

1.

Get the marks of your class from different tests and compare them using
measures of central tendency and spread. Comment on what any dlfferences .
may indicate, "
Get the values of something which is published in the newspaper every day i
such as share prices, world temperatures, etc. and compare them on two
different days using measures of central tendency and spread.
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36. OTHER DATA DISPLAYS

ACHIEVEMENT OBJECTIVES
On completion of this chapter, students should be able, at:
LEVEL 6 STATISTICS

« to collect bivariate measurement and discrete number data, and clearly
and concisely communicate the significant feaures in appropriate
displays, including scatter plots

LEVEL 7 STATISTICS

* to collect data, present it visually, and discuss prominent features of the
data

Cumulative Frequency Graphs

Cumulative frequency graphs (sometimes called ogives) show the number (or
percentage) of a sample or population having any value less than, or less than or
equal to, a given value.

Cumulative frequencies are found by successively adding the frequencies.

Example A: The distribution of the lengths of 200 fish is shown in the table.

Length (cm) Frequency Cumulative frequency
0<L<5 22 22
5<L<10 38 60
10< 15 52 112
15<20 48 160
20<25 21 181
25 <30 19 200

The cumulative frequency 60 is obtained by adding 22 and 38.
The cumulative frequency 112 is 22 + 38 + 52 and so on.

Note: In the above table, 10 < 15 is a shortened version of 10 <L < 15 where
L stands for length; similarly 15 < 20 represents 15 <L < 20 etc.
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The cumulative frequency graph representing the data in the table is:

2001

Cumulative
Frequency

1001

o 10 20 30
Length (cm)

Cumulative frequency graphs are particularly useful for finding medians, quartiles
and other percentiles.

Example B: The ogive below shows the distribution of the weights of pupils
in a school.
- 100

-80 Cumulative
6 Percentage

500 }

Cumulative 400
Frequency 300_'

(percentiles)
200 7 40
100 7 20
O T T T T T T 0
20 40 60 80 100 120
Weight (kg)

The graph shows:

a. The number of pupils weighing 50 kg or less is about 280.

b. About 280 pupils weigh 50 kg or less and about 460 pupils weigh 90 kg or
less. The number of pupils weighing between 50 kg and 90 kg is thus:
460 — 280 = 180 (approximately).

¢. The median weight of the pupils at this school corresponds to a
cumulative percentage of 50% and is about 47 kg.

d. The upper quartile of the weights of the pupils corresponds to a
cumulative percentage of 75% and is about 61 kg.

Note: The above ogive showing continuous data is a series of successive
points joined with straight lines rather than a smooth curve.
(It is statistically more correct to use such straight lines).

The cumulative frequency graphs for discrete data are drawn as the following
example shows:

Cumulative Frequency Graphs 297

Example C: Draw a cumulative frequency graph to show the distribution of
car ownership in a sample of people as shown by this table of values:

Number of cars owned | 0 1 2 3 4 5
Frequency 4 8 10 | 6 3 1
‘Cumulative frequency 4 [12] 22283132

Solution: The cumulative frequency curve is:

30- . *
Cumulative 5
Frequency

10{ ¥

Number of Cars

At 1 on the ‘cars’ axis, the cumulative frequency jumps to 12 because the
number of people who own 1 or fewer cars is 12. The graph jumps again when
2 cars is reached.

To find any percentile on a cumulative frequency graph, go across from the
appropriate position until there is a cross directly above. Going down at this point
and reading off the value gives the required result.

Example D: To find the upper quartile (75th percentile) for the data in
Example C, begin at 75% of 32 on the vertical axis and move across until below
a cross. Going down gives the upper quartile, 3.

®
30 - x x
Cumulative _ [~ 777 Ty MTTT T T T T 775 Cumulative
Frequency 0 : Percentage
® |
107 | F25
|
o

0 1 <2 3 4 5 6

Number of Cars
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Exercise 36a
100
Cumulative 80
Frequency 60+

L

407
207

4 6
Volume (litres)

The above cumulative percentage graph shows the distribution of the amount
of oil used by a large fleet of cars in a 6 month period (excluding oil change
. 'What percentage of cars used 4 litres or less?
What percentage of cars used 5 litres or more?
What percentage of cars used between 3 and 7 litres?
What is the median amount of oil used?
‘What is the lower quartile of the amount of oil used?
Sketch a histogram showing the distribution of the amount of oil used.

The lifespan of a certain spécﬁies of animal is investigated.- The lifespans of 50
such animals which died of natural causes are recorded below:

Lifespan | <1.5]1.5-2.5|2.5-3.5 |3.5-45 | 4555 |5.5-6.5 | 6.5
(years) ;
Frequency 3 4 12 13 11 5.2

Draw a cumulative frequency graph to show the distribution of lifespan
Use your ogive to estitnate the median lifespan of these animals.

Prior to what age did 70% of these animals die?

What percentage of animals died between 2.4 and 5.8 years?

What is the interquartile range?

The following histogram shows the distribution of ages of qualified
technicians in an industry, -

100 7
Frequency gp -

- 60

20 30 40 500 60 70
Age (years)

Exercise 36a 299

oo 0os

Draw a cumulative frequency graph-to show the same distribution. .
Estimate the number of technicians older than 32,

Estimate the median age.

Estimate the interquartile range.

Estimate the number of technicians between 25 and 37 years old.

o o

A sample of university students was taken to find out how many papers they
had passed in their recent exams. The cumulative frequency graph below
shows how they fared:

20 . " ® %
Cumulative 2

Frequenc *
q y 10 .

o+—— . . : :

0 2 4 6 8 10
Number of Papers Passed

‘What was the number in the sample?

How many students passed 6 papers or less?

How many students passed between 2 and 8 papers mcluswe"
‘What was the median number of papers passed?

What was the maximum number of papers that any student passed?

A soccer team played 60 games over a period of 3 years. The goals per game
they scored are recorded in this table:

Goalspergame | 0 | 1] 2| 3] 4[5 ] 6] 7]

Frequency 3 5|12] 1410 8] 4| 4]

a. Draw a cumulative frequency graph to show this distribution.

b. Find the median number of goals scored.per game.

c.. 'Which is the greater — the median or the mean number of goals scored
per game?

d.- Find the upper quartile of the number of goals scored per game,

e. - In what percentage of games did the team score 3 goals or less?
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Pie Graphs

Pie graphs are widely used in many fields of study and in the media to show
proportions.

Example E: The relative proportions of different types of crops planted on a
nation’s arable land are shown:

2 dimensional 3 dimensional

The pie graph shows that about % of the nation’s arable land is planted in wheat
about % in barley, and the remainder planted in other Crops.

il

Often the actual percentages are included on the pie graph.

Example F: Draw a pie graph showing the proportions of magazine types in a
bookstore. They have the following numbers of each brand on sale:

]

Cosmopolitan 45 |
More 35
Listener 25
TV Guide 15 |

Others 30

| Total 150

Solution: The sector angles are calculated using proportion.

The sector angle for Cosmopolitan is %56 x 360" = 108° [360° in a full circle]

Similar calculations lead to the following table of values for sector angles:

Magazine Frequency Percentage J Sector Angle
Cosmopolitan 45 30 ‘ 108
More 35 23 84
Listener 25 16 60
TV Guide 15 10 36

Others 30 20 72

Exercise 36b 301

Using these sector angles the pie graph is completed:

Cosmopolitan (30.0%)
More (23.3%)

Listener (16.7%)

TV Guide (10.0%)
Others (20.0%)

Exercise 36b

1. The pie chart below shows the proportions of a large company’s major
expenses: i ~

M Interest (43%)
M Transport (12%)
B Labour 25%)
] Other 8%)
[] Raw Materials (12%)

If its total expenses were $63 479 000; find the interest and labour costs.
How large should the sector angle be for transport? '

Sketch a bar graph showing this same distribution.

Explain why it is not possible to draw a mathematically valid ogive
showing this distribution.

2. Acomputer sales manager asked her assistant to draw a large pie graph
showing the distribution of the different makes of computer they stocked.
These are given in the table below:

| Make Apple | IBM | Wang | NEC | Others
| Number 65 42 B 1 8

Draw a pie graph of the type the assistant should have drawn.

3. 'The following table shows the numbers of people of various ethnic groups
living in Ransonville, an inner city suburb-of Porkland, largest city of Old
Mealand over a 40 year period.

Year Algols Fortrans \‘ Logos
1945 6 050 3830 - 1870

1965 4230 2560 4.890
1985 4623 900 2320
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a. Draw pie graphs to show the proportions of different ethnic groups in
1945, 1965 and 1985. '
b. State any important trends revealed by your pie graphs.

¢, There is one vital piece of information which can be obtained from the

table but not from your pie graphs. What is it?

4. The table below shows the numbers of people living in the North and South
Islands of New Zealand at the time of various censuses during this century.

Total Population
Census Year | North Island South Island Total
1901 431471 384 391 815 862
1945 1146315 556 015 1702330
1981 2322 989 852 748 3175737

Draw 3 pie graphs showing the percentages of people living in the North and

South Islands in: -

4. 1901 b. 1945 c. 1981
‘What do these graphs illustrate?

Box Plots

Box plots are a one-dimensional form of data display useful for getting an idea of
the distribution of data. They are also called box and whisker plots.

Example G: Draw a box plot of data whose maximum value is 13.6 kg,
minimum value is 5.3 kg, upper quartile is 10.2 kg, lower quartile is 8.7 kg and
median is 9.1 kg.

4 The rectangle has its upper side at the level of the
13 T upper quartile, the lower side at the level of the
bl lower quartile. A further parallel line is drawn
through the rectangle at the median. This part of
1 J- the diagram is the ‘box’. The ‘whiskers’ are the

1
weight (kg) two lines which emanate from the box to the

101 maximum and minimum values.

’ r This box plot shows data which is slightly

8 1 ‘skewed’ towards the upper end. This means that

71 data above the median is more spread out than the
data below it.

6 +

s Box plots of different sets of data when placed
L beside each other provide excellent means of
comparing them.

i

Stem and Leaf Diagrams 303

Example H:
10+
91 A B This diagram shows:
g a. A and B to have the same range.
{ b. A has a greater interquartile range than B.
T ¢. B has alower median than A.
61 d. B has maximum and minimum values higher
than those of A.
5T e. Ais ‘skewed’ toward the lower values while
4l B is symmetrical. The term ‘sheared’ refers
4 to a lack of symmetry between the upper
3 quartile and lower quartile, with regard to the
median.
2 -+
T

Exercise 36¢

1. Draw a box plot of this data:
13, 41, 15, 35,38, 24,29, 35, 31, 38, 31, 49, 55

2. a. Draw box plots to compare these marks obtained by 2 different groups of
pupils sitting the same exani:
Group A -90, 12, 28, 5, 5,74, 93, 1, 53, 18, 4, 89, 49, 29, 68, 87, 47, 92,
24,84,6,2,2,16,0,61,25
Group B - 3, 50, 76, 86, 84, 0, 73, 28, 15, 40, 10, 18, 5, 86, 53, 74, 9, 87,
75, 67, 87,40, 81,3,99, 61, 88
b. Commient on any differences shown in the plots.

Stem and Leaf Diagrams

These are similar to tally charts, but provide more information.

Example I: Draw a stem and leaf diagram of the following set of numbers.
{13,25,12,34,47,53,17, 12,10, 48, 36,37,27,29,14,9,2,24,42,42, 39, 33, 45, 50, 38}

Stems are to be tens and leaves are to be ones.
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Solution:

Diagram A

5703
4122578
3+346789

(Final version) 214579

11022347

0T29

5130
4178225
Diagram B 31467938
(Rough version) 24+ 5794
14327204
0+92

Diagram A is largely self-explanatory. Numbers from 10 to 19 are placed beside

the 1 in order.

1 + 02 2 3 4 7 represents those numbers 10, 12, 12, 13, 14, 17 from the given set.

2+ 4 57 9 represents the numbers 24, 25, 27, 29, etc.

[If in a hurry, do a rough stem and leaf plot first then order it properly later. See
diagram B above.]

Thete are many possible choices for stems and for leaves. The choice should be
made so as to best show the distribution of data.

In this diagram, stems are hundreds and leaves are units.

The set of data the diagram represents is:
{111, 123, 147, 148, 223, 227, 355, 363, 380, 421, 423, 500}.

Example J:

5 1 00
412123
31556380
2112327
1411234748

Exercise 36d

1.'a’ ‘Draw a stem and leaf diagram with stems being units and leaves tenths for.

this set.of data;
3.1;33.22,14,02,34,34,4.5,42,37,56,44,42,3.5,38,36,26,2.5, 25

b. Using your diagram or otherwise find the median, upper and lower quartiles.
¢..- Draw a box plot of the data.

2. The following numbers are the weights in kg of some heavy athletes in the

Junior World Championships:

119,108, 124, 108,122, 130, 108, 111, 125, 115, 112, 115, 119, 109, 117, 11§, 109, 109

Draw a stem and leaf diagram for this with stems being tens and leaves units. ‘“‘

Using Spreadsheets

305

Using Spreadsheets

Any student who has access to a spreadsheet when doing work necessitating the
display of data should use it. With only a little practice it is possible to produce a
great variety of data displays very quickly and neatly. The series of displays on

this page were produced with an Excel spreadsheet in the space of ten minutes.

Example K: Demonstration of some of the different types of data display

available with spreadsheets.

T\’Iark Frequency
e s
1 7
2 6
3] 9
- 4 12
5 13
L 5 5
_ - 5
;7 8 47
| 9 3
1o 2
10 Bar Graph 2
8
g 6
g4
2
0
10 20
Frequency
Pie Graph
g 9 10 0

Frequency

Frequency

Frequency

Frequency

10

5

Area Graph

e

Marks

Bar Graph 1

15

10
5
Oowqxooog

Marks

Line Graph
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3D Pie Graph 3D Line Graph
g 210 0 20
6 s Frequency 10

Scatter Diagrams

Scatter diagrams give a quick and quite reliable method for detecting relationships

when dealing with paired data.

Example L: The following table gives widths and lengths of leaves from a

sample taken from a species of tree.

Length (cm) | 12.5| 13.2| 12,1 | 14.3

156 147 12.8} 13.6 | 13.8

Width (cm) 16| 2.1 14| 2.6

34| 29| 18| 25

26] 3.

The scatter diagram of this data appears as
4+

35 4+ <
L%
3l a
X
7
25 1 x 37X
>
: .
width 51 x
.
X
15 £ %
X
14
05
0 + + + |
12 13 14 15 16
length

a. Inspecting this graph reveals an
obvious trend for width to
increase as length increases.

b. The relationship also appears to
be linear as all plotted points lie
close to the straight line dotted in.

In cases where there is a linear
relationship it is possible to find what
is called ‘the line of best fit’ using a
technique called regression. This
topic is outside the syllabus but a
reasonable approximation to this line
may be achieved. A line is drawn

through the data which has as about as many points on one side of it as it does
on the other. Common sense must prevail when drawing such a line.

When there is a clear linear relationship with

positive gradient we say the two

variables are ‘correlated positively’. This does not necessarily mean one is

influencing the other.

Sometimes we get scatter diagrams which
appear like this:

In this case there is a linear trend with
negative gradient. The variables are said
to be negatively correlated.

Exercise 36e 307
Often we get scatter diagrams which x
have this appearance: x
X
There is no obvious pattern to the x
distribution of points and we say the x
X

variables are uncorrelated. x

On occasion the scatter diagram will reveal a trend but one which is clearly

not linear. x

X
X

x X

Exercise 36¢

1. Find out if there is any correlation between the number of pages in children’s
books and their price by drawing a scatter diagram for the following sample:

numberofpages | 32 |32 |24 |32 |16 |32 ] 24| 16 |24 [32] 4
price 9.5010.00{7.00 6.00 |6.50 | 4.50 | 5.50/17.00/15.00/5.00 | 5.00
number of pages | 160 | 32 |32 | 32 | %2 | %2 | 22| 2 :
price 17.00]3.50 [2.00 3.00}3.50 2.0013.50|2.50

2..The following table gives the lifts in the-snatch and the clean and jerk for
competitors in the 76kg class at a world weightlifting championship. Find out

if performance in the two lifts is correlated.

Snatch, 110110 120|115 /117 125122 130]130/1351145
C&J 1421145 140 155,157 1160|165 160. 157160 165
Problems and Investigations
Collect samples of paired data such as: , -
a. height : weight ~b. term ] marks : term 2 mark
¢. ‘price in shop A : price in shop B d. April car price : August car
Compare the data using box plots and scatter d1agrams ;
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3 7 . M ISLEADI NG USES O F STAT|ST|CS ; Changing the vertical scale can have a significant effect on how the viewer

perceives the data.

Achievement Objectives Example B: The same marks obtained in a standard mathematics exam are
On completion of this chapter, students should be able, at: shown on each of the two bar graphs following:
LEVEL 7 STATISTICS 607
* to analyse and discuss statistically based inferences about populations 58
. Mean mark
and experiments bained b 1
0 N y 56 -
pupils |
: 54 7
Introduction :
It has often been said that a picture is worth a thousand words. This is certainly the 52 : ‘
case when a trend, pattern or distribution in a table of figures or data is displayed. 50 ! T
It is also possible with displays to lead people to conclusions which the data does 1989 1990 1991 1992 1993 1994 1995 1996 1997
not justify. Such use of displays may be either accidental or deliberate, and often Year
happens when advertisers or politicians present graphs and other diagrams to 60
‘justify’ their claims. T
507
Examples of Misleading Displays Mean mark 4
obtained by :
The examples which follow illustrate some situations where it is possible to create pupils. 307
an incorrect impression by graphical or diagrammatic means. 201
Example A: The following graph shows the sales figures for a company 10_.
plotted against the year: 1
60
Sales 507 1989 1990 1991 1992 1993 1994 1995 1996 1997
] Year
(3 millions) 30 - An impression of a spectacular improvement in the exam marks is obtained by
20 § starting the vertical scale at 50 rather than 0. This is called a ‘suppressed scale’
] ‘ due to the fact that the vertical axis is plotted over a smaller range of values.
10
-l i' - Example C: The two graphs below show the distribution of incomes in a

1990 1992 1994 1996 1998 company. They both show exactly the same data but while the left graph is an
Y ordinary histogram, the right one uses slanting scales, the so-called ‘advertiser’s
ear
scale’.

Quite obviously data are not available for sales in years which are still in the

future. If the current year is 1994, then this graph could create a false w s 60

. . .. . . . . (SR 60

impression of the sales it is supposedly illustrating. This graph is an example of w2 50 50 5 8

what is called ‘extrapolating beyond the data’, meaning that a trend evident on 2540 40 5 %

a graph relating to the past and present is continued into the future, based on the § E‘ ;8 30 ’E %

assumption that this trend will continue. Z W 20 B &
10 10 24

10 20 30 40 50 60 0 50 40 39 5y ¢

Annual earnings )
($1000) Annual earnings

($1000)
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The slanting scale creates the impression that the number of people with

incomes from $0 to $10 000 is about four times that of those with incomes from Exercise 37

$50 000 to $60 000. Careful examination of the graphs shows that the number of . .

those earning between $0 and $10 000 is only about twice that of those earning 1. ' Explain how each of these graphs could be mlsleadu:ig._ Each purports to
$50 000 to $60 000. show the profit position of Rutherford Enterprises Limited for recent years:

b. $100
Any type of graph which appears in advertisements, magazines and newspapers

should be interpreted carefully. In addition to the factors already mentioned, which
can lead to misinterpretation of data display, the following should also be watched
for:

Absence of scale units on axes.
Non-uniform scales. , ' :
Comparison between graphs with different scales. & ‘ ' 90 91 92 93 94 95
Lack of titles and labels.

Different colour and thickness of bars in bar graphs and histograms.

o RO o

Another misuse of statistics is the use of two or more sets of data to reach
unjustified conclusions, as shown below:

Example D: In the years 1980-1985 the following trends occurred in New ‘ |
Zealand. These can be verified from official statistics. i . 0 o

a. The crime rate rose. 80 81 82 83 84 85
b. The overseas debt rose. Year
¢. The number of young people playing soccer increased.

d. The use of corporal punishment in schools decreased.

It is incorrect though to make conclusions based on a connection between any
pair of these trends without further evidence. Among conclusions which might
be reached from the above if things which occurred simultaneously were always
connected are:

90 9192 93 94 95/96
i. The crime rate rose because the use of corporal punishment in schools

decreased. Year
ii. The overseas debt rose because the crime rate rose.
iii. The number of young people playing soccer increased because the overseas . These pairs of graphs attempt to compare the profit picture for Rutherford
debt rose. Enterprises against its main competitor, Waitakere Products. Explain how
each pair may be or is giving a false picture of the true situation:
It may well be that each of the above statements is true, but there is no clear # Rutherford
evidence to establish whether they are or not. It certainly does not follow that a. BEE Rutherford ‘

because two things occur at the same time, one is the cause of the other or vice

. Waitakere
versa. In many cases, both are caused by some other underlying factor. -

00 Of 97 93 94 95
Year
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Waitakere

80 81 82 83 84 85 80 81 82 83 84 85
> © - Year S Year

ducts  Rutherford Enterprises
' Oil Sales

Q__J

Rutherford Enterprises
Oil Sales

—"

‘ C  Waitakere Produc Rutherford Enterprises
OilSaless Oil Sales

. Rutherford Enterprises
0il Sales

Problems and Investigations 313

Waitakere Products - Rutherford Enterprises
Oil Sales Oil Sales

1 Problems and Investigations

Find in magazines and newspapers as many examples as you possibly can of
misleading graphs and data displays and comment on why they are n}jsleading,

.

ry Year‘.}
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38. TIME SERIES

Achievement Objectives
On completion of this chapter, students should be able, at:
LEVEL 7 STATISTICS

« 1o identify causes of long-term and short-term trends in time series data
extracted from reference sources or experiments

* to highlight features in time series graphs by simple algebraic
transformations

Time Series
A time series is a sequence of values of a variable at different points in time.
Example A:
a. Numbers of cars passing under a motorway bridge during five minutes at
the beginning of each hour for a 24 hour period.
Number of unemployed at the end of each month for a three year period.

c. Temperature at 12.00pm recorded daily throughout June in a park.

In studying time series it is vital to graph the information to show any patterns
more easily.

Example B:
90-day Bank Bills

The graph opposite shows
the interest rate on 90-day
bank bills near the beginning
i of July 1993.

It is clear that there is,
throughout May and June, a
downward trend with some
oscillation.

\6\.00- % interest rate

[May 1 [June 1 [July 1

Analysis of Time Series 315

Analysis of Time Series

Time series graphs are usually checked for three features:
a. A secular trend

This is a general tendency for increase, decrease or stability. In example B, there is
a secular downward movement with time.

b. Periodic movements

A typical example is oscillation which can result from changes in tides, seasons or
times of the day or perhaps the expansion and contraction of economies. In
example B there seems to be a minor periodic oscillation of about a day’s duration
added to the general trend.

c. Erratic or residual variation

These are variations which remain after account has been taken of secular and
periodic movements. In example B there seems to be a rebound in early June. The
reason for this is not obtainable from the data. There may have been some
government or overseas action which reversed the previous trend. An investigation
of the newspapers of that time could yield the reason.

Exercise 38a

Examine the following graphs for trends.

1 NZSE40 Index 7 3-year Government Bonds (TYS)
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Analysis of Trends

Secular Trend

Data is analysed for secular trend by using what are called ‘moving averages’. By
averaging over a number of consecutive periods the effect of variation is greatly
minimised. If the number of periods is three then the moving averages are said to
be ‘of order 3°. If the number of periods is seven then the moving averages are
said to be ‘of order 7°.

Example C:

a. The following data were obtained. Analyse the data for a secular trend by
the method of ‘moving averages’ over 4 seasons (order 4).

Tonnes| 45 37 50 64 53 46 58 68 55
Date | Jan 88| Apr 88 [July 88| Oct 88 |Jan 89| Apr 89| July 89| Oct 89| Jan 90

b. Predict the value in April 1990,

Solution: Averaging over the first four seasons gives a value of
45+ 37+ 50 + 64
4

May 1988.

=49 which is ‘centred’ in the middle of the four seasons in

37+ 50+ 64+ 53

Averaging over the next four seasons gives =51 which will

be ‘centred’ in the middle in August 1988.

The following table shows the results of the calculations of all such moving
averages.

Tonnes| 49 51 | 53.25| 55.25] 56.25 | 56.75
Date |May 88| Aug 88| Nov 88| Feb 89 | May 89| Aug 89

A graph using the information from both these tables is now drawn.

Analysis of Trends

90T

701
60 -
tonnes 5L
40+
30

10+

L 1 | | | 1 t L 1

Jan 88 Apr 88 July 88 Oct 88 Jan 89 Apr 89 July 89 Oct 89 Jan 90

% tonnage
O moving average

&5_49‘ = 1.55 per

three months [we divide by 5 because the moving averages are over 5 time
periods].

There seems to be a linear trend with an increase of

b. Assuming the linear trend continues we would predict that in November
1989 the moving average will be 56.75 + 1.55 = 58.3.

Let the tonnage in April 1990 be T.

L BT gy
*. T=4x583-58-68-55
. T=52.2

Exercise 38b

It

a. - Graph the following time series:

Value | 13015 | 12 4 11 |16 19 119113
Time |1 2 3405 647

b.- Calculate the moving averages of order 3.
¢.’ " Graph the moving averages on the same graph as the values.
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2. a.  Graphthe following time series:

.
V(ﬂi;*;‘gi 25 (2319114131716 111|864 |2

(mtgl‘;&s)l 2131456 |7 |8 |9]1011]12

b.  Calculate the moving averages of order 6.
¢. - Graph the moving averages on the same graph as the volume.
d. = Predict a value for the volume in month 13.

Analysis of Periodic Variation

Periodic variation is regular fluctuation or variation about a general trend. A
good natural example would be the surface of the water on an incoming tide. The
water is rising but on the surface of the water there is regular variation due to waves.

Investigation is usually carried out by a simple technique called ‘ratio to moving
average’. Application of this technique to the data from example C will show how
it is carried out.

Example D: The data we have is:

Tonnes| 45 37 50 64 53 46 58 68 55
Date | Jan 88|Apr 88 |July 88 Oct 88|Jan 89| Apr 89 |July 89 |Oct 89|Jan 90

Moving
Average 49 51 |53.25 | 55.25| 56.25 | 56.75

Date [May 88| Aug 88| Nov 88| Feb 89| May 89| Aug 89

In order to calculate ‘ratio to moving average’ it is first necessary to estimate
the tonnes of the moving average dates.

The first date is May 88. This is between April 88 and July 88 so we estimate
May’s tonnage to be the average of the tonnes for those two months. Similarly
with Aug 88, Nov 88, etc.

For May 1988 it is—% (37 + 50) =43.5. For August 1988 it is % (50 + 64) =57

The ratio to moving average for May 1988 is % =0.89

The ratio to moving average for August 1988 is g—z =1.12

The table below gives the final set of data.
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Date | Tonnage | Moving Ratio to
Average | Moving Average
May 88 43.5 49 0.89
Aug 88 57 51 1.12
Nov 88 58.5 53.25 1.10
Feb 89 49.5 55.25 0.90
May 89 52 56.25 0.92
Aug 89 63 56.75 1.11

The graph shows ratio against date. The ratio to the moving average is the
proportion that the actual value is of the moving average.

1.1

0.9

[\

May 88 Aug 88 Nov 88 Feb 89 May 89 Aug 89

Use of Spreadsheets

This graph, although only
covering a fairly short period
of time, indicates a periodic
component which never
seems to deviate from a value
close to 10% of the moving
average.

The work in analysing time series for secular trend and periodicity is enormously
speeded up by the use of a spreadsheet. The following steps were taken in the
creation of the spreadsheet analysis of the data for example C.

Example E:

The above data was entered into a spreadsheet.

Date
Jan-88
Apr-88
Jul-88
Oct-88
Jan-89
Apr-89
Jul-89
Oct-89
Jan-90

Tonnes
45
37
50
64
53
46
58
68
55

Moving Aver Ratio/Mov.Av.

49
51
53.25
55.25
56.25
56.75

0.8877551
1.1176471
1.0985916
0.8959276
0.9244444
1.1101322



320

Time Series

Use of Spreadsheets 321

ate ~Tonnes  Moving Aver. Ratio/Mov.Av.
Jan-38 5
Apr-38 37 !
Jul-88 50 49 0.8877551
Oct-88 64 51 1.11764708
Jan-§9 53 53.25 1.09859155
_Apr-89 46 55.25 08959276
Jul-89 , 58 56.25  0.92444444
Oct-89 68 56.75° 1.11013216
Jan-90 U -1
70 -
60 1
50 -
g 40 -
g z04
=
20 ¢
104
0 t ~+ + + t {
g 8 8 8 % % § B ¢
o K ! L L L
g § 3 & 153 % 3 8 3
| Date Ratio/Mov. Av.
May- 88 0.8877551
Aug-88  1.11764706
Nov-88  1.09859155
Feb-89 0.8959276
May-89 092444444
Aug-89  1.11013216

Ratio/Mov. Av.

1
——

{
—

May- 885 Aug-88 Nov- 88 Feb-89 May~59 Aug-59

« The cells in the moving average column on the same level as Jul-88 down
to Oct-89 were ‘selected’.

« The formula =(B4 + B5 + B6 + B7)/4 was used to automatically fill in the
numbers in the ‘moving averages’ column.

« The graph immediately beneath the data was drawn using a ‘chart’.

« The ratio/moving averages column was filled in using the formula
=(B5 + BO)/(2 * C6).

« The second graph was drawn using another chart.

The whole process took five minutes.

The above calculation was carried out using an Excel spreadsheet. Some of
the terminology may be slightly different for users of other spreadsheets.

Exercise 38¢

L

2.

Take the data from question 1 of exercise 38b and analyse it for periodicity.

Consider the following set of data:

Length i 2 2 2 4 6 6 6 |8
Date | Jan | Feb | March | April | May | June | July | Aug

Length| 10010 | 10 |12
Date - | Sept | Oct | Nov | Dec

Graph the data.

Calculate the moving averages of order 4.
Graph the moving averages,

Analyse the data for periodicity.

aoge

a,  The following data is available:

April | May | June | July | Aug

The 4-point moving averages for this data are 63, 60.5, ¢, 57.5, d. Calculate
the valuesof 4, b, ¢, d.
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Problems and Investigations

1. Obtain a time series graph such as that in example B of this chapterand
investigate it thoroughly for secular, periodic and erratic variation trend.

2. Obtain data for some social statistic such as crime, unemployment, party
preference and analyse it thoroughly using the techriques of this chapter.

Comment on any erratic variations. Try to supply explanations for them.
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39. PROBABILITY

Achievement Objectives
On completion of this chapter, students should be able, at:

LEVEL 6 STATISTICS

s to use tables of multivariate data from social contexts to find the
probabilities of everyday events or the proportion of outcomes in a
given category

« to determine the theoretical probabilities of the outcomes of both
exclusive and independent events such as rolling a die followed by the
drawing of a card from a deck

« to use probability trees to calculate conditional probabilities

Introduction

The probability of an event occurring is a measure of how certain or uncertain it is
that the event will occur.

To estimate probabilities trials are performed. A trial is one repetition of an
experiment. The outcomes are called events. The number of times the event
occurs is observed and recorded.

number of occurrences
num ber of trials

The ratio estimates the probability of the event occurring.
Example A: To determine the probability of it raining on a day chosen at
random during June, weather records for the past few decades would need to
be examined and the number of days, n, on which it actually rained in June

noted. If N was the total number of days in June checked, then . would be a

good approximation to the probability of rain falling on a randomly chosen
day next June.

As the number of experiments performed increases, the accuracy of the probability
estimate increases. Thus in example A, the probability of rain falling on a day in
June could be estimated more accurately by studying records for several June
months rather than just one.

. . number of occurrences
The limit of the ratio —— e L
number of trials

increased gives the probability of the event occurring.

as the number of trials is

The symbol p is used to represent an estimate of the probability from experiments.
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Example B: To find the probability that a drawing pin tossed in the air will
land on its side, a drawing pin is tossed a large number of times. A chart of
the type below is filled in. n is the number of times the pin lands on its side

and N is the total number of tosses. P is calculated by working out %

10 | 20 | 50 | 100! 200 | 500 A |

After 100 tosses the probability correct to at least one decimal place should be
clear.

>z =

In a similar way, an estimate of the probability of many simple events such as
obtaining two heads in three tosses of a coin, obtaining a sum of five by rolling two
dice, having a spoon land face down when tossed, etc. can be established.

Exercise 39a
Devise procedures to find-estimates of the probabilities of the following:

. The next car that passes under the bridge being yellow in ¢olour.

. A person selected at random having a name beginning with L.
.-A female singing when you turn on the radio.

. A dart thrown at a board hitting the bull’s-eye.

. The phorne ringing any minute between 8.30 and 9.30 in an office.

L e AR e R

important Property of Probabilities

P(E) is the probability that event E occurs. If E is any event then 0 <P(E) < |
number of occurrences
number of trials
gets larger. The smallest value, 0, will occur when the number of occurrences is O
and the largest value, 1, will occur when the number of occurrences is N.

Thus 0 < P(E) < 1.

because P(E) is the limit of the ratio as N, the number of trials,

Probabilities can be written as fractions, decimals or percentages.
Terminology

A trial is one repetition of an experiment. The sample space is a set whose
elements describe every possible outcome of a trial.

Example C:

a. In an experiment a coin is to be tossed twice a number of times. The trial
consists of tossing the coin twice and recording the outcome. The
following are possible sample spaces.

i. {(H,H), H,T), (T, H), (T, T)}, where H is a head and T a tail.
ii. {0, 1,2} where each number is the possible number of tails.

b. If a netball team plays a series of games, the trial is the playing of a game
and the recording of the result. The following are possible sample spaces:
i. {L, W, D} where the letters stand for ‘Lost’, ‘Won’, ‘Drew’.
ii. {PB, PW} where PB stands for ‘played badly’, PW stands for
‘played well’.

Equiprobable, or equally likely, outcomes occur when every element of a sample
space has an equal likelihood of occurring.

Example D: From example C:

a. The probability of each element of {(H, H), (H, T), (T, H), (T, T)} would
be found to be the same if two coins were tossed many times.

b. However, {0, 1,2} is not a sample space of equiprobable outcomes.
Probability experiments would show that 1 tended to occur twice as often
as 0 or 2.

Mathematically an event is a subset of a sample space.

Example E: The event E, ‘one or more heads
in two tosses of a coin’ is, when writtenasa S
subset of the sample space,

{(H, H), (H, T), (T, H)}. This is illustrated by
the Venn diagram of set theory.

S, the sample space, is the universal set.

E, the event, is the subset.

=1

(T,T)

Finding Probabilities when all Outcomes are
Equiprobable

When all possible outcomes of a trial have an equal chance of occurring (i.e. they
are equiprobable) the probability of an event can be calculated rather than
determined by performing experiments. The probability of an event E is usually
written:

number of elements inE  n(E)
number of elements inS ~ n(S)

PE) =

The following examples are solved by establishing the full sample space and using
the formula for P(E).

Example F: Find the probability that a person chosen at random was born
on a day beginning with T.

Solution: Let S be the sample space.
S = {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday }
Let E be the event: Born on a day starting with T. E = { Tuesday, Thursday}
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Exercise 39b: Basic Probability
L

Example G: Find the probability that when a pair of dice are thrown, the
two numbers will total four.

Solution: Letting S be sample space, we have:

S=1{(6,6),(6,5), ..., (6, 1), (5, 6), (5, 5), ..., (1, 1)} which can be written in
column form:

6,6 5,6 4,6 3,6 2,6 1,6
6,5 5,5 4,5 35 2,5 1,5
6,4 5,4 4.4 3.4 2.4 1,4
6,3 53 4,3 33 23 13
6,2 52 4,2 32 2.2 12
6,1 5,1 4,1 3.1 2.1 1,1

={(3, 1)3 (2,. 2), (1, 3)}. The three ordered pairs (3, 1), (2, 2), (1, 3) are the
only combinations of numbers on the two dice which give a sum of four.

- P(E) = 336 [n(E) = 3, n(S) = 36 in formula]

I
7

A marble is drawn at random from a bag which contains nine yellow and
seven red marbles. Find:

a. - P (a yellow marble)

b. P (a red marble)

¢. P (ayellow or red marble)

d.. ‘P{neither.a yellow nor a red marble)

If, in Question 1, a red marble is drawn and a second draw is made. Find:
a. P (ayellow marble if the red one is put back into the bag) a
b. . P (a yellow marble if the red one is nor put back into the bag) i
¢. P (ared marble if the first one is put back into the bag) =
d. - P (a red marble if the first one is nor put back into the bag) i

A marble is drawn at random from a bag which contains eight red, five
white and seven blue matbles.  Find: X
a. P (ared marble) b. P (a white marble)
c. - P (a blue marble) d. P (norared marble) ‘
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If in Question 3, a blue marble is drawn, and a second draw is m :
a, P (a white marble if the blue one is put back into the bag)

b. P (a white marble if the blue one is not put back into the bag)
¢. P (ablue marble if the first one is put back into the bag)

d. P (ablue marble if the first one is nof put back into the bag)

. Find the probability that a day of the week drawn at random will;

a. start with the letter § b start with the letter W
c. start with the letters Wor T d. not start with the letters Wor T
e. end with‘ the letter Y . f. not end with the letter Y

Find the probability that a month of the year drawn at random will:
a. have more than 30 days b.  have less than 30 days
¢ start with the letter M d. end withthe letter Y
&, start with the letter ] and end with the letter Y
£ start with the letter ] or end with the letter Y
(Note: “or” includes both, e.g. January)

Find the probability that a number drawn at random from

[1;2,3,4,5,6,7, 8, 9] will-be:

a. even b. odd

¢. either even orodd d.  neithereven nor odd

e, amultiple of 3 f. - afactorof 4

g.amultiple of 3 and a factor of 3

h.  a multiple of 3 or a factor of 6

Find the probability that a card drawn at random from a pack of 52 cards is:
a. anace b. aheart

¢. - the ace of clubs d. anace oraheart

e.  neither an ace nor a club f. ~an ace but not-a spade

g. a spade but not an ace

Find the probability that a card drawn at random from a pack of 52 cards is:
a ted card

a picture card (does not include aces)

a red picture card

4 red card or a picture card

neither a red card nor a black card

a red card but nor a picture card

a picture card but nor a red card

e oo one

e

10. A jar contains three blue marbles and two white marbles.

a . One marble is randomly withdrawn and its colour noted.
i, Write down the sample space of outcomes for this experiment.
ii, By using your answer to i. find the probabﬂlty of w1thdraw1ng a
white marble.
iil. What is the probability of withdrawing a blue marble?
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b.  One marble is randomly withdrawn and its colour noted. Tt is replaced

and another is randomly withdrawn with its colour being noted.

i. Write down the sample space of outcomes for this experiment.

. Use your answer to i. to find the probability of both marbles being
blue,

iii. Find the probability of getting blue on the first marble and white on
the second.

iv. Find the probability of getting a blue and a white marble in the two
draws, not necessarily in that order.

One marble is randomly withdrawn with its colour being noted.

Without replacing this marble another is withdrawn and the colour is

noted.

i.« ‘Write down the sample space for this experiment,

ii. Find the probability of drawing two white marbles.

iii. Find the probability of drawing a blue and a white in that order.

iv. Find the probability of drawing at least one white.,

v. - Find the probability of drawing a blue on the second draw.

L1.:A box contains two blue balls, two red balls and one white ball.

a.

One ball is randomly withdrawn and its colour noted.

i, Write down the sample space of outcomes for this experiment; o

ii.. By using your answer to i, find the probability of withdrawing the
white ball.

iii. What is the probability of not drawing a red ball? o

One ball is randomly withdrawn and its colour noted. Tt is replaced and

another one is randomly withdrawn and its colour noted.

1. Write down the sample space of outcomes for this experiment.

ii. - Use your answer to i. to find the probability of getting two blue
balls.

Hi. Find the probability of getting no blue balls;

iv. Find the probability of drawing a red ball on the second draw.

One ball is randomly withdrawn and its colour noted. Without

replacing this ball another is withdrawn, and its colour noted,

i. - Write down the sample space for this experiment.

ii. - Find the probability of withdrawing blue then red in that order.

iii. Find the probability of withdrawing two balls of the same colour.

iv. Find the probability of getting the white ball in one of the two
draws:

v. Find the probability of not drawing the white ball.

12. In a room there are four men and two womeit.

a.

One person is randomly withdrawn and the sex of the person noted.

i~ Write down the sample space of outcomes for this experiment.

1i. - By using your answer to i: find the probability of a woman being
withdrawn.

iii. What is the probability of not withdrawing a man?
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b.  One person is randomly withdrawn. The person returns and anotheris
randomly withdrawn. _
i. . Find the probability of getting two:people of a different sex.
ii. - Find the probability of getting at least one man., :
iii. - Find the probability-of the first person leaving being male.

¢."-One person is randomly withdrawn and the person’s sex is {10ted.
Without the person returning another is withdrawn, _and their sex noted.
i. . Find the probability of more than one man leaving.
ii. Find the probability of no women leaving. ,
iii. “Find the probability of the second person who-leavés being a

woman. _

iv;- Find the probability of both people leaving being women.

Probability Trees

The process of writing out sample spaces as in the previous two examples always
works, but can become almost impossible when the sample spaces become too

large.

In such circumstances, probability problems are tacklgd by construction of a .
probability tree. A probability tree follows an experiment or process through its
various stages with probabilities being calculated at each stage.

Example H: A jar contains three red balls and two green balls. One ball is
withdrawn and then another, without the first one being replaced.
a. Find the probability that both balls are red. .

b. Find the probability that the balls are different in colour.

>
= 2
Solution: The probability tree for withdrawing S/ RN G
one ball then another without replacing the firstis:  Start R
SN 3
s G

<G
It is drawn as follows: 7

In the first withdrawal there is a % chance of removing a
red ball and a —i— chance of removing a green ball.

Start <

If a red ball had been removed initially there would be
two reds and two greens in the jar, leaving in the second

P withdrawal a i— chance of removing a red ball and a %
chance of removing a green ball.
Similarly, if a green ball had been removed initiglly,. there
N are now three reds and one green in the jar, leaving in the

second withdrawal a Z— chance of removing a red ball and
a % chance of removing a green ball.

3
gR
2>G

5

2

_F

R
XG
"
= _~R
G |
7
G
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To complete the problem, some simple calculations are done.

2 .
= R Exercise 39¢ carchesa.
a. The probability of two red balls is found by . . " fish
multiplying all fractions on the branches: S y R /catgisﬁs a ol
tart 0€s o
1.
The probability of two red balls = P(R, R) Start catch a fish
=32 \ catqhes a
53 ¢ does not / fish
10 catch-a fish
does not
b. Different coloured balls on each draw means either a red followed by catch afish
a green ball or a green followed by a red ball. The probability of The above tree diagram describes the possible outcomes for a person who goes
‘different coloured balls on each draw’ = P(R, G) + P(G, R) fishing two days in a row.
=2x2.2,3 R a. If the probability of catching a fish is always 5 L whenever they go
_1n \ fishing, what is the probability that:
=% Start / GR i. they don’t catch a fish on either day.
= % G/ ii. they are successful on the first day and not the second day.
iii. ‘they cateh-a fish on at least one day.
Note: b. Answer the same questioil as for (a) with the following changes. The
a. (R, G) and (G, R) are different events and should not be confused. probability of success is = on the first day. If they are successful on the
b. The sum of probabilities for each set of branches from a point is 1. first day their chance of success on the second day is 5. If they are
3R unsucceslsful on the first day their chance for success on the second day
P sinks to .
e.g. Start < %+ %: 1 4
2
5 G 2. Abox contains equal numbers of 10 cent and 5 cent pieces. A coin is

Example I: A bag contains twelve black cards and ten white cards. A card gand]());r;g réigg?;egrxr?o;h&zox and replaced., T is Bone Gmee Givies,

is withdrawn and then replaced and another withdrawn. Find the probabilit
y;
using a probability tree, that both cards are the same colour. A }Jse\);;%l{;??ig: ;:g;agﬁ,gi‘}jzeiﬁigﬁﬁx?% cent pieces?

Solution: The probability tree is: % B il. - Whatis the prol;ablhty of two 5 .cent pieces and one 10 cent piece in
3 B 3 %th{eegrawsg bility of getti 1 5 iece?
P (two cards th 22 22 iii: at is the probability of geiting at least one 5 cent piece?
( © same) Start _1_2\ w iv. What is the probability of getting a 10 cent piece on each of the last
= P(B,B) + P(W,W) ™~ W B o o
12 10, 10 2 2 v. What is the probability of not getting three 5 cent pieces?
22X22+22X22 VW P ¥ gee P
= % 3. Alazy 6th former has a three question test which he has not studied for. Each
_ 61 answer is either true or false:. He guesses the answer for each question.
T121 a.- Draw a tree diagram for this.
) b. ‘Use your answer to a. to answer the following:
Note: In the second stage (right) })ranches, the probabilities of getting a i. What is the probability that he got all three questions right?
black or a white card remain the same because the original card ii. What is the probability that he got all the questions wrong?
withdrawn was replaced. iii. What is the probability, if the correct answers wete T, F, F, that be
got the last two right?

iv. What is the probability that he will fail the test if a fail is less than
half right?
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4. Atourist travels to a tropical country. There are two types of mosquito in

this country, type A and type B. Type A is twice as common as type B. The
tourist gets bitten twice in one night. o
‘a. What is the probability that she was bitten by type A on each occasion?
b.  What is the probability that type B bit her first?

¢. What is the probability that she was bitten at least once by type B?
d. . ‘What is the probability that she was bitten by type A first?

5. A box contains twelve blue marbles, ten red marbles and five white marbles
A marble is withdrawn, and without replacing it another is withdrawn.
What is the probability that at least onie of the marbles was white?
What is the probability that both marbles were blue?
What is the probability that the marbles did not include a red one?
What is the probability that at least.one of the marbles was blue?
What is the probability that the second marble withdrawn was blue?

O om0 o

6. A box contains thirty red cards, twenty: blue cards and ten-white cards. Two
are withdrawn, one after the other without replacement.

om0 g

7. People are waiting at a bus stop in a line. Two are French, one is German,

and the other is an Arab;

What s the probability that the first card withdrawn is blue?
‘What is the probability that a white card is not withdrawn?
What is the probability that the second card withdrawn is red?
‘What is the probability that a white and red are withdrawn?
Whit is the probability that both cards are red?

a.  What is the probability that the first person to get on the bus is Arablan? !
b.- What is the probability that the second person to get on-the bus is French?.

¢.  What is the probability that neither of the first two people to get onthe =

bus is French?

d. ‘What is the probability that the Gérman is among the last two people to

get on the bus?

e.‘What is the probability that the first three people to get on the bus are
French; Arabian and German, not necessarily in that order?

Mutually Exclusive Events

Two events, E, and E,, are mutually exclusive if it is impossible for them to

happen together.

Example J:

a. The two events ‘Shane has blond hair’ and ‘Shane is bald’ are mutually

exclusive.

b. A coin is tossed twice. E, is the event ‘First throw is heads’, and E, is the

event ‘First throw is tails’. E and E, are mutually exclusive.
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If A and B are mutually exclusive events then the probability of either of them
happening is the sum of their probabilities.

Example K: The probability of a person not have a driving license is 0.23.
The probability of a person being a registered taxi driver is 0.003. What is the
probability of a randomly selected person being either a taxi driver or not
having a driving license?

Solution: Quite clearly someone cannot be a registered taxi driver and not
have a license at the same time. The two events are mutually exclusive,
ie: they cannot happen together.

. probability of either of them occurring is their sum which is 0.233.

Generally, if A and B are mutually exclusive events, then A and B have no
common elements; their intersection is the empty set, AnB = g.

If A and B are mutually exclusive:
a. The probability of A and B occurring is zero. i.e. P(ANB) =0.
b. The probability of A or B occurring is the probability of A plus the probability

of B. i.e. PCAUB) = P(A) + P(B). S
A B
The Venn diagram illustrates the situation which
occurs when two events, A and B, are mutually e
exclusive. Note that they have no part of the
sample space in common. f o

In this case, A= {a, b, c}, B ={d, e} and S, the sample space, = {a,b,c,d, e, f, g}.
Complementary Events

Two events are complementary if:
a. they are mutually exclusive, and
b. every possible outcome of a trial belongs in one of the events.

In other words joining the two events gives the sample space.

Example L: Suppose a person is being selected at random from a list of
names. If M = ‘person selected is male’

F = ‘person selected is female’

then quite clearly M and F are complementary events.

If A and B are complementary events:

i. P(AUB) =1. This is because AUB is the sample space and the probability of
an outcome being in the sample space is 1.

ii. P(A) + P(B) = 1. This follows because A and B are mutually exclusive.
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iii. If A and B are complementary events B is often given the symbol A”. This
follows the similar notation used in set theory for the complement of a
set. Similarly, A could be given the symbol B".

A’, the complement of A, is the event “A does not happen”.

The following Venn diagram illustrates two complementary events, A and B.

S=1{a,b,c,d,e,f, g} S

= {a7 b’ C’d}

B=A"={e,f, g}

Exercise 39d

1. A survey about unemployment was taken from the voters in a subutb. The
results are shown below, ‘

l ; Party X | Party Y | Party Z

Employed 47 53 21

Unemployed 13 7 19

How may of the voters from Party Y are employed?
How many of the unemployed prefer Party X?
What is the total number of people surveyed?
What is the number of people surveyed who are employed?
‘What is the probability a randomly selected person is employed?
What is the probability a randomly selected person prefers Party Y?
What is the probability a randomly selected voter prefers Party Z7 :
What is the probability a randomly selected voter is unemployed? ; .
What is the probability a randomly selected voter prefers Party Z and is . |
employed? o
j.  What is the probability a randomly selected voter is employed or prefers
Party Y? '
k. :Explain why ‘preferring Party X' and ‘preferring Party Y are mutually
exclusive.
1. ‘Explain why ‘preferring Party Z’ and ‘being unemployed’ are not mutually‘r
exclusive.
. What event is complementary to ‘being employed’?
What event is complementary to “belonging to Party X or Y*?
What event is complementary to ‘belonging to Party X’?
What is the probability a person is either ‘employed and prefers Party X°
or ‘unemployed and prefers Party Y'?

TLE o oa 0 g

= o83
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2. A coin is flipped twice. Write down which of the following palrs k‘ eve
mutually exclusive. .
a. (Head on first throw), (tail on second throw)
b, (Head on first throw), (tail on first throw) o ;
¢. - (Head on first throw, tail on second), (tail on first throw, head on second)

d. (Head on first throw), (head on second throw)

3. The probability of a randomly selected person being a bald male is 0.025. The
probability of a randomly selected person being a bald female is 0.0037.
a.  Whatis the probability a randomly selected person is not a bald male?
b. What is the probability a randomly selected person is bald?
¢. . What is the probability a randomly selected person is not bald?
d. . What is the probability that if you selected two people randomly they
-~ would both be bald‘?

4.7 An experiment has the sample space {1 2,3,4,5,6,7,8} of equally likely
outcomes. ‘Write down the events which are complementary to;:
a. 1,2} b. [3,4,5}
c. ‘{factorsof 64 lessthan 11}~ d {multiples of 3 less than 9}
e 1,2,3,4,5,6,7,8}

500 E=112VE=12,31E.= {4,506} E,={1,4,5,6,7,8}
E, ={1,2,3,7, 8] are events from the sample space {1,2,3,4,5,6,7, 8}
a.  Which pairs of events are mutually exclusive?
b Which pairs of events are complementary?
c. .- Work out the following probabilities, where all outcomes are
equiprobable:
i. P(E) ii. PE) iii. P(E)
iv. P(E) v. P(E) vi. P(E.UE,)
vii. . P(E,UE) viii. P(E,NE,) ix.PENE)
x. PE") xi. P(E,") xii. P(E,VE,))
Xii, P(El "UE;") xiv. P(E,NE,") xv. PUEVE)NE)

6. Use the Venn diagram to work out the followmg, given that each outcome is

equally likely:

a. P(AUB)

b. P(A) + P(B) = P(AB)

¢ P(BLC)

d. P(B)+P(C)-P(BNC)

e, PAUC)

. P(A) + PC) - P(AO)

g. - Generalise any observation you might have made in a.tof. to any pair of

events E:and F by writing down an expression equal in value to P(EUF).
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7. A,B, Care mutually exclusive events: P(A)=3 P(B)=1 PC)=1
a.. Work out the following probabilities: '
i PA) ii, P(AUB) iii. P(B)
iv. P(AUC) v. P(AmB) vi. P(AUC)
vii. P(ANC) viii. P(C) ix. P(C'nA)

x.  P(B'mQO)

b. What is the smallest possible number of elements in the sample space? |

¢.  Why are A and B not complementary events?
Independent Events

Two events, A and B, are independent if the outcome of one has absolutely no
effect on the outcome of the other.

Example M:
a. Suppose a dice is being rolled and a coin is tossed. If A is ‘a number less

than 3 occurs’ and B is ‘heads’, then A and B are completely independent.

b. Joe lives in the USA; Joan lives in the UK; neither knows the other.
E is the event: ‘Joe eats cornflakes on July 14’
F is the event: ‘Joan eats muesli on July 14°.
E and F are obviously independent events except in the most contrived
circumstances.

An important property of independent events is that the probability of their both
occurring is the product of their probabilities.

Example N: A is the event that a number less than 3 occurs on the first roll
of adice. B is the event that a number greater than 3 occurs on the second
roll of a dice. Find the probability that both A and B occur if a dice is rolled
twice.

Solution: P(A) = % P(B) =%

A and B are independent. The event of a number less than 3 occurring on the
first roll will have absolutely no effect on whether a number greater than 3
occurs on the second roll.

.. probability of both A and B occurring is % X % = %

[ The probability of both A and B occurring is often written P(ANB)]

Note: Take care not to confuse ‘mutually exclusive events’ and ‘independent
events’. They are two fotally different concepts.
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Exercise 39e

1.

A bag contains 2 blue balls and 3 red balls; A ball is removed, its colour noted
then replaced. This is repeated once. Which of the following events are
INDEPENDENT?

a. . (First ball is blue), (second is-red)

b. (First ball is blue), (second is blue)

¢.. (First ball is blue), (first ball is red)

d.  (First ball is blue, second is red), (second ball is blue)

e. - (First ball is blue, second is red), (second ball is red)

. Answer the questions from (1) if the first ball removed is not replaced.

. For each of the following pairs of events write down a Situation in which they

would be independent and a situation when they would not be independent,

4. James is tall, Dean is short

b. Sally is happy, Samuel is sad

¢. The dog wags his tail; Dave has a bone

d. - Susan passes her exam, Sarah passes herexam

e. . It rains on Saturday, it rains on Sunday

a. I you select a-random 2 digit number, which of the following pairs of

events are independent?
L - Firstdigit less than 3, second digit greater than 7
1i; ~First digit is prime, second digit is prime
iii.” First digit is less than 4, sum of digitsiis 7
iv.- First digit is a factor of the second, second digit is greater than 5
b. . For each pair of events which are independent find the probability of both
occurring.

. The probability of event A is 0.6. The probability of event B is 0:43. The

probability of events A and B occurring is 0:37. Explain why A and B are not
independent.

A jar contains two black marbles and three red marbles. ‘A marble is removed
and its colour noted. It is then replaced and this is repeated.

E, is the event “First marble is black”

E, is the event “Second marble is black”

E, is the event “First marble is red”

E, is the event “Second marble is red”

E.is the event “First marble is black, second marble is red”

a. - From the above events, list those which are mutually exclusive,
c¢omplementary or independent.
b. - Write out e¢ach of the following events in. words:
LB/ it B’ iii. - ENE”
iv.E,/nE," v. - E/S
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¢ Evahxate the following probabilities:

i PE) il PE) L PE,)

iv. P(E) v. PE) vi. P(E,UE,)
vii. P(ENE) viii. P(E,UE) ix. P(ENE)
x. PEAME) xi. PEVE)  xii P(E,NE))
xiii. P(E,VE,) xiv. P(E,UE)) xv. P(E"H
xvi. P(E nE)) xvii. P(E, nE,) xviii. P(EUE,)
_Xix. P(E,nE)) xx. P(E,E,) :

Problems and Investigations

Investigate the election of a sub-committee of three people from a group of
eight consisting of four married couples. What will be the probabilities of:
1. A married couple on the sub-committee

2. Three people of the same sex on the committee

3. Three people not related to each other on the sub-committee
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40. CONDITIONAL PROBABILITY

Achievement Objectives
On completion of this chapter, students should be able, at:

LEVEL 6 STATISTICS

* 10 use probability trees to calculate conditional probabilities

Intfroduction

Suppose you were to ask a person what the chance would be of getting someone
with grey hair if you picked them randomly from the population as a whole. The
chances suggested would probably vary between 5% and 20% as most people
appreciate that only a small minority of the population has grey hair. However,
what if you asked the probability of picking someone with grey hair if you restrict
yourself to those over 60 years of age? Then the answer would be quite high,
probably 80% to 95%.

This is a good example of the idea of conditional probability, where you alter the
probability by restricting your sampling to a subset of the original population.

Example A: Assume that 15% of the population is over 60. Assume that
80% of those over 60 have grey hair. Assume that 5% of those under 60 have
grey hair. Represent this on a tree diagram.

Solution: Let the event ‘someone is over 60’ be represented by 60*. The
complementary event is ‘someone is less than 60°. Represent this by 60~. Let
the event ‘has grey hair’ be G. The complementary event is G' read as ‘does
not have grey hair’. The tree appears below.

o
\

0.15 -~ 60*

> 03~ G'

/

095~G'

In the following, consider those parts of this tree selected and framed.
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This says the probability of ‘someone having grey hair if they are 60 or more’
is 0.8.

08 G
0.15 60*/
\

0.2 G'

\SG'

This says the probability of ‘someone being under 60’ is 0.85.
\

C.

This says the probability of a randomly selected person ‘being 60 or more and
not having grey hair’is 0.15 x 0.2 = 0.03.

Exercise 40a

0.05 has one or more
has vehicle breakdowns per year
serviced

07 regularly
e , : does nothave a
L 0.95 breakdown -

'  has one or more
03 does not have / breakdowns Pet year
vehicle serviced ‘
~ regularly ; ' S

o 0.4 > does not have a

, ~ L breakdown
_This tree shows the results of arecent survey of users ofa certam type of car"
'Answer the following questmns ~ ~

Symbol for Conditional Probablllty 341

1. What is the probability someone with this sort of car does not have thelr car
serviced regularly?

2. What is the probability someone with this sort of car does not have a
breakdown during the year if they have the vehicle serviced regularly?

3. ‘What is the probability someone with this sort of car has one or more
breakdowns during the year if they do not have their car serviced regularly?

4. What is the probability someone with this sort of car has their vehicle
serviced regularly and has had one or more breakdowns during the year?

04

/ B \\E"
03 %55
N\ osp

Ay

5. Copy this tree diagram and put on the six missing pieces of information
referring to this diagram.

6. What is the probability of D' occurring if A' has occurred?

7. ‘Whatis the probability of E occurring if A and B have occurred?

8. What is the probability of A’ and D both occurring?

9. 'What'is the probability of A, B, and E' all oceurring?

10. 1n a school all students study maths and physics. The probability of a student
passing the maths exam is 0.7.- If a student passes the maths exam the
probability of passing the physics exam is 0.8.If a student fails the maths
exam the probability of passing the physics exam is 0.1.

a. Draw a probability tree showing this information.
b. .. What is the probability a randomly selected student passes physics?

Symbol for Conditional Probability

The symbolic way of writing the probability that B occurs if A has occurred is
P (B | A).
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Formula for Conditional Probability

343

Exampie B: 0.1 smokes
eats brown /

0.6 bread
/ (% does not smoke

0.3~ smokes
ok does not eat /

brown bread\

This tree shows the results of a survey of young people in a town. The
probability that such a person smokes if they eat brown bread is 0.1.
Symbolically this would be written P (smokes | eats brown bread) = 0.1

does not smoke

Exércise 40b

. 9/1/owns a'stereo
0.9 -ownsaTV \
/ does not own a stereo

\ e 0.6 owns a stereo .

atlVv
\does not own a stéreo

Questions 1-5 refer to the above diagram. Find the following:

P(owns astereo lownsa TV)
P (does not own a stereo | does not own a TV)
P(ownsaTV)
PlownsaTV and does not own a stereo)
P(ownsa stereo and does not own aTV)

e e e

A survey of comput'er o,wnership among pupils at a school revealed the followin,

: Apple Acom| PC . Other | Total

~ 3
', 40  30

6. Copy and complete the table

Usmg this table calculate the followmg based on a randomly selected comput

owner from this school.

7. Probability of owmng anApple Computer.
8 Pmbabﬂlty of owning a PCifa senior.

9. p {Acorn | Junior)

10. P (Junior | Other)

Formula for Conditional Probability

An important‘ relationship: Oy drinks coffee
drinks tea

0.7
/ 0.2™ does not drink coffee

0.6~ drinks coffee
Ox does not /

drink tea
0.4 ™ does not drink coffee

Consider the above diagram. The probability of someone drinking tea and

drinking coffee is 0.7 x 0.8. This is found by multiplying along the path that links

‘drinks tea’ with ‘drinks coffee’.

Thus: P (Drinks tea and drinks coffee) = 0.56
P (Drinks tea M drinks coffee) = 0.56
P (Drinks tea) x P (drinks coffee | drinks tea) = 0.7 X 0.8 = 0.56

P (Drinks tea) X P (drinks coffee | drinks tea) = P (drinks tea M drinks coffee)

This can be generalised to any pair of events by the important relationships;

PANnB)=PB)P(A|B)

which is equivalent to;

P@AIB)= TROB

Example C: Referring to the ‘tea and coffee’ probability tree find the
following (note: ‘someone’ refers to a randomly chosen person).

i. Probability that someone does not drink coffee if they drink tea.
ii. P (drinks coffee | does not drink tea).

iii. Probability someone does not drink tea and does not drink coffee.

iv. P (drinks tea M does not drink coffee).

v. Probability someone drinks coffee.

vi. Probability someone drinks tea if they drink coffee.
vii. P (does not drink tea | does not drink coffee)

Solution: From the diagram:

i. Probability that someone does not drink coffee if they drink tea is 0.2.

ii. P (drinks coffee | does not drink tea) = 0.6.
iii. Probability someone does not drink tea and does not drink
coffee = 0.3 x0.4 =0.12.
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Problems and Investigations

Conditional Probability

iv. P (drinks tea m does not drink coffee) = 0.7 X 0.2 = 0.14

v. Probability someone drinks coffee is calculated by multiplying the

vi. P (drinks tea | drinks coffee)

P (drinks tea and drinks coffee) :
= P (drinks coffee) :
_ 0.70><740.8 [from part v]
_56
=74
vii. P (does not drink tea | does not drink coffee) &
P (does not drink tea M does not drink coffee) b.
= : c.

= O]' 3352:‘ [complementary events]
12 SRR
=026 Problems and Investigations
_ 12
Il 1. /5/(3 Find: a P(C)
Exercise 40c¢ . b. PBIO
8 Female (F ‘
Japanese/ s / \B'/s/c ¢ PAULCIB)
0.8 car
/ @) 02> Male (M) g ,
‘ 06 7
\ , \ B \O\\C‘
02 non 0.1 Female (F) 04 c
,Japanese/ ‘ \\B' ﬁ
&5 09 Male (M) e

Questions 1-6 refer to the above diagram which arose from a survey of car

probabilities along all the routes that lead to coffee then adding them. ]E;
.. P (someone drinks coffee)

=0.7x0.8+03x0.6

=0.74

P (does not drink coffee)

8. The probability of owning an encyclopedia if you own a dictib’nétty?
The probability of owning a dictionary is 0.93.

Find the probability of owning a dictionary and an encyclopedza
If the probability of owning an encyclopedia is 0.36 find the probabxhty
of owning a dictionary if you own an encyclopedia.

9. The probability of studying maths if you study chemistry is 0.85. The
probability of studying chemistry is 0.60.
-Find the probability of studying chemistry and maths.

If the probability of studying maths is 0.88 find the probability of
studying chemistry if you study maths.

10. The probability of playing soccer and cricket is 0.32. The probability of
playing soccer and not playing cricket is 0.13.

What is the probability of playing soccer?

What is the probability of playing cricket if you play soccer?

If the probability of not playing cricket is 0. 31 what is the probability of
playmg soccer if you play cricket?

ownership.

Calculate:

. PEILDL 2. PMILI 32 PdnB 4. - P(M)
5. PUJIM) 6. PUIE)

7. The probability of being left-handed and playing hockey is 0.005. The
probability of playing hockey is 0.1. What is the probability of being left- .
handed if you play hockey? ‘

2.. A, B, C, D compete in a knockout tournament. To win the tournament A mﬁsﬁ
first defeat B and then defeat the winner of the match betweenCandD.
Ahas probablhues of = 3 5 and of defeatmg B, C and D respectwely, wh >
C has - chance of beatmg D. '
a
b,
. Bandif Adid not win the toumament, what is the pl‘()bablht

ﬁD in the fu'st round? . ,

If A has already defeated B but does not know the outcome of the n
between C and D, what is the probability A will win the mum nen
If no assumption is made about the outcome of the match
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41. RANDOM NUMBERS AND
SIMULATIONS

Achievement Objectives
On completion of this chapter, students should be able, at:

LEVEL 7 STATISTICS

* to simulate situations using dice or random number generators to
calculate probabilities of outcomes

Random Numbers

These are sequences of numbers where each digit in every number has been
selected randomly from {0, 1, 2, 3, ..., 8, 9}. This means that every digit is
completely independent in the statistical sense from its predecessors and
successors. The numbers in random number tables are genuinely random. Some
random number generators on calculators and computers are pseudo-random in
that the same set of numbers is generated repeatedly. This is usually a very large
set so that no problem should arise.

Example A: Random digits are being produced by a computer.
i. What is the probability the next digit will be either 1, 2, 3.

Solution: 0.3 [as there are ten possible outcomes namely 0, 1, 2, ..., 9]

ii. If the last seven digits have been 9’s what is the probability that the next
digit will be a 9?7

Solution: 0.1 [Even though the last seven digits have been 9’s there is still
only a 1 in 10 chance the next digit will be a 9 (unless there is something
wrong with the computer).]

iii. Trios of the randomly generated digits are being produced. What is the
probability the first and third digits in a trio are less than 4 and the middle
digit is bigger than 37

Solution: Types of trios which would be acceptable are 152, 340, 091, ... .
Types which would not be acceptable are 876, 112, 903, ... .
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If you are unable to calculate this using probability theory you could get a pretty
close estimate by writing down one hundred trios and counting those trios which
are acceptable. Using probability theory we note the following:

The probability of a digit being less than 4 is 0.4.
The probability of a digit being greater than 3 is 0.6.

As the individual digits of these trios are independent the probability of (1st less
than 4), (2nd greater than 3), (3rd less than 4) is 0.4 X 0.6 x 0.4 = 0.096.
[Probabilities are multiplied as the three events are independent.]

Note: if you have attempted to solve this problem by counting the number of
satisfactory trios out of a large set you would have probably found that your
probability would have been close to 0.1.

Exercise 41a

Students can attempt these problems in two different ways: .
i. by creating a large set of the type of random numbers specified then
counting those that meet the criteria; ~
L by use of probability theory from the previous chapter.

1. Three digit numbers are randomly generated using the digits 0, 1 and 2 Flnd
the following: ~
The probability of gettmg all three digits bemg 0.
_ The probability of getting exactly two Is.
- The probability of getting at least one 1 among the three digits
_ The probability of getting a sum of four with the three digits:
The probability of the number being even.
* The probability of the number being divisible by three.
 The probability of the number being divisible by ten.
The probability of the last digit being a 3. '
The probability of having less than three 1s. .
_The probability of the last digit being a 2 if the previous two digits Were
npot,. o

'!—’-‘-.:‘qc moap g

2. ,Random numbers with two chglts are bemg used Onei is p1cked at randmn
(OO 0L, . 99 are possible.) ~ e ~
What is the probability that it finishes with a zero?
~ What is the probability that both digits are less than fcur‘7
What is the probability that the sum of both digits i is 12‘? :
~ What is the probability that both digits are even? ,
, What is the probabﬂlty that the ﬁrst digit is 1ess than the sacond,

@99#9
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3. Single digits are being generated randomly,

. What is the probability that the first two digits are both 1?

What is the probability the first two digits are from the set 0 and 17
If the first three digits are 3, what is the probability that the next digitisa 3‘7
If the first four digits are all nines, what is the probability that the next
three are fours?

¢, . What is the probability that all three of the first digits are different?

eo g

Simulating Events using Random Numbers

It is possible to get a good estimate of success or failure of a particular course of
action by constructing a mathematical model of what is proposed and finding out
how often satisfactory outcomes occur.

In a major war during the 1970s one side decided to quit the conflict because
analysts created a mathematical model with computers of the conflict which
demonstrated that no matter what course of action was taken, victory was
impossible.

Example B: A group of five people come into a bank. They enter randomly
and are unknown to each other. What is the probability that exactly two are
males?

Solution: Although this can be done using the methods of the previous .
chapter these are somewhat untidy. A good estimate can be found using
random number simulations.

M F M M F M F F F F F M F M M
F F F F F M F M F F F M M F M
F M F F M F F M F M F M F M M
M M F F F M F F M F F F F M M
M F F F M F M F M M M F F F F
F F M F F M M MMM M F MMM
M F F M F M F F M F F M F M F
F F M M F F F F F F F F M M M
M M F M F F M M F M F M F F F
F F M M M F M F F F M F M M M
F M F F M F F M F M F F M F M
M F M F M F M F F F F F M M F
F M F F M F F F M M M M F MM
F M F F F M M F F F F F F M M
F F M M F F F F F F M M F M M
M MMV F M F M F F F M M MM F
M M F M F F M F F F M M F MM
M F F M F F M F F M F F F M F
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™=

ZTmEZTTMEHMEMEE MM T ML VXL TIXZZE T
ZETMETMTWMULELEMETX UL TITMUZIMZEZL
TTMZZTZRETUMELML T ML MR MI M ME TN
mEZMHMEMEE MM UZELLTEIITIITETE
ZgmggmAMAA MMM MLLLLTTEETE T
ZZZMEETTEEMLELKEKXMIITLIZLTTE
g"11"11"1'1"1'1“ﬂzgz"ﬂ'ﬂzzz"ﬂ'ﬂg"ﬂ“ﬂz"ﬂﬁﬂmgz
ZTMZETWEEEM WML M I BT I M U MZ T
2T ETETUEEEKETTITTETELTLTUTZL
MZZXXXELELEETTITILEIRTITERZRZ
TETETWEMMMLLLLTTELTE TR T T UTE
METHMEME MWLM MM TLLLLL T T TEEZE
TNZETWUMUELL T ML MIL I TE TELR

g"ﬂ"ﬂZ"ﬂg'ﬂ'ﬂ"ﬂZ"ﬂﬂﬂﬂﬂ"ﬂ“ﬂ"ﬂggg"ng"ﬂzzm
z"ﬂ"ﬂ’ﬂgg"ﬂ'ﬂ"rjgg’T}"rj"ﬂg'l'JZ'ﬂ’n’ﬂg"l‘l"l'J"ﬂ"l'J"l'ig

Let males be represented by odd digits and females by even digits. By use of
the ‘random number function’ and the ‘if function’ on most good spreadsheets
it is quite easy to generate a very large set of five groups of letters where each
is either M or F. Such a printout is shown here. By selecting 100 groups and
counting those which have two ‘M’s’ it will be seen that the probability is
about 30%.

Using Programmable Calculators to Generate a
Random Patterns of Letters

Students who possess a programmable calculator can easily generate a random
pattern of letters.
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Example C: Returning to the bank problem of example B, a student with a
programmable calculator such as an fx-7700GB can easily generate a group of
5 random letters from the set {M, F} by pressing the [EXE] key five times
after entering the following program:

Lb/1:Int(10xRan#) > x:x25=> goto2:“M” dgoto1:Lbl2:“F”
goto 1

Owners of other brands may need to check their owner’s manual in order to
write an equivalent program.

Exercise 41b

[Give all answers to one significant figure.] '

1. In the bank just mentioned, what is the probability that a group of ﬁve wﬂl
contain exactly one male?

2. People are selected for an interview for a job in the following way. They gue
five digits. They will be interviewed if they have two digits which are grea

_ than or equal to 8 and no digit i is less than 3. What percentage go forward
an interview? ‘

3. Competitors have to overcomie at least five out of ten obstacles. The obstac
_ are extremely difficult and any competitor has only a 25% chance of
overcoming any one of them. What percentage of competitors will fail the
compeﬂtmn" ~

Further Simulations

In the preceding example and exercise we were sampling from populations in
which each distinct type in the population was equally distributed. The following

example shows how we can create simulations where each type in the population is

not equally distributed.

Example D: A factory employs 30% of its workers from a certain ethnic
group. Find the probability a group of six workers will contain exactly three
of this ethnic group.

COCO0O0
cCO0O00
oomoo
moQooH
OCO0Q000
ooomo
ocomoOoO
[eleXeoloXe)
ommom
ommooO
mOoOOoOOO
comooO

o rnmomfnooooommooommoomoooooomoo
mEooOoOoOmOIEEQOOOOO00000O00O0OmOmMOOOOO
QooOmmOOoOTmOOoOOCHEHHOEHIEIHOOOOO0Q00O0O000
COooOoIMEIOEHEHQOOOEHIOmEHOOOHTmOMOOOQOO
OOOFﬂOmOOOOmmOmOOOmmmmOOOQmOOmO
ocQoomQOoOoCoooooOmImOoOOoOoOmMOoOmOmMmMOOOmMOmMO
OmOoOoQ0Oo0ooOoOmOTMOOOHOTOOOOMOOMImITQOO
mommmHOoOOmMOOOoOoOOoOHEOOOOOOOOOOOHOOO
mOoomOoOoOOmOOHIHmOOOOmMQOOCOO0OOmMOOOOO
oomoooCoCmQOQOOooomOomHmomomooomoOomoOood
oNuvEelvieoNolviviviololuiololvivivieoNolulolvivioleolululsRoNel
OQmHOEHQOQOHOQOQOOOOOOHOOOHMOOOOMOOOOO

Solution: Again, by use of a spreadsheet with ‘random number’ and ‘if’
functions a large set of groups of six containing the letters ‘E’ for ‘Ethnic
group’ and ‘O’ for ‘Others’ can be generated in the right proportion. It will
be found that about 20% of such groups have exactly 3 from ethnic group E.

Exercise 41¢

1. In the same factory as example C what is the probability we have 3 or more
ethnic workers in a group of 67 o

2. Forty percent of a farmer’s sheep are black. Find the probability that if four
randomly selected sheep are shorn then two or more will be black.

3. Describe in words how you would try to simulate each of the following using
random numbers, dice, etc.
a. You are required to find out about groups of five people and the numbers
of left-handed people in these groups. Assume that 10% of the population
is left-handed.
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; : , 4. The game of noughts and crosses’ is played by players altematf y«'pla ng
> Yaul:me r‘eqatltire 410 find mIl: o bow gmgli; otfzf";\; p?cgzle ind Ithff numbelx; O’s and X’s in empty spaces in a rectangular 3 x 3 grid. The game terminates
b i i s e when one player has a full horizontal, vertical or diagonal line of hisor her
¢. Youare reQuired to find out about groups of five people and the number wymbal % fon
smokers in these groups, given that 23% of the population is assumed to X0 .___lo x
smoke. Xto X110
X 0
Note: How to create a set of letters, each being B or R, with 80% of the -
population from which they are sampled being B and 20% R. Using a Macintosh Investigate these problems:
computer and the spreadsheet Excel: a.  Suppose a computer alternately places X and O in empty spaces
randomly until all nine have an X or Q in them: The computer always
i. Enter ‘B’ in cell Al. . begins with X.
ii. Enter ‘R’ in cell A2, L.~ What is the probability that there isa ‘winning line’ of X’s?
iil. Select a large group of cells below A2, ie. A3 to A30. “ii.  What is the probability that there is a ‘winning line’ of X’s and a
iv. Type = if (100 * rand () > = 20, A$1, A$2) into the formula bar. _ ‘winning line” of O’s? ' g
v. Press the [OPTION] and [RETURN] keys. The user will observe that the b.  Suppose the computer stops the game as soon as a ‘winning line’ is
cells A3 to A30 fill up with ‘B’ and ‘R’. reached, What is the probablhty that the computer stops before all nine
vi. Select Al to A30 then also B1 to B30, . . ., J1 to J30. squares are full?

vii. From the EDIT menu, click on ‘FILL RIGHT".
viii. The worksheet will now be full of ‘B’s’ and ‘R’s’.
ix. Select print area A3 to J30 and print off your population.

Users of other computers and spreadsheets will have to consult their manuals in
order to do this.

Problems and Investigations
1. . Consider how vou could use 4 random number generatof to investigate a .
population where there were two groups A and B with numbers in the ’

ratio 6: 7.

2. Generate randomly fifty digits, each of kwhich mustbe 0, 1, 2.

3. Investigate how a computer generates random numbers.
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42. THE NORMAL DISTRIBUTION

Achievement Objectives
On completion of this chapter, students should be able, at:
LEVEL 7 STATISTICS

* to recognise situations where the normal distribution is a suitable
mathematical model and use this model to solve problems

* to reduce a normal distribution to standard normal form and use tables
of normal probabilities

The Probability Density Graph

When a continuous population is sampled (refer Chapter 34), the distribution of
the sample can be represented on a relative frequency histogram.

Wl_len larger‘ sampleg of the population are taken, the width of the intervals on the
axis measuring the size of the members of the population becomes smaller. The
resulting histogram represents the distribution of the population more accurately.

In the limit, as the size of the sample gets ever larger, the resulting graph is call
probability density graph. 5 & graph is called a

Example A: Consider the following representations of the distribution of a
population, where the size of the sample taken gets larger and larger.

J
0.30 0.301
0.20 0.20
0.10 0.10
0.00 0.00 0.00 +———
012345 0 1 2 3 4 5 0 1 2 3 4 5

The Normal Distribution

In the natural world, many things such as the heights of students in a secondary
school, the lengths of worms in a compost bin, or the weights of a species of fish
have probability density functions with a bell-shaped appearance. Such
phenomena are said to be normally distributed.
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A graph of a normally distributed population is symmetrical about the population
mean, |, and appears as follows:

i
Population Mean

Normal Approximations to a Discrete Population

Strictly speaking, normal distributions are applicable only to continuous data.
However, some discrete populations have a normal shaped graph.

Example B: The distribution of measures of human intelligence can be
measured by means of an IQ test. The IQ value can only take integral values,
but its distribution has a normal appearance as shown below:

100
Calculating Probabilities for a Normally Distributed

Variable when the Mean is 0 and the Standard
Deviation is 1

Reference is made to normally distributed variables which can be regarded as
normally distributed populations.

A variable is a function which generates a set of numbers which have the same
type of distribution graph as the population with which it is associated. The
variable is a function of the population.

Probabilities for normally distributed variables are calculated using normal tables
which give the areas under normal probability curves [see appendix]. The areas
under normal probability curves measure probabilities.

In the following examples, z (a random variable) has a mean of 0 and standard
deviation of 1. The examples show how probabilities correspond to areas under the
curves and are calculated using normal tables.

Note: It is wise to sketch the normal distribution for all such problems.
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Calculating Probabilities for a Normally Distributed Variable 357

Example C: For the normal distribution shown:
a. the probability that z lies between 0 and 0.4 is the area under the
curve (shaded) between 0 and 0.4 as shown below:

0 04

The relevant section of the normal distribution table is shown:

z 0 1 2 3|4 516 7 8 19 [1(2/3/4/5/6|7/8|9

0.3 |.1179 .1217 |.1255 |.1293 |.1331 | .1368].1406 | .1443 | .1480 |.1517 | 4
0.4 151554 1.1591|.1628 |.1664 |.1700 | .1736|.1772 |.1808 | .1844 |.1879 | 4
b.S 1915 |.1950|.1985 |.2019 |.2054 | .2088.2123 [.2157 .2190}.2224 3

8|11]15!19(22|26|30/34
7|11|14|18[22(25]29|32
7|10 14@21 24[27/31

The.probability that z lies between 0 and 0.4 is found by going across from
0.4 in the z column to the column headed 0, giving the value 0.1554, which is
the required probability.

b. The probability that z lies between 0 and 0.48 is the area shown:

0 048
The relevant part of the normal table is shown:
z 0 1 2 3 4 5 6 7 8 9 1/2/3/4/5/6/7/8(9

0.3 |.1179].1217.1255 |.1293 |.1331 | .1368 |.1406 |.1443 | .1480].1517 |4 |8|11]15/19(22|26(30!34
0.4 |.1554|.1591.1628 |.1664|.1700 | .1736|.1772 |.1808 |.18441.1879 |4 |7/11|14{18!22]25|29 32%
0.5 |.1915.1950|.1985 |.2019 |.2054 | 2088 |.2123 |.2157 | 2190|2224 | 3| 7|10|14]17(21 |24 2731

The probability is found by going across from 0.4 in the z column to the
column headed 8, giving 0.1844, which is the required probability.

¢. P(0 <z <0.486) is the shaded area shown on the normal curve.

0 0486

The relevant part of the normal table is shown below:
z 0 1 2 3 4 5 6 7 8 9 1/12/3/4(5/6{7/8\9

0.3 |.1179.1217].1255|.1293 .1331 |.1368 |.1406 |.1443 | .1480|.1517 |4 |8|11|15]19|22]26|30/34
0.4 |.15541{.1591|.1628 |.1664 |.1700 |.1736 1.1772 |.1808 |:1844.1879 | 4!7|11|14|18}22/25/29/32
‘ 0.5 |.1915|.1950 |.1985|.2019 |.2054 |.2088 |.2123 |.2157 |.2190}.2224 | 3 {7|10|14|17|21|24{27 31

P(0 < z < 0.486) is found by going across from 0.4 to the column headed

8 giving the value 0.1844. The 6 in 0.486 means that we continue across
to the value in the far column headed 6, which is 22. Adding the 22 to the
end of the 0.1844 gives 0.1844 + 0.0022 = 0.1866 as P(0 < z < 0.486).

Although the normal tables only give probabilities for positive z values, symmetry
allows other values to be calculated.

Example D: Find P(-0.4 <z <0)

Solution: The sketch below shows the required area (shaded lightly) as well
as the area (shaded darkly) represented by P(0 <z < 0.4):

04 0 04
By symmetry, P(-0.4 <z<0)=P(0<z<04)
=0.1554 [from example C, above]

Other probabilities are the sum or difference of two or more areas under the curve.

Example E: The area representing P(-0.4 <z < 1.2) is the area under the
curve between -0.4 and 1.2. In the sketch, this area is shown shaded as two
separate arcas. The darker shaded area is P(0 < z < 1.2) and the lighter shaded
area is P(-0.4 < z < 0).

04 0 1.2

Thus P(-0.4<z<1.2)=P(-04<z<0)+P(0<z<1.2)
=P(0<z<04)+P0<z<1.2)
=0.1554 + 0.3849 [from tables]
=0.5403
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Example F: Find P(0.4 <z < 2)

Solution: The required area is shown below:

04 2
P(04<z <2)=P(0<z<2)-P(0<z<04) [difference of two areas]
=0.4772 - 0.1554
=0.3218

Norma! Fa.bles give the areas between the mean 0 and the x value. But some
probabilities correspond to the area on the other side of the x value. These are

calculated using the fact that the area under the curve is 1, or the area under half
the curve is 0.5.

Example G: P(z > 2.317) is the area under the curve to the right of 2.317:

2.3
P(z22317) =P(z20)-P(0 < z < 2.317)
=0.5-0.4898
=0.0102

Example H: Find P(0 <z <2.1213)

Solution:

0 2.1213

Although this probability can be obtained accurately using more advanced
methods, we are limited by our tables. The best answer using tables is
P(0 <z <2.121) which is 0.4830.

Exercise 42a: Probabilities when u =0 and 6 =1

2 has the standard normal distribution; Use the table from the a dix of thi
: th
book to find the following probabilities: Kot o

1. PO<z<05) 2. PO<z<122)

3. P0<z<2.6) 4, P(1<z<2)

5. P(02<z<3) 6. P(1.1<z<2.45)
7. P(0.273 <z <1.356) 8. Pz>12)

9. P(z>1.134) 10. P(-0.7 <z <0.1)
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1. P-1125250) 12. Pz <-0982)

13. Pz < -2.143) 14. P(03<2<1.2)

15. P(-1.723:52.3) 16. P(-:232 <2< -1.1)
17. Pz<£-0360rz>1.21) 18 P(z<-1.130rz>1.3)

19. P(-0.31 <2 <5.3) 20. P(-6=2<0.3)
21, P(z<0.35) 22.Pzz-13)
23. P(z=z6) 24. P2z <3)

Finding a Value for which a given Percentage are
Less Than; Related Problems

Example |: Find k so that the probability that z takes a value between O and
kis 0.313.

Solution: The following diagram shows the relationship between k and the
area beneath the curve:

Areais 0.313

0 k

hd

z 0 |1 2 13 4 516 |7 8|9 [1/2(3/4/5/6/78

0.7 |.2580(.2612 | .2642 | 2673 |.2704 |.2734|.2764 |.2794|.2823|.2852 | 3| 6|9 |12|15|18|21}24]27
0.8 |.2881{.2910|.2939 |.2967 |.2996 |.3023.3051 |.3078 |:3106].3133 | 316 |8 [11|14|17]19|22)25
0.9 | .3159.3186 |.3212 3238 |.3264 |.3289(.3315 .3340 | .3365|.3389 | 3 |5|8|10/13|15]18(20|23

By inspecting the normal table, the closest value to 0.313 is 0.3131. This
corresponds to beginning in the z column with 0.8, going across to 0.3106 in
the 8 column and then to 25 in the far column headed 9 giving 0.3131. Hence
the value of k is 0.889.

Exercise 42b:

7z is the standard normal distribution. Use the tables in your books to find the
following;

ksuchthat PO<z< k) =0.1626
ksuchthat P(O<z< k) =0377

A number L such that POz <L) =0.4507
AnumberL suchthat PO5 <z <L)y=02
P(03<z<ky=0.14. Findk

Find k suchthat P(-02 <z < k) =0.325
Find k such that P(z > k) = 0.0562

N W
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8. Findk suchthat P(z 2 k) = 0.9123

9. Thereis a number k suchthat Pz <k)=0.7. Findk.
10. k satisfies P(z < k) = 0.85, Findk.

11. Find k such that PO < 2 < k)= P(-0.2 <z < 0.3)

12. Solvethe equation fork. PO <z<2k)=04

13 Findk suchthat P(z 2 k) =P(1 £2<2)

14. Solve the equationfor k. POz <3k + 1) =0.23

15. Solve the equation for k: P(z>2k - 1) =0.8321

Calculating Probabilities for a Normally Distributed
Variable when the Mean is not 0 and the Standard
Deviation is not 1

In these situations, problems are treated as shown below and then solved using the

same methods as when the mean is 0 and the standard deviation is 1.

If a random variable X has a mean of | and a standard deviation of ¢, then X can

be changed into a random variable, Z, which has a mean of 0 and standard
deviation 1 using the transformation Z = X—;ﬁ.

Example J: Fish in a certain lake are found to be normally distributed with

a mean weight of 5 kg and a standard deviation of 1.5 kg. Find:
a. the probability that a fish chosen at random will weigh less than 4 kg.
b. the weight that 80% of fish weigh less than.

Solution:
a. The probability required is the area shaded:

the area is the
probability

45

If X is the weight of a randomly selected fish, then:
~ X -

P(X < 4) =P(Z<il?5) [since Z = =11
=P(Z <-0.667)
=P(Z > 0.667)
=P(Z>0)-P(0<Z<0.667)
=0.5-0.2477
=0.2523

[by symmetry]
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b. The area shaded is 80% of the total area under the curve. w is the weight
required and is calculated as follows:

Area shaded is 0.8

w

Letting the weight be w gives P(X <w)=0.8
~PZ< —“{isé) = 0.8 [using the transformation Z = XG;”]

L PZ<0)+PO<Z<%D) =038

. 05+PO<Z<%2) =08 [by symmetry P(Z<0)=0.5]

L PO<Z<¥2) =03
Inspection of normal tables shows that:

w—5 _
—13‘_0'841

" w-5=12615
. w=06.2615kg

[multiplying by 1.5]

Exercise 42c: Probabilities When n20,0#1

I.

X is a normally distributed variable with mean 2 and standard deviation 4.

Find the following:
a  PX>2) b P2<Xk5) ¢ PR«X<3)
d P(3<X<5) e PX>3) f. P(X>1)

CEl Pl <X <3) h. PO<X <25 o PEISXE3)
Jo P(X <+3)
X is anormally distributed variable with mean 3 and standard deviation 2.
Find the following:
a. P2 < X <3.60) b P(3<X<620) ¢. Pd<X<626)
d. P(X >5.26) e. P(X >-1.26)

X is a normally distributed variable with mean 5 and standard deviation 3.
Find k such that.

a. PX<k)=05 b P(5<X<k)=02 ¢. PB<Xx<k) =035
d. PX<k)=0.65 e. PX<k) =075 f. PX>k=014

g PXzk) =022 h. P(X<k)=0.16 i P(X<k)=045

jo PX>ky=0.72

X is a normally distributed variable with a mean of 7 and a standard deviation
of 3. Solve foraand b:

a. "P(X>a)=0.025

¢ Pla< X <b)=09and P(X <b)=0.978
e. PlaxcXgb)=08and P(X<a)=0.1

b. P(X<2)=095
d P(X>a)=09
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5. The young children in a certain reglon have a mean weight of 40 kg with a
standard deviation of 6 kg. If a child is selected randomly:

Find the probability that the child weighs less than 32 kg.

Find the probability that the child weighs more than 27 kg.

Find the probability that the child weighs between 42 and 51 kg.

What is the weight such that the child has a probability of 0.45 of

weighing less than that weight?

What is the weight such that the child has a 13% chance of weighing less

than that weight? ‘

=

o

6. Dogs of a certain species have a mean weight of 18 kg with a standard
deviation of 2.5 kg. If a dog is selected at random:
a. - Find the probability that the dog weighs between 17 and 21 kg.
b..- Find the probability that the dog weighs between 13 and 24 kg. .
. What weight is such that the dog has a 25.78% chance of being less than
that weight? -

T..Acarride uses a mean of 7 litres of petrol with a standard deviation of 0.5
litres. Assuming that the amount of petrol used is normally distributed;
a..- What is the probability that the car uses more than 7.8 litres on a ride?
b, What is the probability that it uses between 6.7 and 7.3 litres? ;
¢. If the car usually has only 8 litres of petrol in its tank, how many times mk
the next 1 000 rides will the car run out of petrol?

8.:-A-pupil walks daily to high school. The mean time of her walk is 24 minutes

with a standard deviation of 3.8 minutes. Assume that the times of her walks

to school are normally distributed.

a. What i3 the probability that her trip takes at least a quarter of an hour?

b. . If school starts at 8.30 and she leaves at 8.15 daily, what percentage of

. days would she be late for school?

c. -If she leaves at 8.05 am and her boyfriend gets to school at 8.20 am
sharp every day, what percentage of days does she have a chance to see
him before class starts? ~

d.. Find the length of time which 15% of her walks exceed.

Problems and Investigations

Sample Means

I any population (whether normally distributed or not) is sampled by repeatedly
taking the same number of elements, the means of the samples will benormally
distributed so long as the number of elements.in the sample is 30 or more, For
some populations, the number in the sample can be considerably less than 30,
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In the natural world, many populations are normally distributed b:
phenomenon several factors whose effects are additive are involved. These
factors themselves may or may not be normally distributed but as the followmg
practical exercise shows, the effect of averaging a number of values can give
sums which are normally distributed. The following exercise should be carried
out to confirm the above ideas.

Practical Exercise:
a. Select 120 digits, randomly, from the set {1, 2, 3,4, 5, 6} and record the

selected digits in the following tally chart. [120 rolls of a die would provide
the random digits.]

Tallies 7 Frequency

S

L

6

b.  Randomly select 120 samples of 6 digits from the set {1,2, 3, 4, 57 6}.
For each sample of 6 digits find the mean ¥ and record the results in the
following tally chart,

X Tallies , Freguency

1xs2
2<x<3
3<x54
4<x<h
5<x56

The number. of tallies in the first chart will be close to evenly distributed while in
the second chart, the sample means will not be.

E.g. If oné sample yielded the digits 1,1, 1,2,6 and 5 the mean would be
14141+246+5 52
6 3

The result 2—% would give a tally in the 2 < x < 3 row.

#

These ideas can be demonstrated far more dramatically using computers.

- Samples and sample means of any size can be quickly generated and the relevant

graphs drawn. Students with access to a computer should do an extended version

of the above exercise.
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43 NETWORKS Exercise 43a:

. L. 1. Draw the network containing the vertices A, B, C, D and the edges
Achievement Objectives AB, AC, CD, CD. [Note: repetition of an edge indicates that there should
On completion of this chapter, students should be able, at: be repeated edges joining the points:]

LEVEL 7 GEOMETRY

2. Draw the network containing the vertices A, B, C, D, E and the edges

* to choose an appropriate network to organise and visually represent AC, AE, BC, BD, BE, BB.
information ~ ,

* systematically develop, and critically evalute, optimal solutuions using 3. Draw the network that connects every vertex inA, B, C, D, E. F with every
networks other with only one edge.

4. Draw a network which shows the following major NZ cities and towns as
vertices and-edges as connections by major roads:

Networks
A . . . Auckland, Whangarei, Hamilton, Tauranga, Taupo, New Plymouth,
network,. often called a graph, is a collection of points called vertices or nodes, Wanganui, Palmerston North, Wellington, Nelson, Christchurch, Dunedin.
some of which are connected by lines called edges. The lines do not have to be ! ’ E
straight. Vertices which are joined by an edge are called adjacent. 5. Draw a network that features the following people as vertices and edges as
Example A: relanpnsh1ps either by being brother or sister or by marriage.
Person | Married to| Brother of | Sister of
This is an example of a
connected network. Each Tracy Bes Moy
vertex is connected by edges Ben Tracy lan
to at least one other vertex. It
is possible to pass between Mary Paul Tracy
any pair of vertices by i
travelling along edges. Sue i ee
Example B: G =
Shane Sue
B D This network is disconnected
because it is not possible to , Paul o o Mary
A E pass from A to E by travelling
along edges. Note the edge
C that connects D to itself. Cycles and Trees

These are called loops.
Cycles or circuits in a network are simply defined as paths in the network that
begin and end at a common vertex.
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Example C: Each of the following contain at least one cycle.

A D E
i Q i. A<—B i

A

A tree is a connected network that contains no cycles.

A spanning tree for a network is a tree which includes every vertex in the
network and whose edges are in the network.

Example D: The following are all spanning trees for the networks shown in
Example C.

A D E

(N i, B iii.
B c F

Spanning trees are not unique. There are three possibilities in C ii for
example. Can you find them? Can you draw another spanning tree for C iii?

Exercise 43b:

For each of the networks shown draw two spanning trees.

=
Networks that contain Numerical Information

Most practical applications of networks involve edges which represent numerical
values such as monetary value, distance, difference in weight, etc.

Minimal spanning trees 367

Minimal spanning trees

A common problem involving networks is to find what is called a minimum
spanning tree. This is a spanning tree whose values along the edges have the least
possible sum.

Example E: A rural area has its villages connected by dirt roads. The
distances between villages in kilometres are written beside each road
represented as an edge. The local government desires to connect all villages
by sealed road to keep the total distance sealed to a minimum. The diagram
illustrates the region.

G

Solution:

 start with any vertex, say G.

« connect to the nearest adjacent vertex, in this case E.

» connect EG to the nearest adjacent vertex, in this case F.
« connect GEF to the nearest adjacent vertex which is H.
« connect GEFH to the nearest adjacent vertex which is D

Continuing in this fashion yields the following tree:
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Adding the numbers yields a minimum distance of 69km to be sealed.

Shortest Path
Interested readers may like to prove for themselves that the network chosen is . )
in fact: A common problem when dealing with a network is to get from one vertex to
a. aspanning tree. another via the shortest possible route.
b. has a total distance which is a minimum.
Example F:

Exercise 43¢

1. A company intends to replace the existing connections between rooms with
more modern materials so that the amount of material used is minimal and
there is a route between any pair of rooms originally connected.

The diagram shows the rooms and previous connections.

a. Draw the connections used by the company.

F 6 1
The above network is to be crossed from A to J so that the distance travelled is
least.

Solution: This type of problem can be solved by a method called ‘dynamic
programming’ where you start from your finishing point and record the
shortest distance possible to any vertex as you proceed.

The sequence of diagrams below illustrate the steps:

b. What is the total Iength of connecting material used? [4] E 3 H E
i : . S b L i i " i i :;‘: 5
2. In a historical site there are a number of rooms containing archives and relics 4 B 4
of interest. Tourists are confused by the large number of tunnels connecting D 3 G
these rooms. The layout of rooms and tunnels is shown below. Rooms are 1 G 5 J (5] B J
represented by letters. i
; 4
3 3
1 F 6 I3
®

The numbers represent the lengths of tunnels in metres.

a. Draw a map showing the tunnels which should be left open so that the total
length of tunnel open to the public is a minimum.
b.  Find the total length of the tunnels left open.
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Inspection Problems

In this type of problem it is necessary to go along every edge in the network but to
keep the distance travelled to a minimum.

It is possible to traverse a network going once along each edge under the following
conditions:

a. There is an even number of edges at each vertex or;

b. There are exactly two vertices with an odd number of edges. All other vertices
F I

6] 6 have an even number of edges.

Hence the shortest distance from A to J is 11 and it can be traversed by going -

along the route A-C-D-G-1. Note: Networks of type a. are called Eulerian.

Networks of type b. are called edge-traceable.
Exercise 43d
Example G: Find a path through all vertices which only goes along each

For each of the following diagrams find the shortest path from A to J and indicate k edge once. C

the route that should be taken.

[Note: Although these diagrams represent edges as straight lines they may not bc
In at least one case this must be s0.] o

E
1 Solution: This network has an even number of edges at every vertex. The
' method which can be used to find a path which goes through every edge is
called Fleury’s Algorithm.
i. Select a vertex.
ii. Move along an edge whose removal would not disconnect the network.
iii. Keep moving in this manner until all edges are removed. c
This diagram shows one such path with A B
as the start. The progression being
2. A-F-E-D-C-B-G-F-I-D-H-B-A. A b
F
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Example H: Find the inspection route of shortest length of all edges in this
network. 6 C

4 E
This network fulfills neither of the criteria for it has six vertices with odd
numbers of edges. These are A, B, C, D, E, F. In such situations some

retracing is unavoidable. What must be done is to ensure that this is over the
shortest possible lengths.

In this diagram the shortest lengths measure 3 hence the route will be planned
so that doubling both will occur along such edges.

Removing AF and ED creates this network.

B 6 C
3 5 N
5 |G H| 5 b
A 3 4 X
F 4 E

Because there are only two vertices, B and C, with odd numbers of edges we
can go along all of the edges starting from B and ending at C.

B . C
This route is as shown below: o
A v
A > G < H > D
v A
F E

B-A-G-F-E-H-G-B-C-H-D-C

We can now complete the full inspection. This goes F-A-B then the above
path then finishes C-D-E. Thus the only edges which are gone over twice are
AB and CD both of length 3. Total distance travelled is:
B+3+4+5+3+6+4+4+4+3+5+5+3)+ (3+3)=58
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Exercise 43e

1. Explain why there is a path which goes
once along every edge in this network
and find it.

2. Explain Why there is a path which goes 'cmczya i ‘ ‘ o .
through every edge on this network and find it. '

3. a. Find the shortest possible route along
the edges of this network allowing
.. passage along every edge.
b, Calculate the distance travelled.

4. a. Find the shortest possible route along
- the edges of this network which allows
passage along every edge.
b. Calculate the distance travelled.

5. a. Find the shortest possible route
~ along the edges of this network
allowing passage along every A
edge.
b. Calculate the distance travelled.

Critical Path Analysis (CPA)

This very important application of network analysis was British in origin and had
its beginnings in preparation for World War IL

CPA and variations of it have become indispensable tools for people organising
large projects.
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The first step is to put the tasks which have to be done in correct order. There are a
variety of notations used. In this book tasks will be represented by directed lines
with circles at their ends. The circle at the left represents ‘start’. The circle at the

right represents ‘finish’. The time taken will be written beneath the line. (Lines do-

not have to be straight.)
Start Finish

7

This represents a task which took seven weeks (assuming we are measuring time in
weeks).

Example I:

This diagram represents a job whose first task was A. B and C depended on A
being completed. F depended on C being completed, etc. The dependencies
can be represented in a table as below.

Task | Time in weeks Depends
to complete on
A 7 -
B 3 A
C 2 A
D 3 B
E 5 B
F 4 Cc
G 6 D
H 4 E,F
I 1 G, H

Example J: Describe in words how this project begins and finishes.

2
Solution: The project begins with tasks A, B, C. It finished with G, H.

Exercise 43f 375

Exercise 43f

1. Write a table of times and dependencies for each of the following networks.
‘ . 5 H

=

oo o mom oo o6 wmee
mmm'mbnm:»
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Critical Paths

In the performance of a task the time to completion is the longest path from start

to finish.

Example K: Find a critical path for the diagram below and calculate the
time to completion for this network.

This is calculated by moving from left to right and in the right hand side of
the ‘split circles’ writing the Earliest Finishing Time (EFT) or longest time to
completion. At the end of F and G we get a completion time of 10 if we go
A-C-F and 11 if we go B-D-G. Hence 11 is placed in the right side of the
split circle at the end of F and G. Continuing this procedure we find the time
to completion is 13 with the critical path being B-D-G-H.

Exercxse 43g

For each of the tasks represented by these networks find the time to completlon '

and the cntlcal path

Latest Start Time and Project Management 377
Latest Start Time and Project Management

This final part of critical path analysis examines the Latest Start Times (LST) for
different tasks of a project. The Latest Start Time is, as the name suggests, the
latest time a task can start so that the whole project is on time.

Example L: Consider this network.

The right sides of the split circles contain the earliest finish times as
calculated before. The left sides contain the latest start times. The reader will
notice that for LST, t, EFT (as below), t is time required to complete task.
@D
LST=EFT -t
In a case where two edges converge as with D and E in the diagram,

G[5 D
§ E
B
3
the reader will observe that the LST for the left side of the split circle at the
end of B could be calculated using D or E. In a case where the LST would be

different depending on which path was taken, the rule is to use the path which
gives the smaller LST.

Note: The difference between the LST and EFT is called the float for a particular
task. It is the amount of ‘slouch time’ we have between the earliest time it
could finish and the latest time it could start. For the float is
10-4=6.

NB: Any point on a critical path has zero float. Here the critical path is
A-B-D-F-H.

Warning: If using a network to run any project be sure to update it regularly. The
floats and critical paths are never permanent.
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Ex‘ercise 43h‘

1. For thi'sknetwork:

Calculate the fime to completion.
Fill in the “split circles’ at every vertex.

Write down the critical path.

What is the largest ‘float’ at any vertex of this network?

a0 oD

). For this ne‘tWork, find the values of all ldWef case 'letters.

cump ete, ‘depen s on’ table and hence a network Use thlS network to calcul
the tune to completwn for the task

Hint: Here is3 posmble table for a pro_;ect mvolvmg orgamsmg a tnp for peop
travellmg to a hohday destmw ion. ;

Problems and Investigations

379

Advertise | 1 week :

trip

Process 1 week
replies

Book 1day
transport |
- Book 1 day
food o
Book | lday |
ientenammem " .
k Complete 1 week
preparation. ; |

Travel | 1day

customers

i Entertain | 172 day
Jﬂm___eis_x_____L__.;

Feedk 2 hours |

F
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64' POLAR CO-ORDI NATES Example B: In the diagrams the point P has polar co-ordinates (3, 45°),
SR

1 s

while the point Q has polar co-ordinates (5, 120°).

Achievement Objectives Q
On completion of this chapter, students should be able, at: P
LEVEL 7 GEOMETRY y 5
45° 120°

 to convert between rectangular and polar co-ordinates in two
dimensions

Example C: Plot the point (2, 30°) whose lengths are measured in

centimetres.
Introduction
Solution: i. Draw the positive horizontal direction and select the pole.
In their studies of mathematics, most readers will have encountered only the ii. Draw a line making an angle of 30° from the positive
rectangular co-ordinates method of describing the position of a point or object on a horizontal direction.
plane. iii. Mark the point on this line 2 cm from the origin.
Example A: The diagram shows three points, A, B and C with their ’L/
ositions described by rectangular co-ordinates.
P Y g o Lo ‘
4 pole positive horizontal
5
44 Example D: Plot the point (6, -45°).
31 A@3,2)
B4 7] . Solution: > initial line
5432 |1 2345 %
-2
p* -3
-4 C@2,-5 Note: In the polar co-ordinate system the second co-ordinate is an angle 6
St whose value lies in the set -180° < 6 < 180°.
What are the rectangular co-ordinates of the point D? Fxercise 44a:
Solution: The answer is (-2, -3). 1. Measuring lengths in.centimetres and angles in degrees, plot the points having
. the following polar co-ordinates:
Polar Co-ordinates a (4,409 b.  (6,130%) c. (5,180%
d. (45,2209 e (6,3159 ‘
There are other ways of describing a point’s position on a plane. One of these is ' ’
using the method of the polar co-ordinates. 2. Measuring lengths in centimetres and angles in radians, plot the points having
the following polar co-ordinates:
Using this method a point’s position is described by its distance from a point called a. (3,03D , b. (4,12 ’ c. (5.2.D

the pole, and the angle that the line joining the point and the pole makes with the
positive, horizontal direction, often called the initial line. [Hint: change the angles to degrees using the relationship R radians = (w-—-—wg B
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3, Measuring lengthé in millimetres and angles in degrees, write down the polar

co-ordinates of the points A, B,C, D, E.
o ; g

positive horizontal

4. Draw a pair of x, y axes using centimetres to measure ca-ﬁdrdinates. Plot the
following points, then measure the polar co-ordinates of each using a ruler

and protractor. o .
a. (2,4 b. 3B.5 ; ¢c. 4.3
d 4,.-5 e (5, ;

Converting from one type of Co-ordinate to the other

If the rectangular co-ordinates of a point are (x, y)
and the polar co-ordinates are (r, 0) then the relationships

can be seen by inspecting the diagram. y
x, y, 1 are the three sides of a right angled triangle, 0 3
with r being the hypotenuse, x adjacent to 6 and
y opposite to 0.
djacent
% = cos O [cos = haJLen]
ypotenuse
Sox=rcosf
Similarly y = r sin 6.
Using Pythagoras’ theorem we have the relationship:
2= x*+y? [square of the hypotenuse equals the sum of the squares
on the other sides]
sr= % +y? [taking square ToOts]
.y _ opposite
tan @ = x [tan = adjacent
.~ 0 = tan'! (-;) [this result is true in the first quadrant. See summary for

points in other quadrants.]

Summary 383

Summary

If the rectangular co-ordinates of a point P are (x, y) and the polar co-ordinates are
(r, 6) then:

y
r=J¢+y 4
6 = tan’ (%) if P is in the first quadrant. 2nd quadrant | Ist quadrant
6 = 180° — tan ( } %’ )if P is in the second quadrant. .
6 =-180° + tan" (| 2| ) if P is in the third quadrant. ~ 3rd quadrant | 4th quadrant
0 =-tan’!( %:— ) if P is in the fourth quadrant. v
x=rcos6
y=r1rsin0

Example E: Find the polar co-ordinates of the point P (-2, 3).
A

Solution: r= /¢ + Pe 13
r=J2) +3
r=J13 2 >
=3.6(1dp)

P is in the second quadrant, hence:
— [+ -1 Y
0 = 180° ~ tan (’;’)

= 180° — tan"! (%)
= 180° — tan’! (1.5)
= 123.7°

Co-ordinates are (3.6, 123.7°).

Example F: Find the rectangular co-ordinates of the point having polar
co-ordinates (4, 30°).

Solution:
x =4cos30°=3.5(1d.p.)
y=4sin30°=2

Rectangular co-ordinates are (3.5, 2).
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Problems and Investigations 385

EXercise 44b:

1. Fmd the rectangular co-ordinates of the pmnts wnth these polar. co—ordmates ‘

a. (5,359 ‘ b (7,43 e (5 115%)
. (8 3209 e (9 212") - .

2. Find the lear ca—ordmates of the pomts w1th these rectangular ca—ordmates

a (45 s ¢ (~6 3),
b on e‘,‘ 5,4 |

Using cqlculators to change from Rectangular
Co-ordinates to Polar Co-ordinates and vice-versa

The transformation from one set of co-ordinates to another is very easy using
scientific calculators.

Example G: Transform (3, 4) in rectangular co-ordinates into polar co-
ordinates.

Solution: The following sequence of keystrokes uses a Casio fx-82 calculator.
Owners of other models should consult their manuals.

®@®®®givesr=5.
@ gives 8 = 53.1°,

(This was carried out in DEGREES mode. If the value for  had been
required in radians then the calculator should have been set to RADIAN
mode.)

Example H: Transform (2, -1) in rectangular co-ordinates into polar
co-ordinates.

Solution: ( 2 )(SHIFT)( + )( 1 )@@ givesr=2.2.
@ gives 0 = -26.6°.

Answer is (2.2, -26.6°).

Example |: Transform (7, 47°) into rectangular co-ordinates.

Solution: Key strokes are:

7 )(SHIFT)( - )@@( = )givesx=4.8(1d,p,)_
@ givesy=15.1 (1d.p.)

Exercise 44c:

1. Ci"ian’ge:thek follaWing rectangular co-ordinates info polar co-ordinates:

s (52 b. (3.5 c. (-4,5)
4 5,2 5) , , (-13,2)
2. Change the followmg pola.r co—orchnates mto rectangular co-ordinates:
A (7,369 1 (8.2,43% c. (04,117
d. (15,-114°9 e.. (1,479

Pmblem's: and InveStigaﬁons

1. a A tramper gwes his position as 20km from base at a compass bearmg of
_ E30°N. Taking due East as the initial line and the base as the pole, what
~ 'would be his polar co-ordinates? o
b Others radio in and their positions are:
i 25km from base, compass bearing N 43° E.
15km from base, compass bearing W25°N
i - 5km from base, compass bearing E 52° S,
~ iv. 19km from base, compass bearing S 35° W,
~ For each, give the polar c0~ordmates.

2. Another means of giving compass dlrectlons is by using the anglée made ina
~ clockwme ( uectmn w1th Noﬂh A senes of beacons are placed at different

-ardinates of the followmg baacons .
b 35km ina dlrecnon ;”90
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3. A scientist places recording devices at different positions from her camputer.
a. Device 1 is 105m West and 200m North of the computer.
b. Device 2 is 250m East and 63m North of the computer.
¢. Device 3 is 315m East and 86m South of the computer.
For each device find its polar co-ordinates, taking the computer as pole and
East as the positive horizontal. :

4, Investigate the graphs of the following, given in polar co-ordinates.
a r=2 b. r=3sind ¢ r=2+sinf
d r=3sin28 e. r=21sn30 ' -
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ANSWERS

Chapter 1: Basic Algebra

Exercise 1a
1. a 21 b. 20 c. 48 d. 105 e. 3150
f. -12 g. -60 h. 42 i -12 j 12
2. a 2 b. -10 c. -5 d -2 e. -19
f. -11 g 29 h. -6 i 16 jo 17
3, a 9 b. 16 c. 32 d. 72 e. 12
f. 26 g. 100 h. 15 i 26 j- 128
k. 16 1. 32 m. -125 n. -6 0. 9
4, a 2 b. 56 c. 3 d. 45 e. 8
£ 6 g 8 h 1 P2 i 6
k. -3 L 6 m. -27 n. 16
Exercise 1b
1. a ?2-A:?2->B:?7->C:4A-B+2C b. 3
2. a ?—>A:3AAAA or 7> A:3Ax4 b. 1
Exercise 1c
1. a 7x b. 2A+5B c. 21Q+5P d. 10P+7Q e. 6P
f. 5x+2y g. 4A+9B h. 3P i. 9A+3B
j. 18Q+17B-9P
2. a. 4B b. AE c. 20B d. 12AB e. 28A
f. 36CD g. 20AQ h. 48AB i. 15ABP j- 240CPQR
3, a 3A b. 4B c. § d. 3B e. 6B
C . B .4
f. 2B g C h. & L3 A
A 3 3
k. Ic 1 A m. g
Exercise 1d
1. a A? b. A’B? c. PAQQ? d. 2A? e. 12PQ
f.  42PQ g. 180P*Q? h. 270A i. 3A’B jooo120
k. A° 1. 24A°% m. P*Q? n. 12M* o. ABX?
2. a 8A+2B b. -3P c. BAB+3BC d. 8A+2AB e -3xy
f. -5A-2B g TAT+T7A h. 4AB i. 3PQ-3p j 17-6x
k. 10P-11 . 11A+3B+2C m. A+2B-3 n. 7AB-7PQ
o. 10A%*-7 7PA
3. a A b. 3x c. S5A d 9 e. 10A?
f. A g A h. M ©i. 40MN
j. 2P k. 64P . 5™ m. 2B
4. a. 15AB b. 6A°3 c. 24ABP d A’ e. 20P“
f. 36PQ g 9pP? h. 48R? i. T2A°P? j- 2A’BCD
k. 5 1. 4B m. 4x n. % o. X}
1 1
A q. 2A r. 12B? S A 1. A
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388 Answers

Exercise le

1. 18x 2. 72x 3. 3x+4x 4, 5. 1248

6. 3P 7. 19y 8. 18¢%? 9, 10. 30y
3

11. 48y° 12. _yf 13. 20a 14. 15, 3ab+ 222

16. 3a® 17. 24a% 18. 3a'® 19. 20. 48

21. sbt 22, 512b" 23, 72b2 24. 25. 3¢
13.

26. 3¢ 27, 1y 28, 4+5xy 29, 30. 2xy

31 7 32, 13x 33. 51 34. 35, -10¢

X

36. 25y* 37. 5y 38. 16y*-3y  39. 40. 36y°

41, 48y 42. 12 43, -36y° 44,

45. 40¢ 46. x* 47. 18%° 48, 49. 4y

50. 251

Chapter 1 - Problems and Investigations

2.

4.

Chapter 2: Linear Equations

Exercise 2a
I a 23
g -2.73
2. a 2
f. 6
3, a 12
35
& I
4. a. 1%
3
g. 17
5. a 4
3
8. —72
Exercise 2b

1.

p=
X+y+z

L

a.

1
8

The claim is true.

2x2

i, =

3

th

5

=

N

V.

True when B=D and A + 2B = 2C.

-2
23"

3.6

16
21

4

T ho 2% i 16
3 2

2. a 37 b. 5 c. 3
g 42 h -1% i1
m. 2

Exercise 2d
2x+4 (x=2)

1. FRE—- =3 2. 1

4, =(2*A68+4)/5-(A68-2)/8

Exercise 2e

2 3 1

3 k. -124 1. 3
3 1

1 e. 2 £ 2
3

1 ko 15 . 4

7 and 8

1.9444 (4 d.p.)

1. (A+7)+2-(A-3)+4 replaces (A+3)+5-(A-2)+12
2. More repetitions of the program would be necessary. No changes otherwise.

3. 0.153 0r0.154

Exercise 2f
1. $2.40 2. Tom $1.50; Bruce, Dave $2.50; rest have $3.00 each
3. $35.50, $15.50 4., 1415m 26 6. 18 7. %7
8. 55km 9. 15 10. $7 13%% 12. 143 13. 40
14. $8;%$32 15. $3500
Exercise 2g
1ox>12 2 x<2p 3. x<3 x>2 5 x25 6. x<-17
2 4 11
7. x<-43 8. a23ﬁ 9. x>1§ x2-25
i1. a. 167.5A+45<1070 b. 6 1.3x+20> 108 b. 68
13. a 172-021a<08  b. 79 a §9‘3—Da+3¥e—)> 15 b $31.40
c-3 G-7
15. a. 7t 5 < 15 b. 52
Chapter 2 - Problems and Investigations
1. $660 2. 11 cars, 26 bikes, 18 tricycles
Chapter 3: Expanding and Factorising
Exercise 3a
1. 15x+5 2. 10x% + 15x
3. 232 +3xy+y? 4. 63+ 1lx+4
5. 12A*’+7A-10 6. 2x2+x-21
7. 12PQ+ 18P - 16Q-24 8. 6A’+AB-B?
9. 3x+y —4xy+2x-2y 10.  3x®+4y*+ 8xy-3x -6y
11, 22+ - 3xy+8x—6y+8 12 x¥*+2x+1
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Answers

13. 9x* - 24xy + 16y? 14, P2+R?-4P-4R +4 +2PR

15. A*+3A’B +3AB?>+B? 16. x*-8x*+16

17. 8 18. 12A*- A°B + 13A?B? + 7AB? + 5B*
19, ¥ -4 +10x2-12x+9 20, 8x’ +36x%y + 54xy* + 27
Exercise 3b

1. 7x+ 11 2. 7A+B 3. 6x+3y

4, 8x+8y+14 5. 12x+ 19y 6. 3A-17B

7. x2+5x-2 8. 2x*-12 9. 2x*+6x+5
10. 2x+7 11, -8 - 12 + 172+ 17x- 11
12. 6A%+ 16A%7—-1 13. 48A%+48A +28 14. 4x*-3x+1
Exercise 3¢

1. a(x-b) 2. a(b-a) 3. x(llx-=1)

4. da(x +2y) 5. (x+4Hx+3) 6. x+9x+4)

7. (P+3)}P+9) 8. P-2QP-Q) 9. (R-2P)R-4P)
10. (x—=7y)(x+ 6y) 1. (P+5Q)P-Q) 12, (P-5Q)P+2Q)
13. (R +6S)R +4S) 14, (x-NDx+7) 15. PP-36)

16. (L-3}L-2) 17. M+ 10)(M + 6) 18. M-8M+1)

19. 25(M-2YM +2) 20, 2x+Dx+1) 21.  (x—5b)x-b)

22. (2x+D(x+3) 23. @P+ )P +5) 24, Bz+7Niz-1

25. @P-7P+3) 26. (4x—-1(3Bx-2) 27. (LP-6)}LP+4)

28. (7-50(2+3x) 29. (Ip—-q)p+q 30.  8(L—2x)(L +2x)

31. 3PBx-y)3x+y) 32 265-005+x) 33, AQ@P-1}P-1)

34, 29 +5 35, x(18y—21x—14) 36.  8pi*(l + 2p + 3piq)
37, (PPqr? - 359)(pPgr + 3x%9) 38, (x—Db)x+b)( +b%)
39. (A-BXC-D) 40. (x+D@x+1+a)

Exercise 3d

1. (x+1D)(@P=x+1) 2. (zZ-2)Xz2+2z+4)

3. B3-2)(2+3z+9) 4. (4x-3k)(16x> + 12xk + 9k?)

5. (m-n)m + n)(m* + m’n® + n*) 6. (A-B)x+y)

7. (m+n)(nm-n?+m + n) 8. (x-Dx+5)

9. (x+y-a-b)x+y+a+b) 10. (bz-a)(az—b)

Exercise 3e
x—5 x+2 X x+7 1
L x+ 1 2. x+3 3. x+1 4. x+2 5. x+1
x+5 p+7 5 a-b y-3
6. P 7. 3 8. Pl 9. b 10. T
2y + 1 a-b+c a2~a+1 X+y xX+b
11. vl 12, =% 13, (07— W4 5= 15. e
Chapter 3 - Problems and Investigations
1. bii 4 2. b I’ 45

d nP+m@+1)

=((n+DP+P+m-1P+.. . +3+2+ D-((n-1P+0@ -2V +...+33+2°+ 1%
=3 +27 (n+ 12— 40 (- 1)
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Chapter 4: Rational Expressions
Exercise 4a
2
3a Sac 3ac a~ b
Looa 3y b, g C W d e e 5 f. 3p
3
2 . 13b y ¥
g 15a h % o5k i k 3 L3
X 1 x=2 4
2. a x+ 1 b. x-1 c. x+2 d. x+4
Exercise 4b
2 be 3 a b 3b
abe 3x a b 3b
1. a ?{ b. od c. y2 d. 5 e ¢ f. 3
g. 2a
2
2a +2 5x"-1) 4b-4 2x+ 2y 9x~3 6x
2. a G b. = . —5— d. 3y e. T f. e s
+2 x+3 x=2
3. a5 b. T o @+DEx-2) d 5 e s
Exercise 4c
a4+ b 3a a+1 4a+b 40 -3 a% _be
1. aa —— b. ) [ o d. T e. ™ R ac
a+2 h 2a +3 . 10+b 2lp+2q
& 72 T LTy 7
2a +3 3b+4a Ta + 17b 4a +4 15b + 31 9a +2
2. a 5 b. 3 c. ¢ d. -3 e — f. %
a+7 13b + 6 p-Tq Lip+8q 14a ~ 12 21 -5p
3. a 5 b. 5 [ & d. ) e. 73 f. 3
26 + 5p h 1+7r i 6p—4q
& T T2 . 3
2x+3 3p+5 3p-5 d SR +2
4. a (x+ D(x+2) (p+3)(p+D) C pDp-3 © (R+4)(R-2)
2R +9 R-A-1 3A-1 . 282 42A-2
€. RR+3) f. A+HR+2 & (A-3)(A-1) - (At DA-1)
. 3x-~2 . xy—3x2—4y2 5x+9 1 x+8
1. 6(x +1) J: 12(x+y)(x—y) k. (x+ D(x+2)(x+3) ©oxdx+ D(x+2)
3x—y +1 x—5y+ 10 4y — 3x
M Gy ++y-3) D Gty -DG-y+2) % -y
a 4y224 3a(a +c) d x+2 (u-6)(x-1)
5. a —3 b. —5 c. . _ e Tiiavu_1v
3 0 e x(x—3) G+Hu-1)
Xa +2) _5 2l X6y x
f. 3(a—-2) & x- 2y 2 2. 4y2 2 y2
2x 1 2
k. GIDG+2 - a—4)a5Ha-6
dx+2 . (a-D(a=-2)(Ta~12)

M. G+ (x+ 3)

12
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Chapter 4 - Problems and investigations

A __ A A
2 d BC T B(C-B)  C(C-B)

Chapter 5: Formulae

Exercise 5a
1. 100D ¢ 2. a. 35 hours
3. a. (1000x +y ) grams b. (x+ 1_005) kg
2 v
4. a 100LWcm b 100 m?
5. a. 800L cm b. 8000Lmm 6.
7. 8 b, 3 8
-oa 5 -2 .
9. a 2(L+M)+8x b. LMx 10.

12. %LZ, where L is the length of the rectangle. 13.

b. 180x seconds

c. (2000L + 20W) mm

a. %ab b. /az + b2
a. 2y+2z  b.yz-xy+x?
a. 16L3 b. 40L? 11. 5L

3L

2
14.  (n+ 2)R where R is the radius. 15. HT H-1) 16. %Tl:R3
17. a. wRH b. 18
18. a. 2B+L+1) b. No effect provided b i IS less than *B
2
L 5L 3lL 2
19. 2 L b 3L . M55
20. a. wWR?*-1) b. 2aR+1r)+R-r
21. a. v42h b. JE ( \/1—§ —x/G ) km, (approximately 0.76 km)
N
22. a. 3 (S+L), where S is smallest and L is largest, and N is the number of numbers.
b. 3725
23, 1&nReH 24. a. 2L+mR) b. R@R+2L) c. 4R+2L
25. a. $0.12x b. $38=
Exercise 5b
LT 2 - 3. PT 4. P 5. AP+BP
2
6. & 7. L 8. A-B 9. A+B 10. 2B
11. 2B%>+3B 12. B? 13. ABC 14. B(C+3) 15. %
A+B B2 +D B’ ABC
16. /A 7. £ /7= 18 BrD e B 20, 28E
2 2
ED + A , 9IL°G AG
2. S 2. C 23, CD? 24. W 5. a2
2 2
D D (A+C) 4y -5 Fy-E
% 3k 7 L7 ® T P g 30. Y43

Chapter 6: Graphs I
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Exercise 5¢
l.a. 45.08 m? b. 71.13m? c. 344m d. 1.94m e. 10£2m
2.a. 817.24 cm® b. 106.55cm® c¢. 3.44cm d. 5.70 cm e. 533cm

Chapter 5 - Problems and Investigations

1. Numbers are 3, 6. Product is 108.

Chapter 6: Graphs |

Exercise é6a
1. a.
b.

01 2 3 4 5

. No repetition of first elements.
e. Graph of T consists of the points (3, 1),
5,2),(7,3),(11,4), (15, 5) only.
f.  Yes. No repetition of first elements.

Exercise 6b

1. a. YA

Exercise 6¢

2. 9 orders 3. valueis 9

2. a {2,3,4,5,6}

b. {3,5,6,7} .
c. Graph consists of only the 5 points.
b/
7
6
5
4
3
2
1
0
01 23 456
d. A has no repetition of first elements;
A has.
2 a. Y4

b. x=%2 c. y=4
d. -2<x<3 e. -5<y<4
f. 0<x<3
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Chapter 6: Graphs 1

395

2.a. Y
8

3. a.

2

X
-

b. (1, 3); minimum
c. 1<x<£3
d. (0,4

e. Symmetrical about
vertical line x = 1

6. Domain:

X intercept:
Turning points:
As x —> oo:
Infinity:
7. Domain:
X intercept:
Turning points:
As x — oo
Infinity:
8. Domain:
x intercept:
Turning points:
As x —> oo;
Infinity:
9. Domain:
x intercept:
Turning points:
As x —> oo
Infinity:
10. Domain:
x intercept:

f.

o

o a0 o

4<x<4
x=-4
Nil
N.A.
Nil
-3<x<4
Nil
Nil
N.A.
Nil
xz-5
x=-5
Nil
y—4
Nil
x2-4
x=-4
Nil

Yy —>ee
x=0
R
x=t1

T T
y-1.0-05
-2

B =l SRR | T
05 1.0 15 20
4
-6

(0.6, -0.4); minimum
(-0.6, 0.4); maximum

Point symmetry about
(0, 0).

x=-1,0,1

y=0

Domain: -2<x<2
Range: -6<y<6

4, a.

b. x=0,1 y=0

c. (0, 0) minimum
2 4 .
g,*ﬁ)mammum

d. -23x<0;§<xs2

No

f. Domain: -2<x<2
Range: -4 <y<12

®

Point symmetry about (0, 0)
f(x) — o0 as x —> oo, f(x) —> -0 a5 x — -0

x=%20
Domain and range are R

Range:

y intercept:
Symmetries:
As x — -oo:
Discontinuity:
Range:

y intercept:
Symmetries:
As x — -oo:
Discontinuity:
Range:

y intercept:
Symmetries:
As x — —co:
Discontinuity:
Range:

y intercept:
Symmetries:
AS x — -co:
Discontinuity:
Range:

y intercept:

Turning points: (-2, -3), (2, -3), (0, 4) Symmetries:

As x —> oo:
Infinity:

y—>0
Nil

AS x — -co:
Discontinuity:

x=0

-3<y<4

y=4

¥ axis is axis of symmetry
y—>0

Nil

11. Domain: x2-2 Range: y20
x intercept: x=-2 y intercept: y=2
Turning points: Nil Symmetries: Nil
As x —> ool y—0 As x —> -eo: N.A.
Infinity: x=0 Discontinuity: x=0

12. Domain: 4<x<0,0<x<3 Range: y22
x intercept: Nil y intercept: Nil
Turning points: Nil Symmetries: Nil
As x = oo N.A. As x — -o0; N.A.
Infinity: x=0 Discontinuity: Nil

Exercise 6d

1 a Y 2.

b. No
c. xintercept does not exist,y = 1 b. Domain {x: x#-2}
d. g(x) > -ecasx — -1 from below Range {y: y# 1}
g(x) > +e0asx — -1 from above c. yolasx—>+oo,andasx —> -o0
e. Point symmetry about (-1, 0) d x=-2
f. Domain {x: x#-1} e. y—oeasx — -2 from above
Range {y: y# 0} y —> -0 as x — - 2 from below
g. Horizontal asymptote: y =0 f. Horizontal asymptote: y = 1
Vertical asymptote: x = -1 Vertical asymptote: x = -2
h. No points of inflection. No points g. No points of inflection. No points
on graph where ‘wiggling’ occurs on graph where ‘wiggling’ occurs
3. a | x -100 -5 -3 -1 0 1 3 5 100
y | 0.0004 | 0.15 | 04 2 4 2 04 0.15 | 0.0004
b. ¥ c. Domain R; Range {y: 0,y <4}
4 d y—>0asx—>too
e. {xx<0}
f.  horizontal asymptote: y = 0
g 2
1
=TT X
8 6 4 -2 0 2 4 6 8
Exercise ée
1. a Time (minutes) | 0 | 25 50 | 75 100 | 115 { 125
Heightabove | (| 750 | 500 | 750 | 1000 | 400 | ©

base of hill (im)
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i. 300m ii. 800m iii. 520m
1000 d. 80 minutes and 105 minutes
e. i Rising during the first 100 minutes
ii. Descending during the last 25 minutes
f.  Domain is 0 <t < 125; t is in minutes
Range is 0 < h < 1000; h is in metres

o
=
(e}

100 125
2. a. 75 minutes

b. | Time 0110 [ 25 | 50 75 90 | 100
Height | 0 | 200 [ 500 | 750 | 1000 | 400 | ©
c. d. i 550 ii. 800 iii. O
1000 e. 55 minutes, 80 minutes
f. i Rising during the first 75 minutes

il. Descending during the last 25 minutes
500 8. Domain is 0 <t < 100, t is in minutes

Range is 0 < h < 1000, h is in metres

3, a b. c.
hlt hlt
h, 10004 - -« — = _ 0004 ~ - — = - = . _
1000F - = - =~ - -~ - il
________ 1 LEAR S " 875 4 1
C a |
[ b )
[ 1 : : I
004 - - O 5004 - ~ Ly 5001 !
[
1 i | (
| o ! o X
' 1 | | P
1 t t \ P |
l ! ! | o |
| 1 1 | ) [ !
T — ~ T T—t—t —t r ¢
20 45 575 825 20 45 57.5 67.5 925 20 45 575 70

4. a. Steady climb at 25 m a minute for 40 minutes. Steady descent at 16% m a minute,
b. Steady climb at 8% m a minute for 60 minutes. Then climb at increased rate of 25 m a
minute for 20 minutes. Rest for twenty minutes. Descent at a rate of 16% m a minute.

¢. Climb at rate of 25 m a minute for 20 minutes. Then goes back at a steady rate of
12.5 m a minute. Then climbs at rate of 25 m a minute, then goes back at a steady rate
of about 12.5 m a minute. Climb finishes at a steady rate of 8—;~ m a minute thereafter.
Information was no longer gathered at the end of this climb.

Chapter 6 - Problems and Investigations

1. a i 15cm ii. 75 cm?
b. Length 1 2 4 6 8 10 12 14 16 18
Area 19 36 64 84 96 100 96 84 64 36
C.
100 d 0<1<20,0<A<100
e. 100

2. a A b. 9 minutes

Chapter 7: Simultaneous Equations

Exercise 7a

. x=3,y=2 2. x=0,y=3 3. U=1,V=5 4. R=-2,T=2

Y =17 ,-36 =3,y=6 8. x=13,y=-4
5. =5,B=2 6. X=5r =7 7. x 3,1y ; y
9. x=-2,y=-3 10. x=8,y=42 11. x=2§,y=3 12. x=—5,y=4.
13. y=-0.61,x=23.34 14, x=7,y=2 15. Infinite Solutions
16. x=7ny=3 1. (2,11 18. x=1y=1 19. x=4,y=1f3

2. x=§.y=4

Exercise 7b
. 1

1. 63,75 2. Maths 1hr, English = 15 hrs
3. (A)$1.04/kg (B) 52c/kg 4. Peter $600, Michael $980
5.  AC=12,Boris =23 6. Mary 10 km, Sue 8 km

1 2
7.  25menand 71 women 8. A= 5 B= 3
9 A=3,B=-1 10. A =0, B = +6, other factor (x - 2)

Exercise 7¢

12 9
1. ,-1),(1,0) 2 0.D.D 3 e Ed 4 0ED

5. 00,6354 6 (20,02 7T G225 8 22,0212
9 @)EH 1 a3l 1L B2 12 @DA2)
b, 2
3. 42,24 1K oG 2 15 L33
Chapter 7 — Problems and Investigations
2. 17 novels,23 others 3. x=6, a=4 4. x=17,y=15 5. x=10,y=10,z=23

Chapter 8: Solution of Polynomial Equations

Exercise 8a

1. a,b,cf,h,i,j
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2. a 3 b. 5 c. 6 d 4 e. 1 f. 2
g 3 h. 4 io2 i 0
3. a,c,e,f, are quadratics; b, g, are cubics
Exercise 8b
L a i 4 i 18 iii. -2 iv. 0 v. 13
b. x=-2,1 c. xX*+x-2
2. a 3 b. 30 ¢ -3 d. 43 e. 3348
. " .Y . 4 8
3. a i 6 ii. ﬁ; iii -24 iv. 89 v -681 1
b. i 12 ii. 81 iii. 56 c. i. 22 i, 12 i, - 3
d i 41 i 43 i 2
4 a L0 i 4 ii. 8 iv. 5247 v, 2288
bk L24 i L2 1,23 v L2, v o2 v 21
vii. -2,1,2,4 viii. 1,2, 8
Exercise 8c
1. -1,4 2. -52 3. 2,4 4, 4,-9 5. -3,6 6. 4
7. 3,4 8. 8,1 9. 2,0 10. 2,6 11. -5.1 2. -1
11
13. -15,-5 14, +2 15. *2
Exercise 8d
1. a. -3.73,-027 b. -7.61,-039 c. 3.35,0.15 d. -2.83,083 e -2.27,1.77
f. 0.23,-1.33 g. 1.81,-029 h. -8.24,024 i 1.55,-022 j. -4.44,-0.06
2. a. -583,-0.17 b. 0.18,2.82 c. 229,-029 d -230,130 e. -2.26, 0.59
f. 070,430 g -1.87,5.87 h. -0.58,0.58 1. -0.83,4.83 jo 1
Exercise 8e
L. widthis9m5cm,lengthis 11cmScem 2. width is 10 m, length is 20 m
3. 3.58m 4, 783m 5. 24,53 6. 61,62 7. 225m
8. 944 9 073m,1.73m,2.73m 10. 4.79 or 021
11, a. 31 b. 45 12.  height = 3.28 m, base =2.28 m 13.  $8.50
Exercise 8f
. a i 1 i. 2 b. i. -7 i. 0 c. . -15 ii. 0
d i 0 i, 1 e. 1. -20 ii. 0 f. i 23 . 0
g i. 85 ii. 2 h. i -60 ii. 0 i i. 0 ii. 1
jo i 40 ii. 2
1 1 2 25
2. a b. -53 c. £33 d. k<§ e. p>7
Exercise 8g
1. 2 2. 2.1 3. b -02

Chapter 9: Co-ordinate Geometry of the Straight Line 399

4. a x=-1 5. a. A b. A

b. \
ﬂ 4
3

I
3 12 /3

7

C. A d. ?

\ 1/\2 3 4/
2
)
6. a y=x3+3x>-6x- 10, is one possibility

b. y=x—6x>+3x+ 11, is one possibility
Chapter 8 - Problems and Investigations

Max volume = 882 cm®
Max surface area = 576 cm?

. Chapter 9: Co-ordinate Geometry of the Straight Line

Exercise 9a

d. \/4_0 e. JH
1. a 32 b. 10 c. 13
2 Z 55 b. 37 13 d. J14 e. 34
3. AB=4y26,AC=1{26 BC=1{32 4. Side lengths are /40 , /40 , /32
5. (-1,2)
6. a. Sidesarem,ﬁ,S b. Sidesaref5_2,f1_3,w/6_5

c. Sidesarex/ié,m,dmo 7. a. x=2or-4 b. x=-Tor17
8 y=5 9. x=1lor-4
10. AB=4{53.CD={37,BC={37 ,DA={53

82.542

Area =3AC.BD = 1128 .f56=__f2 2 _ 49
11. 24.166 km 12. 72.691 km
Exercise 9b

3 _ -0

1. a. m=—;- b. m=7y c. m=1 d m

e. m is undefined f.
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Chapter 11: Parallel and Perpendicular Lines 401

2. Both lines have gradient 2 3. Both lines have gradient 3 :
4. Gradients are 1 and 3 5. Not parallel Exercise 10d
6. Parallel 7. k=3 8. k=4 9. k=-
10. k=11 1. x=1 12. x=13 13. x=-13 L cdh , s s , 4 10
3 _3 _4 17
14. 4 15. -4 2 a y=%x+% b y=3x-5 ¢ y=gx-3 d ys5x-2 e y=jx+yq
Exercise 9¢ 3. b.iiis a straight line equation
Solutions must be straight lines which go through Exercise 10e
L ©1D,63) 2. (24,27 362,03 4. 43,01 3 2
5. (2,1D.4,0) 6. (-2,-2),(1,-2) 7. (3,0,(3,2) 1. a. [Force 0 L 2
Length 20 | 20.125 | 20.25 {20.375 | 20.5
Exercise 9d b, L c. 608N
) 4
25
1. a 21.8° b. 36.9° c. 14.0° d. 146.3* e 1534° f 0° g 90° 20—
. a 184° b. 36.9? c. 45° d 116.6° e 90° f. 0° 15
3 7 4 9 13
3. a 5 b. 7 3 d. 2% e -3 1‘;
Chapter 9 - Problems and Investigations REERRRREE:
L =20+ 0.125F
1. Collinearity 2. True 3. True 4. True 2 a v b, V=10-0.12t c. After 40 minutes
10
Chapter 10: Equation of the Straight Line 8
6
Exercise 10a 4
2
1. The straight lines should go through the indicated points: 0 t
a. (0,1),(1,3) b. (0,-4),(,-1) c. (0,1),4,2) d. (0,2),(3,4) 0 2 4 6 8 10
e. (0,5,1,9 f. 0,3),4,0 g 0.3,6.1 h. (0,2),(1,2) 3 a P b. P=12+0.8t c. 60 pages
L (-3,0,(3,Dj (0,-5),(1,-5) - ) : R
2. a 2,634° b. 3,71.6° c. 7,14.0° d 5,337 e. -1,135° 18
f. -;3; ,143.1° g -%, 1582% h. 0,0° i.  Undefined, 90° j. 0,0° B
10
3. a 5 b. -9 c. 3 d 1 e. -4 8
£ -3 3L z i -15 . -7h :
.- g 3 3 i -l i T3 1 2
4. a x=2,y=4 b. x=-2,y=6 c. x=6,y=-4 d x=2,y=2 e x=75,y=5 00 > 4 6 8 mt
Exercise 10b 4. a. V=20000-0.25d b. 20 000km )
5. a 0.1L perminute b. 3.8litres ¢. 562 minutes or 9 hours 22 minutes
loy=x+l 2 y=2x43 3 y=3r-2 4 y=dr+3 5. y=li 4 6. a D=85t+1583 b 15.83 km
=2 - =3 -
6. y=gx+2 7 y=-2x+3 8 y=-x+2 Chapter 10 - Problems and Investigations
Exercise 10c 1. 2nd, 4th days 2. Dec 30, Dec 26, Dec 23, Dec 21, Dec 17
3 1 2 . .
Loy=x-1 20 y=2x+3 3. y=jx+2; 4 y=x+4 5 y=21-4 Chapter 11: Parallel and Perpendicular Lines
1 3
6. y=4 7. y=-x 8. y=-zx+2
Exercise 11A
1 1 =.2
1. y=2x-2 2. y=pxtdy 30 y=-3x+7 4. y=-3x+6
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- 1. 3.2 -1
5. y=-1x+6 6. y=-3x+7 7. y=2-5 8 y=-3x+3 2. a y=4¢ b. y=gx C. y=ix d. y=-3¢
9. 2x-3y-7=0 10. y=Tx+7 11, 2y+3x -2=0 12. 3x-4y-15=0 3. A 4. A 5. A
13. Sx-2y+10=0 14. Tx+4y+7=0 15. a k=3 b k=-3 10 12 .
8 10 64
Exercise 11b 84 .
6
64 2]
1. a. (35,6) b. (-2,2) c. (4,-3) d. (1.5,0) e. (0.5,4) 44 4] .
2. y=2x-2 3. y=x+2 4 y=7+05 5 y=5+45 6 y=x+4 2 21 tzos e
x 2 8 ———— Equation is P = 0.3L?
7. y=2x-1 8. y=3+3 9. y=-3x+3 I 1 2 3 4
» 1 2 3
L 1
Chapter 11 - Problems and Investigations Equation is A = 37R?
L y=-5+115 2. 4,2) 3. Area ADE is larger. 6. a Y b.
Chapter 12: Intersection of Two Straight Lines 12 x
Exercise 12 y
2,2)
1. a (1,2 b. (0,3) c. (2,3) d @1 e. (-2,0) d. X e
. .33 1 0
f. (1,1 g 2,0 h. 3,1 i (3,1 i Gp3g
2. a (1,4 b. (1,5) c. (2,2)
3. 2 5. Parallel lines m =% 7. a y=(x-2) b. y=5-x2 e y=(x-3P+2 d y=@+47P+1
e. y=T—(x+3)? f. y=5-(@x~ 2)2 g y=(x—-3) h. y=x-2)*+3
Chapter 12 - Problems and Investigations 8 a y=2(x-12+2 b. y=3(x+372- c. y=5 _%(x —2)?
9.
1. 40 weeks 2. 16 weeks 3. 2262 4. 3 5. The claim is true
Equation is A=12-25
Chapter 13: Graphs |l
Exercise 13a ’
10. A Equation is A = (2x + 8)? —
L. 100 4 where x is distance from fence
R y
Il a b. c g A\ 9
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1,-12)
13. a y=@+3)x-1) b. y=§(x-1)(x-6) c. y=5-2(x—12 d y=2+3@+1y

Exercise 13b

4

3
y=ioal ¢ y=(+2+1  d y=-3(-2)

c. Y

Chapter 13: GraphslI 405

— 1 =RNWhin <

05 10 15 20

ooo0S] covoo

4 2 y=@+Q@-DE-3) by =@x+Yx+DHx-2)
¢ y=-Lr4 DEx-DE-3) d y =@+3)x-27

e y=-4(x+3Hx+x-2) f.y=- %(x +3(x-2)

5 A 6. 4
100 4 100 4
Volume
50 4 50 4
I T3 3. 5 e
V=(L-2)L-DL V=LAL+1)

Exercise 13c

1. a y b.

Vo
y><

2 X A x -}
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Chapter 13: Graphs 11 407

y=

2. a y=hk+1l C. y=2x-2+1 . d y=2h

e y=-1-7l-dl
Exercise 13d

1. a y

=

i Y
(€]
7x

2. a Doma?n {x:x2-3} Range {y:y20} b. Domain {x: x>2} Range {y: y 20}
C. Doma?n {xxx20} Range{y:y21}) d. Domain {x: x>0} Range {y: y 2 -2}
e. Doma;n {x*x=3} Range {y:y22} f. Domain {x: x>0} Range {y: y <3}
g Doma}n {x:x20} Range {y:y>0} h. Domain {xrx> -9} Range {y:y21}
i.  Domain {x: x >3} Range {y:y<4} j. Domain {x: x <4} Range {y: y 2 0)
k. Domain {x: x<9} Range {y:y=>2]}

Exercise 13e

1.

FaRNE R CEEE L S o

®

c Y
,,,,,, 3¢¥
2\

{
|
|
64
]
g Y
5y
_/’
]
,,,,,, Lo
RE
2 0 2
|
|
k Y
|
Y
_____ NN
_\ :
3N
]

. Domain {x: x # 4}

Domain {x: x#3} Range{y:y#3} Db

Domain {x: x# 1} Range {y:y=3} d. Domain {x:x# 1}
f.
h

Domain {x: x#-1} Range {y:y#-1} f. Domain {x: x # 2}

Domain {x: x#%} Range {y:y # 1} . Domain {x: x# 1}
Domain {x: x#2} Range {y:y#=0} j. Domain {x:x #0)

Domain {x: x#1} Range {y:y#-1} L Domain {x:x# -2}

12x+ 12 3x—6 _3-x _2x+6
Y=E"1v3 b. y=—" G ¥Y=-x d. Y=7T+2
x+10 o @
x+10)(y + 5)
500 45
Y=3s1077
I game (x) >

Range {y: y # 2}
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Chapter 13 - Problems and Investigations

1.

2.a.

3.

1.

5.

Answers

D=5+ 2(t-2)

BD(x)| AB BC | Areaof rectangle b.

3 5 0 0 6.25

1 L 1

32 4-2 3 2.25

g 2 i 7]

1 1 1 — >

42 2 12 525 .3 55 8

5 3 2 6

6 2 3 6 c. A=@8-x)(x-3) d. 6.25

7 1 4 4
L 8 0 5 0 ]
58.5 km 4. 486 5. a y=2k-2 b, y=6-2-6l ¢ AtB

Chapter 14: Equation of a Circle
Exercise 14a

a. x*+y*=81 b. xX*+y*=64 c. x*+y*=36 d. xX*+y?=25
e. X+ =2025
a. ¥’ +y*=36 b. X2+y'=1 c. x2+yz:4l d. 2 +3y*=0.09
a. J13 b. Ja1 c. 9 d. 2
e. 5
a xX*+y*=5 b. xX*+y’=34 c. X2+y*=5 d ¥*+y*=13
e. X¥*+y'=52 f. X*+y*=29 g X+y'=85 h. ¥+3y?=52
i X2+y2=25 P+y=4
a xX+y*=2 b. 2+y2=25 €. X*+y’=9

Exercise 14b

1.
4.
1.

10.
13.
15.

Exercise 14c

1.

=22+ (y-32=25
-1+ @y-42=9

(=3 + - 1gp=2
2,
x=3Y+(y-7?=100

4),5

(xX=2Y+(y-32=2

Porrwmap

©,2)

2. x+3)+@y-12=16
5. x—-12+(@y-2

8. (x—1)2+y2=8

1. @4,-1),6

3. (+22+(y+3)=4
Y=17 6. (x—472+(y-2)2=13
9. (-1,3),4
12, (x-12+(-2)2=25

4. X+5%+(y-2)=169

16. Shane

b. (1.73, D, (-1.7

(-1, 173), (-1,-1.73)  e. (1.32, 1.5), (-1
(141, 1.41), (-1.41, -1.41)

(0.63, 1.90), (-0.63, -1.90)

(0.82, 1.82), (-1.82, -0.82) b.
(-1.27,-1.54), (0.47, 1.94) d.
(0, -2), (1.6, 1.2)

3,1 c. 2,0
.32,1.5) f. No intersection
h. (0.89, 1.79), (-0.89, -1.79)
Jo (1.79,0.89), (-1.79, -0.89)
(1.82,0.82), (-0.82,-1.82)
0,2),-2,0)

Chapter 15: Indices 409

Chapter 14 - Problems and Investigations

1.

f.

i

Each is a tangent

2,4),(-2,4)
e. (0,0,2,4

(-4,16), (1, 1)

%)

(0.71, 1.41), (-0.71, -1.41)
(1.62, 0.62), (-0.62, -1.62)

b. 2,4 c. No intersection
f. (0,0),3,9 g 3.9.¢-1,1 h.
j. (1.62,2.62), (-0.62, 0.38)
1 1
b .5 o 3% d @
j- No intersection

Chapter 15: Indices

Exercise 15a

L.

g ® o9

0.0625
27.648
1

9
16
1

=

© PRt R 3

2. +418
0.4019 c.
0.0865 i

1

64 c.
29~5 i.
I,
12 u,
4

3

1

36 C.
é i.
11

16 0.
Lo
3 i
x5 ¢
20x 34 1,
—1_ C
2

1 .
x—y 1.
~ o.
8Jc3

1

u.

4x3

5

3. y=%
7.3046  d.
1.06 j-
1
T d.

25 .
w
5 »
1
36 v.
144 d.
> b
11
4
2 d.
3
15
5x3? d.
32x 2?2
A
- d.
1 .
abc J-
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Chapter 15 - Problems and Investigations

2. a x*® b. y* c. z? d 4x! e. 5y7? f.  7z3
2 at P N 3y 32 1. This is false 2. This is true
g. 3 h 3 1. —g* J- '5— k. —4— 1. —4—
m f;_:_ o % 0. L2 Chapter 16: Logarithms
8y
3 4 4 3 -
v 2 x 2%y P %y Exercise 16a
3. a 3 b. 3 c 3 d. =z e 5 f.
8 1 A 1 X %2 1. a 324 b. 492 c. 583 d. 242 e. 945 f. 14.49
& 72 B 253 L ery 3o ot ko 52 L g2 g 1947 h 2461 i 056  j. 091 k. 704 1 NoSol
2 4?2 x4y vl o+ m. 3.78 n. 122 o. 0.79 p. 3.51 q. 287 r. 9.6l
m. 2 n 3 0. “xy P T2 q Z s. 249 t. NoSol. u 0.88 v. 1.30 w. 045 x. 1.36
y. No Sol. )
Exercise 15¢ 2. a. 0.88 b. 1.74 c. 1.34 d. -2.27 e. 0.16 f. 0
g 212 h. 0.59 i 145 j. 051
L 1 1 1 1 2
1. a a b. 2 e & d. a° e. u® £ 2 Exercise 16b
3 3 1 L 1 L
g h. &% iox? j.ooy 2 kK a’ L o« 1. a M2+ b m30 ¢ W24 d hi3 e 2 £ In25
2 5 3 8 1 . g. In32 h. né6 i. In21 jo IS
m x’ n x? 0. a’ p. a’ q. 4a3 T 6y_§ 2. a x+y-2z b. 3x+2y-z c. %x d. x+%y—z
7 2 3 1 5 L
s. 8« t 57_3 u 2x54 v. x-1 w. «° x. al y L 12 Exercise 16c
7/.3 4f 3 s(2 L L 1. a. 3.669 b. 16445 c. 0.045 d. 0.323 e. 8110 f. 75077
2oaNa b N e W dg2 e . g 148916 h. 21964 i 5623 j. 0050 k 0271 L 7.021
3. a ()2or(x)2(n)? b. (02 o x)2  d 23 -z m. 1396 n. 2117  o. 0607
s O b @ e a0 O3 e B0) 2 a 367 b 009 ¢ 140 d 936 e 713 f 2664
f. W4y g M2@3 h @22 i b g. 526 h. 1.24 i. 3584 j. 046 :
3. a. 404473 b. 562609 c. 153329 d. 0.0018 e 0.7118
: 4. a 5 b. 041 c. 173 d. 0.13 e. 2
Exercise 15d 5. a. e’ b. e*? c. e? d. e e, e¥3 f. e
A 2x h -3x '. x—2 1. X+ 2y
1. 16 2. 011 3. 8219 4, -32 5. 225 6. 132 & © ¢ boe roe

7. -2.11 8. Nosol. 9. 351 10. 172051 11. 273 12, 183

13. 74.30 14. -0.5109 15. 1.25 16. 21715 17. 1464 18. 0.0833 Exercise 16d

19. Nosol. 20. 0.0638 T
Exercise 15e \ \/’({
X
1. a 4 8 c. 81 d. 25 32 f. 02ory !
g or025 h. 81 i 32 i 8 ko3 L3
m. 4 n 8 o 5 p. 27 q 21—7 T i 5. y
1 BE
S. 9 t. LYE)
2. a 64 b. 2381 ¢ 020 d 304 e NoSol f -10.08
g. 655  h 2708 i 167
3 a $51 b. 8151 m 4 a 14336 b, 4 c. 18
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Answers

Exercise 16e

1.
2.

a.
a.

1.39
20.09

Exercise 16f

1.

2.10 2.

Exercise 16g

L

()

a.

P B

P 3 W P @ PP ®

@

8 @
witn N = O

y

log,8=3

W

™
It

)

logxyz

logxyz
logxy

b.
b.

B

I

P o oo

-1.20 c. 118
0.14 c. -0.86
199.53 3, 2508.52

1,2
X
1
X
b. log8l1=4 c.
1
b. (9)2=3 c.
-1 c. 6
3 i
3 1
6 o "2
3
4
-2.117 c. 2510
1.710 i 2.767
1 c. 3
1 .4
2 L5
81 c. 2
3 i 2
1 2
3 03
logxty  c. logxy?
logy i logxyt
1
log 2o logxy®

d.
d.

4.

log25=2 d.

255 =125
d.

J-

[=T

&= a

-0.80
27.67

0.04

7

— e

log %

logy

log x*a’

€.
€.

5.

-0.53
0.67

3.68

f.

-1.22

log 216 =3 logb=a
1
(10003 =10 e 3'=3
e. -1 f. 3
1 3
k. 3 L. 0
q. -1 r. -3
e. 0972 f. 1.262
1 3
e 5 f. n
1.73 f. 64
k. 5 . 1
1
3 2
(p)
e. log % £, log—
. c 2
| (@
k. logy_z . logy

Chapter 17: Sequences and Series

413

9. a. log60 b. logl2 c. log75 d. logl2 e. log24 f. logg
g. logl h. log% i. log9%6 j- logl2
2 2 4 5
10. a. ?1 b 3 3 d. 3 e 3 f. 2
g 5 h 1 i1 i 2
Chapter 16 - Problems and Investigations
1. a. 571429 2. a. 1000 3. a. A=100000
b. 2623 653 b. 1969 K =0.03922
c. 1.79 years 2000 & b. $148 023
d. c. 58.7 years later
3
. 1600
g2 P
= 1200
g
[=9
800
0 T Trrrrrrr /M 0 2'[' 4 6
me
2 me & d. 2000
e. 3 million e. 0.69 years
3
31 0 2
4 a K=45 b A=K2LZ ¢ ° d 4495 e W=E-
. . . 20 L2
5. The height of the chimney is 10m. A
10
0
0 2 4 6 8
L
Chapter 17: Sequences and Series
Exercise 17a
I. a 6,7,n+1 b. 4,5,n-1 c. 15,18,3n d. 13,15,2n+1
e. 5,7,2n-5 f. 16,32,2! g. 81,243,3"-! h. 162, 486,2(3"")
. 45 -1 . 56 _n 435n-1 -
i 520 I k 5555 L 4,2,12-2n
m 1,3,162'")  n. 020,017,} o2d.p) 0. 25,36, n2
p. 15,18,3n 4y s ro1L,13,2n-1 s 26,37,n2+1
1. 2.24,2.45,/0 (to2dp) "
2. a 1,2,3,4,n b. 3,4,5,6,n+2 c. 3,57,92n+1
3. a 6,8,10,12,2n+4 b. 5,6,7,8,n+4 c. 9,12,15,18,3n+6



414 Answers Chapter 17: Sequences and Series 415

Exercise 17b Exercise 17f
I a 2,510,17 b. 57,911 c. 1,8,27,64 d. 3,7,13,21 I a 17,59,30-1 b 3554047 c -6,-34,6-20  d. 33,6520
510 17 11 31 e. 25,3.1,01n+19
e 2,5,75% f. 2,225,237,244 g. —, =, -7, — T
2 A 304 58 8232 & 22793 h. 0,5,8,17 2. a. 4,0,4,8, 12, 16,4n-8 b -14,9,4,1,6,11,16,21, 5n-19
- & -6, 02, f b. 12,13.2,14.52,15.972 c. -1,1,3,5,7,9,11,13,2n-3 d. 12,9,6,3,0,-3,-6,-9, 15-3n
c. 41,48,55,62  d. y2,2,4,16 e. 6,12,24,48 o e. 201 f. A4lstterm g l4thterm h. -51 i 276  j. 13
3. a 1,2,4,8 b. 1,5,9,13 c. 3,9,81,6561 d 15457 3. a. 135months b. i. After 20 months ii. Sept. 1993 c. After 100 months
e. 1,3,7,15 4, a. b. L:1,3,579,2n-1
. J.1,4,9,16,n2
Exercise 17¢ S:1,2,3,4,n
1 / ’ P:2,3,4,5n+1
. A . —_—
7f . 10f‘ p 3. A V. 4, ‘P W": 3.6, 10, 15, (n+ 1)2(n +2)
s o] 101 * 10 * c. L,S,P
5 x 81 » 8 1 x 8 4
1 o] 6 x 6] Exercise 17g
3{ = 5] . .d . o] x
2 41 2] .1 . 1. 610 2. 60300 3. 6475 4. -967.5 5. 4715 6. 999
! i « 7 _ g 7. 1524 8. 108225 9. 3925 10. -12570 11. 5406 12. 1113
—_;_5_;_"1_’ - 12 3 4 1 2 3 4 > 13. 11 14. 5 15. 2 16, 1944 17. 4242 18. 1092
—r—— 19. 85.44kg 20. Some time between 35 and 40 minutes after the doors opened.
1 2 3 4 :
5. 4 6. 7 3 a Exercise 17h
IO: 2 x 2 1(9): /‘
] x *x o N o] . Loa 3 128,4( ) b. 1944,52488, 83y c. 512,-4096,-(-2)~'
6 1 > . 71 n-1
1 I 2 3 4 5 12 s 61 -8 128 3 3 3ey-1
g - s 4 . d. 5 s 3(- ) e. 932,23433,3(5)
21 - N 2. a 5.3,5154513530r b 3,612 24,48,96.3r"" e 12,204, 215y
-1t 24 x n-1
12 3 4 54 54 1 115,
I d 125 125( ) e 729’4( ) £ gg@!
2 3 4 .
Exercise 174 g -2, 24( ) h 6 i. Bighth term
Xercise
J-  Ninth term k. Tenth term L. 36
1. a No limit b. 0 o 1 a0 e 0 3. a. 5000, 5550, 6 160.50, 6 838.16, 7590.35 b. 52 years 4 3 179 000 (3 sf)
£ No limit 1 . B o 5. a $732 b. The company would sell the computer during the sixth year
) mi & h. No limit L5 o3 (Between the end of the fifth and the end of the sixth).
2. a 91,8581,78,762,750 b 73 -
c. As a consequence of her diet she loses 27 kg. Exercise 17i
3. a n+2 b. 8n+50 s 1. 3069 2. 11333 3. 4 4.5 5. 45332 6. 44
d. Asn gets very large the 50 and 2 in the formula become negligibly small. 7. $608171 8. a. 147.75kg, 145.53 kg, 143.35 kg, 141.20 kg, 139.08 kg b. 10.92kg
9. 522tonnes 10. 23875 11. 3840.90 12. 4404.13 13. 11 4. 10
Exercise 17e
Exercise 17j
1 a 13 b 54321 ¢ d 0 e. 34 £ 45
g 49 h. 2500 L bce ) " )
3 3 4 4 2. a 3 b. 6 c. 4% d 2= e. =
7 11 3
a. 213" zzn or 22n+ 2 ¢ Xnoa X oe Y ot 3. a 125 b. 1043 c. 40% d. 172.23 e 32
n= n=1 n=35 n=1 n=1



416 Answers Chapter 18: Gradient Functions 417

5. 75000 6. $4000 Exercise 18d

$406 500, $203 250, $101 625 b.  $813 000 1. a L b. The rate of change of distance from the house changes at
19 683, 6 561,2 187,729,243 b. 29524.5 9. 1300000 1 a steady rate.

lg b. 5,1,0.2,0.04, 0.008 1

Each term when divided by its predecessor gives a constant ratio of 0.2 ]
50.2»-'g e 625g —r— R

—_
S ® N A

Ee R e pew

Chapter 17 - Problems and Investigations

I+ Take the six month plan 2. During the ninth year 2. a b. The rate at which profits increase is fairly constant until
June. It decreases sharply until near the middle of August
2 -1 J 1 / 2 3

at which time it quickly recovers to its pre-June value.

Chapter 18: Gradient Functions

Exercise 18a

1. a 2 b. -6 2. a 0 b. 4 3.a 4 b. -2
4. a. 3 b. 3 c. 3 5.a -2 b. -2 c. -2
6. a 0 b. 0 c. 0 7.a 12 b. 27 c. 3
8 a 5 b. 9 c. -11

Exercise 18b

1. a. Moving at constant speed till it passes A, after which it notices an increasing ‘slowing
effect’ till C is passed, after which the slowing effect diminishes till E is reached, at
which time the slowing effect disappears.

. C

2. a. Moving at constant speed till A is passed after which the car slowly slows down till

just after C it rapidly slows. Once past D this slowing effect quickly disappears.

b. D
3. 4. 5.
3000 1
= E
C
B
A
1000 -
FMAMIJASOND
Exercise 18c
1. a X S3]2]- 17017273 b. gradient = 3x2
y 27|-8(-110) 1| 8|27
gradient 27[12]3 0] 3]12]27 1. b. :
2. a x (31211017273 b. gradient = 4x> ':
y | 81161 |0} 1]16]81 !
gradient {-108|-32(-4] 0 | 4 [ 327108 '

s
o

3. a gradient = 5x* gradient = 4x gradient = 2x — 1
d. gradient=2x+4 e. gradient=2 f. gradient=0
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418 Answers
L 1 . 1 1 !
2. a -2 b. 3R c. e d x € Tinio - 2
(x+2)
{—1 x<0 1 .
g 1 x>0 h. l—xz L l+mhx j (1+x)e
Chapter 19: Derivatives
Exercise 19a
1. a. gx“ b. 22x% c. 48x¥ d. 21x° e. 45x% f. 20x
g 2 h. 24¢ - 6x i 3 . k. 0
11
L 5 m 4x+3 n 70x9-9—65x— 0. 2x+2 p. 8x+4
q 3 r. 40+ 6x%+ 2x s. 8x—12 t 2x+3 u 2x+5
v. 3x3+6x+1 w. Sx*+ 120 + 622 X. 4%+ 6 +6x+2
y. 4x+6 1z 4x3—5x+% :
2. a 124 - b. 12x c. 10x+3 d. 9%+8t-3 e 4u+9
£ 6x g 2 ho 20¢+3 i 6P+ 16r+6 j. 18+ 16t+9
3.8 i7 i 10 i, 5 b. i i, 2 i 4 iv. 33
.0 1251 ii. 17 iti. 0,1 d. i -6 ii. 9 iii. 0 iv. -é
e i -153 ii. -9 iii. -2,4 iv. -3,5
Exercise 19b
1. -4x3 -5x 3. Tut 4. -12u° 5. -30x7
10 3 4
R -2y Ly 9. -y 10, -6x~12¢
Exercise 19¢
_3 J4 1 L 2
1,4 1.5 2,03 4,5 3
Loa 3 b T ¢ 2 d 3O e 300
. % ) % z Res 3
1 4 . 6 )
£ 530 g -3 b -3(r) iLcPw g i’
, % 1 1 3 10
1,4 2 7 3
k -Zw L 2 m 32 n. - o -Fw’
1 3 8 1 2
2. a 42 b. 116 ¢ -3 d. -8 e 3
£ -5 g 15 h. U7 i. S$°(16)
. 1.
iog@W=g n@=-%
Chapter 19 - Problems and Investigations
I a A=3B=73 b. A=2,B=7 2. a=5b=2

Chapter 20: Calculus and Tangents

Exercise 20

1 a 5 b. 0 c. -3 d 1 e 3
2. a y=4-4 b y=-4-2 c y=3x—4% d y=%x e y=%x+1
3. a y=-%x+4% b. y=-4x+18 c. y=-x
1 5L 2 2
4. a. (13, 24) c. (2, 23), (-2, —23)
5. a (LD b (g 202 c. (4,2
Chapter 20 - Problems and Investigations
3
2
1. (2 2 3 3. C=1,D=3

Chapter 21: Increasing and Decreasing Functions: Turning Points

Exercise 21

@.-3)
(4,22
3

» %)
-1,53)

e

minimum point; increasing x > 2; decreasing x < 2
maximum point; increasing x < -4; decreasing x > -4

. . . . 3 .
maximuin point; increasing x < Z; decreasmg x> 4

maximum point; (-3, 4) minimum point; increasing for -3 <x < -1;

decreasing for x < -3, forx > -1.
5. (-3, 12%) minimum point; (-2, 12%) maximum point; increasing for -3 <x <-2;
decreasing for x < -3 and for x > -2
minimum point; (-3, -1) maximum point; increasing for x < -3, for x > -1;
decreasing for -3 <x < -1 :
7. (-2, 18) maximum point; (2, -14) minimum point; increasing for x < -2, for x > 2;
decreasing for -2 <x <2
8. (-3, -52) minimum point; (3, 56) maximum point; increasing for -3 <x < 3;
decreasing for x < -3, forx >3
Cubic: x-intercepts, -1, 1; y-intercept 1; x-axis only touched at x = 1

6. (-1,-9

9. a.
b. 3x*-2x-1 . x=-7,maximum point; x = 1, minimum point.
d -3<x<l e. 1 £ -1 g y=-x+1 h 1
10. a. 3 b. 3x*-6x-9 c. x=-1,3 d -1<x<3
e. 3<c<35 f. y=-12x+31
Chapter 21 - Problems and Investigations
1. A=-21,B=28 2. A=4,B=-6 3. A=2,B=-6,C=3
Chapter 22: Applications of Differentiation
Exercise 22a
1. a. 50kg b. 1037kg (tonearestkg) c. 2.705 kg per day

d. 1.046 kg per day e. 2.25kg per day



420 Answers
2. a |t 0110] 20 | 30| 40 50 60
s ] 2]82]262 6021162 [2002 (3182
b. i. 8 ms'! ii. 18 ms! iii. 20 ms?! iv. 53 ms?!
c. i 5ms! ii. 12 ms’ ili. 44 ms! iv. 137 ms?!
3. b. 2.984 tonnes ¢.  Decrease of 0.029 tonnes per day
d. 0.026 tonnes per day e.  0.082 -0.002t tonnes per day
f. 0.06 tonnes per day g. A4lstday
4. a 6cm b. 0.1 cm per minute ¢ 25+t+0.01t2 cm?
d. 29.16 cm? e. 18l.5cm? f. 5+0.1t)
g. 166375 cm? h. 7.5+ 0.3t+0.003t> cm® per minute
5. a. 3m b. 0.1 m per hour c. 0.2 m per hour
d. After 20 hours e. 3+0.7t+0.02¢ f. 528 m?
g 0.7+0.04tm?perhour h. After 107.5 hours
6. a. % = -0.1 m per hour, % =0.2 m per hour.
b. Each hour the base decreases by 0.1 m and the height increases by 0.2 m
c. 16% hours d. After 70 hours e. 14+1.2t-0.02¢
f. 1.2-0.04t g.  1.2m? per hour h. 15 hours
i. 375 hours. jo2m
7. a. 0.3 cm per minute b. 160 minutes c. 93% minutes.
d. w2 +0.3t)? e. 1256 cm?’ [taking &t = 3.14]
f.  71.59 cm? per minute
8. a. M=100 000 - 10 000t + 250¢2 b. $81 000
c. 500t- 10000 d. For the first 20 months e. 0
9. a. N=60000-5 000t + 100t b.  $45900
c. -$2500 d. 18 months, 32 months
e. Decreasing by $4 000 a month f. At25 months
10. a. 0.1 mper min, 0.2 m per min b.  This will never occur
C. %(2 +0.1t)(3+0.2¢) d. 0.35+0.02t e. After 87.5 minutes
2 2
f. \/(;+ 0.1) +(3+02p g. 1.6+0.1t
1. a 5-2t b. After 2 minutes c. 27 cm? d. After 13 minutes
e. 6(5-2tpP f. -24(5-20) -6(5 - 2t)*

Exercise 22b

L.

7200 m

2. 5400 litres after 30 minutes

Minimum is 15, maximum is 162
High tide when t = 5, with a depth of 216%— cm above mark

Low tide when t = 19, with a depth of 240% cm below mark

5. 1250 m? 6. a. 12%m2 b. i x(240-3x)m? ii. 4800 m?whenx=40m
7. 1521 m? 8. 127 9 6 0. 32 , 11.2
5
12. 42 x=1000, y= 10 13. 2430 14. 2(3) =1034
15. 4J10 16. 150em®  17. S=48%, x=41,y=5%

18.  Minimum is -16, maximum is 20

19. Minimum is -16, maximum is144

Chapter 23: Basic Trigonometry

421

Chapter 22 - Problems and Investigations

4L
Lrn
1. Minimum area when circle is of circumference 7~ and square of length 77~
Maximum area when the string is turned into a circle of radius - .
s L
2. Maximum area is a square only of side 7.
1f_4L . ceidel 33L )
Minimum area is a square of side 4 ( 4+38 and triangle of side 3\ 75 i)

3. The maximum area is obtained with one triangle. Increasing the number of triangles

decreases the area.
Chapter 23: Basic Trigonometry

Exercise 23a

3 3 4 4
1. a % b. K c. 3 d. 5 e 3
3 12 .12
= h. -3 i.
& 7 13 5
2. a 4.1 b. 51.5° c. 4.1 d. 92 e. 28.?°
3. N5S9°W 4. 173km 5. 82cm 6. 773 7. 1.8
8. 6.6m;4.6m;67.5° 9. 16.4cm
10. a. 175cm b. 142cm
11. a. 7.6 b. 23.2° 12. a. 45.1° b. 120 c. 47.60
13. a. 32° b. 144 c. 94 d. 153 e. 19.10
14. a. 40.1° b. 11.0 c. 2719° d. 19.2 e. 347
15. a. 9.7 b. 44.1° c. 59.0° d 7.2
16. 14.3° 17. 53m 18. 19.6cm 19. 179m 20. 4.2km
Exercise 23b
1 {21 _ft
1. cosine=€3:,tangent=ﬁ 2. sine = 5 , tangent ==,
15 . {15 N v J15
3. i g i 5 iil. 7is iv J_
5 515 5 10
4. 7.3 5. 9,310 6 Fh
h .
7. i & i 22 iii.‘vlﬂ— iv. 22
N .
8. i ﬁ ii. ﬁ iii. 2 iv. 5
Chapter 23 - Problems and Investigations
3
. 8R
1. a,b,cf,ghiaretrue 2. ;1/—5
Chapter 24: Cosine, Sine and Area Rules
Exercise 24a
1. a 5.0 b. 60° 2. a 124 b.

16.3

34.7°

51.0°
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3. a. 6.0 b. 60.5 4. a. 78.54 b. 1.9

5. a 328m b. 79°

Exercise 24b

. a 73 b 97 ¢ 25 2. a 6.0 b. 87

3. a 224 b. 144 c. 2332 4. a. 187.86 b. E48.8°N

5. 162cm 6. a 35 b. 7.3cm? 374 cm?
7. a $1114 b. 12826m? 8. a 527 b. 544

9. a W462°N b, 15.07km 10. %

Chapter 24 - Problems and Investigations

1. d, g h,j,are true 2.

a.

true b. true

Chapter 25: Sine, Cosine and Tangent Functions

Exercise 25a

I. a -cos57° b. sin44° ¢ -tan35° d. -tan7° e cosSO° f  -sin 76°
g. tan34° h. -sin18° i -cos18° j. sin40° k. cos32° 1.  -tan20°
m. cos46° n. sin47° o. cos53°
1 3 1 3 1
2. - b. = - .- Lo .
a 5 2 c f d ) e ) f. f3
1 X 3 . 1 1 1
& 5 h. -1 i 75 5 k. - 7 L - z
1 e g
m. - /_5 n 3 o. -5
Exercise 25b
1. 18.5°,161.5° 2. 64.4° 295.6° 3. 129.6°,309.6° 4. 117.5° 242.5°
5. 300.4° 239.6°. 6. 34.3°214.3° 7. 25.7°86.3° 8. 188.6°,277.4°

9. 62.5°191.5° 10.

Exercise 25¢

124.2°,149.8°

1. a. 11.4,48.6,131.4,168.6,251.4,288.6 b.
c. 17.7,71.7,137.7,191.7,257.7, 317.7
e. 31.1,121.1,211.1,301.1, 58.9, 148.9, 238.9, 328.9
f. 104.2,284.2,165.8,345.8
h. 14.9,104.9, 194.9, 284.9, 30.1, 120.1, 210.1, 300.1
2. a {71.6° 288.4°} b. {28.9° 151.1°}
d. {115.1°,295.1°} - e. {82.2° 277.8°}
g {22.9°97.1°,1429°} h. {3.9°}
jo 19.2°,99.2°,189.2°} k. [169.8° 330.2°}
3. a. (225°315°} ‘ b. {60°, 120°}
d. {180°} e. {45°315°}
g. {210°,330°)} h. {30°, 150°, 270°}
jo {15°,165° 195°,345°} k. {0°, 60°}
m. {90°, 180°} n.  {30°,120°, 210°, 300°}

38.8,141.2,218.8,321.2
d. 738, 163.8,253.8,343.8

18.7, 108.7, 198.7, 288.7
154,3446  j. 1964
(234.4°,305.6°)

(66.5°, 246.5°, 426.5°)
{24.0°)

{3.1°,56.9°, 123.1°, 176.9°}
{150°, 330°}

{60°, 240°)

{15°,75°, 195°, 255°}
{150°, 270°}

[45°, 135°, 225°, 315°)

0

OO~ O e

Chapter 25: Sine, Cosine and Tangent Functions 423

Exercise 25d

a. y = si
23 y=2sinx
]
: 270 x°
0| 90 :
180/ '
B
c.

d. Yp y=sin(x+30°)
30 y\ 150
120N o -

1

L]
T |60 '
]
1 1

» X

KN 270

=sin 2x
€. Yy y=sin(x-30° f. T?V\Y__ST____
- . /’\
1 1 1 o
o 90 - 135 g
150 -GOT/;\ X e : —
b

; 5\120 210
. A 30

i s A
! 90 180
S LA
h y y=2sin (x - 60°)
. FRE
1
\ o

2. 1. y=-3sinx

]

:

1
-60 120 300
ii. y=4cos(x-20°%
iv. y=0.5cos (2x+45°)

ili. y=5cos2x
3. e.ory=sin(90°-X)

Exercise 25¢
1. a  h=0.94sin 30t°) b. h=-0.94 cos (30t°)

2. d=54+1.4cos (30t°) 3. h=35sin(72t°)
4. a. h=6sin (540t°), where t is in minutes b, After 35 seconds 5.

Chapter 25 - Problems and Investigations

i.  2sin((n- 1)90°%)

4. 3 +9sin*((n-1)90° 5. 2nsin ((n—1)90°)

About 3% hours

2. 3+5sin((n-1)90° 3. n+2sin((n—1)90°)



424 Answers

Chapter 26: Radian Measure 425

Chapter 26: Radian Measure

Exercise 26a

0.314
149°
120°
105°
2n

3
2n

5

5. 1lmor34.54

8. 24mor754
11. a. A;J—[ or 20.94
12.  Approximately 398
14. a.

1.
2.
3

e e

Exercise 26b

|9 o
~ —
a 0’;

—

ol
2 |
——

[S—}

—

o f

o
®

. {0.41, 2.73)
{0.54, 3.68}
i. {1.07,2.08}

o

Exercise 26¢

¥y y=cosx

n
2
y o«

© A m T RoTT

607 or 188.5 rads per sec.

0.663 c. 2721 d. 4.309 e. 7.292
195° c. 67.6° d 327 e. 1.72°
90° 0 d. 67.5° e 144°
75° ho 22, i 540° j- 1500
3n In d S ki3
34 c. 74 . 141 e. §
3n In . 1lm . 3m

5 b 35 LT )
6 7. 2.39 per second; 143.2 per minute
2% 6r2094 10 2L

3 3

b. % laps (approx. 10.2 laps)

13. a. 360rpm b. 8mor 25 rad per sec.

b. 9.9 ms" 15. a 108rpm b. 8cm
L 1 1
5 c 5 d -1 e -\/5 f -5
B
1. 2
4. b 5. d 6. b
{1 5_n} {zr. 3_} d { 2t m
3°°3 ¢ 1a s 17373
n _2n .1 &n Sm
{3 3} g {4‘4} h. {12’12
{El]ﬁ“_’t ‘ {AS_n_ULB_nl_%E_}
6°3 63 412 12012 120 4
{% 5? % -lg—n} {% 53_rc 0. No solution
b. {1.27,5.02} c. {0.67,3.82} d. {2.55,5.70}
f. {2.68,5.82}) g. {0.34,2.8)} h. {2.42,3.86}
J- {2.16,5.3}) k. {2.29,5.43} L. {1.72,4.56}
C. y=tan'x y \ E
2

P

1

I

! 2

1 1 n;
>

l X

1

1

AN e

.
[SIEY

© %N o

f. y=3cos(x—£)
d. y Y:sin(x—%) e . 2.
i P\ : 200/ 1\,
-A 4 ] 4 2Tc= TR T o
T T\
1 4 =
3n 1 I
4 4
i i =3 cos 2x
g y:-ZSin(x+£) }’=251"3;x fyﬁ
T n
¢ ) - x T
2 7 oz T
_%’L ' : ! 3£ ! 3_7.‘:_ 2 4 42|4=X
v ! 13/“ ' ¢'6 ) Vo T .
=TT T\ E\ -
_-?nf : 2 f 6 ' A e}
9 -2
°3
J- Y, y=4c0s(2x—%)
4 -
A ' \z 3n
"2 "4 I \2 4 nx
o |
4
a.
b.
]
a. fix—sinx b. fix—>-sinx [ f:x—)-sm(z—x)
S & iny
d. f:x—)-sin('zn——x) e. f:x——)-s1n(2—x) {EMM}
a. g(x) =cos 2x, h(x) = -sin x b. 21 c 26" 6
a y=3sinx b. y y=2cosx
=COsS X
c---41 n Y7sin2x 4 y=cos(x_—12£)
JANE/AV 2 e
21 RV, _1__v/
..Tc —1 \ -2____
c. mx)=sinx
T
z z . e. (5,2
a. (m, -2) b (3,-3) c. (3:-D d G, 4? 2 )‘
a. y=sinx b. y=cosx ¢c. y=-cosx d. y=-sinx e. y=4sinx
' is 15 m up.
a. 11.5m b. After 6 seconds when the wheel is 1 p X e
a. b. 4n c 3 d. 303
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10. a y=2cos2x b. y=-cos 2x Cc. y=2sin3x d. y=cos§

Chapter 26 - Problems and Investigations

1. Usually % + 2 interactions, occasionally % +1
2. Consistent with h = 8 + 3 sin (180t), where angles are in degrees
3. h=6+ 1.55sin (601), where angles are in degrees

Chapter 27: Arc Length and Sector Area

Exercise 27a

1. a S=3m;A=75m2 b. S=84mA=294m? ¢c. S=56.5m;A=3393m?
d S=99mA=312m> e. S=325m;A=118.6m?

2. a S$=21,A=31 b. $=229; A=108.7 c. $=37.7,A=150.8
d S=117,A=493 e. S=101;A=322

3. a % rad or 0.71 rad b. 38.2° c. 1% rad or 76.4°
d. 35m e. 7.0 cm?

4. a. 42.1° b. 39cm? c. 98cm d. 95cm e. 300 cm?

Exercise 27b
1. 3.82cm? 2. a 0.85 b. 6.6 3. a 1.21m* b. 505m

4, (4n- 6‘/5) m? (approx.2.17m? 5. (9 —%n) m? (approx. 1.93m? 6. 13.8m?

Chapter 27 - Problems and Investigations

1.  Maximum occurs when radius is 2% 2. % sin ZT" 3. Not possible, unless 6 = 0

Chapter 28: Antidifferentiation

Exercise 28
2 4 5
1. a L 4¢ b. £ +¢ e E 4
2 4 5
1213 7 6 5 8 7
X X X X X X 3x
N SRS S R S SAIE. S L4 3
d iz te & TSt b+
6 4 5 3 2
oL e h, 2_3% 4¢ IS S
& 3 2 s 3 5 ¢
2
i 2x+c k. 3x+c L. %—3x+c
3 2 3 2 3
m o3 Laiie n. L4724 12x+¢ 0. ¥ 16x+9x+c
3 2 3 2 3
3 3 5 3
p. M-+ g X*+3°+4¢+ 120+ c L. 4%+%+25x+c
s. axx+c t ﬁ+c u i+i+k
©2b T2 3d

Chapter 29: Finding the Constant of Integration 427

Ax3 sz xs x2 +X4+D
SE B RSNy SRS
3 += +Cx+D W sxtoE T
25 4 (B 420008 S A AR
x. Ax  ABx (B +2A0)X , Boyry Cx+D S R
: 5 2 3
? 35 3x8 d 2X9+C
X = s
2. a é§—+c b. —5—+c ¢ = +¢ 5
6 5 2
14 11 )(8 4x X4 3x +c
X R SR S g L —x+-
& W te bt 5 2
3 2
: E
h ﬁ+x3+ﬁ+3x+c i %+10x2+25x+c j. %+Dx+c
T4 2 :
2 7)‘4 d rP+c e. 8 4c
3. a 23%+c b. ?+c c. T+C . S
7 . l6
f. A4 g. 8x+c h. ax+c i. tx+c jo =+c¢
. 7
3
4
b2 16r 4122+ 9x+¢
2 L _x¥+2 +2x+¢c m +
k. ¥*+4x+c 1 T
r
n 4—;‘~+4x +x+c o. +xc
1
4 . 1 Lvse
4. a —%x'2+c b. -gx5+c ¢ -gxftc d. -gx
l 2 _é —4+C
e. -%x'“+c f. -u’+c g -yvitc h -x
1
e Sy L -ZxS+c
i -%x*2+c j- —%x4+c ko -qui+c 77
13 L _2_v4c o —4u"+zu4—Lu"3+c
m. -zx?+c n oot —xtox i 3 > .
3 5 v 12
2y 4ot c. 2’ +e i 2®° +c
5. a g(x) +C b. g(x) +c - 7 .
15 11 3 1
8 8 3 _21
e i(u)8 +c f. i(t) +c g 3 +c h. 5 (x) +c
Tt 11 ; i
- TRCI i e kLol +e 2@ +c
LT © 5 15 1
2 _— -
2 3w ’ 2@ +c
m -2(x +c n. —5(X) +c 0. 5(x) +¢ p-
5 4
4 —

7 ? 3 3 3.0 2_ "~2u“‘+c
q- ﬁ(x) +c T %+3x+c s. -S—(x) +7() +x+c ot 2u?— 120" -5

Chapter 29: Finding the Constant of integration

Exercise 29a

L X2 2 24200 3. B+3 4. ¥+2-15
-5 )

4 32 1 55 952 8 i _ﬁ+ 3x-128
5 H+x-3 6. L +20-157 7. 5--953 32



428 Answers

Chapter 31: Statistics 429

0. 3% im0 23038 L 2 2
. ) 3 e 6 . 7+3x—7 12. 21-r
13. a. €+t+12 b. 13.6seconds 14. a. 11000—-60t—t> b. After 79.1 seconds

15. a 149-5x+$ b After 9.92km

Exercise 29b

1. a 80m b. 120 m c. 80m d. After 10 minutes
e. 50—10tms’ f. 20ms?! g 125m h. -10ms? i -10 ms?
2. a. 40m b. 25m c. 6 seconds d. 30 - 10t ms!
e. -10 ms’! f. -30 ms’! g. 45m h. -10 ms?
3. a 80ms! b. After 25 seconds «¢. (100t-2¢ + 100) m
d. 382m 5 e. -4ms?
4. a (50t- 9.;_ +10)cm b. 186 cm c. 256 cm
d. After 16% seconds e. -3cms’
5. a (5+3t)cms’ b. 35 cms! c. After 13% seconds
6. a. 6t-3¢ b. 6-6t c. 0. d 0 e. Whent=0or3
2
7. a 3m b. -3ms’ c. After 2 seconds d. 1_% m
8. a. 40ms! b. -10 ms? d. 4 seconds e. 80m f. 8 seconds
9. a 38m b. - —116 ms? c. 40seconds 10. 10—:;'— m

Chapter 29 - Problems and Investigations
1. About 90 metres 2. 33 ms?

Chapter 30: Definite Integrals and Area

Exercise 30a
1 6 1 1 4 1
a b. 41 c 72 d 415 e 13 f. 2
g 18 h. 9 i 75 io21 ko2yy L5
m 1—56— n -8% 0. 3.54
2 3 1 8
2 12 3 L S8 2
a 3 b. 48 4 c. 124 d 3 T f. 5
g 1.32 h. 0701 i 0054 j. 0.694
Exercise 30b
2 2 2
Loa 12§ b. 45 c. 363 2. 6 3. 10 4. 39
2 2 5 1
5. 13 6. 105 7. 202 8. 4t 9. 2 10. 7%

Exercise 30c

1 1 32 1
L 45 2. 36 3. 4y 4 5 5. 23
Exercise 30d
1 1 1 1
1. a 4 b.63 ¢ -5 d. -35 e-32 f. -2
g 3 h 1 i 4 i o
2. a 1 b 3 c. 4 d 7 e. 3 £ s
g - 1% h. 4 i 3 ]- -% (Answers approximate)
Chapter 30 - Problems and Investigations
Loa 4 b. 5 2 a 18 b 175 3% 2. %
2
5. 131 6. -3
Chapter 31: Statistics
Exercise 31b
1. Dates of sports days 2. Soap brands 3. Subjects 4. Ages of mice
5. Colours of houses 6. Attitudes to politicians 7. Distances travelled
8. Toys 9. Attitudes to government policy 10. Number of passengers

Chapter 33: Sampling

1. a. Selected so that every member of the population has an equal chance of selection.
b. i.and ii. are methods ensuring random selection.
2. a. The probability of getting a head is different to the chance of getting a tail.
b. By experiment. c. i,v
3. a,cde,f, g h, i will tend to produce biased results.
4, a. People not on the electoral roll are excluded. Unlikely to affect validity.
b. This is all right only if the views of people are similar from suburb to suburb.
c. Not very satisfactory. The proportions of people in the factory with different views
are unlikely to be the same as the population as a whole.
d. This method is all right only if the views of people in the street reflect those of the
population.
e. Definitely not satisfactory. Teachers are a special interest group whose views on
education will tend to be different from the population as a whole.
5. a. 625 members of A, 325 members of B, 1 050 members of C

b. 390of Band 126 of C c. 200
6. Oliver, Sebastian, John, Gareth, Harry 7. Edward, Winsome, Elaine, Sebastian
8. 8 males, 12 females 9. 6 females

10. {Edward, Nicholas, Winston, Frank, Xenia, Tammy, Hilda, Bronwyn, Lynette, Jean}

11.  {Paul, Adam, Harry, Ramesh, Luke, Darius, Danielle, Jasmin, Tracey, Rosalie, Hilda,
Valerie, Jean, Winsome, Helen }

12. {Conan, Edward, Gwyneth, Holly, Jessica, Luke, Nicholas, Ben, Danielle, Fleur}



Chapter 34: Basic Data Display 431

430 Answers
13.  {Rosalie, Valerie, Helen, Odette, Jean)
}451 There are many such clusters.
- A sample of six chosen by starting with the eighth name, then selecting every third

subsequent name.

Chapter 34: Basic Data Display

Exercise 34a

1. 24
20
)
216
%
LE 12
8
4
0
0 1 2 3 4 5
Number of Jobs Held
2. 10
o8
E 6
g
24
a3
2
0
0 1 2 3 4 5 6 7 8 9 10
Marks Scored by Gymnasts (%)
Exercise 34b
1. i
a. Nu;l(l)ber Tallies | Frequency Number Tallies | Frequency
I 1 34 H 5
%; [l 3 35 Il 2
2 | 0 36 11l 4
> 1 37 Il 2
1 2 38 ! 1
25 1l 3 39 | 1
gg I 2 40 At 5
: Il 2 41 | 1
28 Il 2 42 | 1
9 Il 2 43 il 4
30 i 2 44
31 n 3 45 | (1)
32 | 1 46 ! 1
33 i 2
b. 64
5-
P
2 41
(5]
3 3+
2
=,
1]
0

20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46
Numbers

iii.

Number | Tallies | Frequency | 1. }
20-24 | M 7 12
25-29 | Ml 11 o
30-34 | MM 13 g |
35-39 | MMl 10 5°
40-44 | Ml 11 g ¢
45-49 | 2 4

The pattern of the above graph d
while the majority of the numbers are situated in the middle region where th

peaks.

The most suitable graph is the second graph, with the
because we get a general idea on the spread of the num!

54 21

0
20-24 25-29 30-34 35-39 40-44 45-49
Numbers

emonstrates that the frequency is small at the two ends,
e frequency

data grouped in fives. This is
bers by using groups of five. Using

the total number of each individual number does not reveal any major trends.

a.
P
Q
8
3
5%}
c.

Number of Workers Tallies Frequency

20-24 m 7
25-29 Ll 8
30-34 LNl 8
35-39 i 6
40-44 M 5
45-49 Il 3
50-54 M 5

42

o

Frequency
S (=)

[N}

0
20-24 25-29 30-34 35-39 40-44 45-49 50-54
Number of Workers
16} b. i. 19 days
14 il. 19 days
iii. 35 days

iv. 3 daysor less
v. 16<days<19
vi. 16 days

o N Ao
i a1

10-14  15-19 20-_24 2529 30-34 35-39 40-44 45.49
Number of Absentees from 5th Form

0-4 59

Since the data is arranged in groups of four, it is difficult to answer questions which

concern ungrouped data, e.g. v.



432 Answers
Exercise 34c¢
1. Vowel Tallies Frequency Relative Frequency
a MM 11 11 +67=0.164
e Tl 15 15+ 67=0.224
i MU 23 23 + 67 =0.343
o M 14 14 + 67 = 0.209
u 11} 4 4 + 67 =0.060
24 Totals 67 1.000
20
oy
s 16
Q
% 12 4
s
4]
0 ol
a e i o u
Vowels in Alphabet
2. 504 44% Heart Disease
w0 29% Cancer
:{D 15% Stroke
g 30 7% Accident
2 . 5% Pneumonia
=¥
10 4
Heart Disease Cancer Stroke Accident Pneumonia
Cause of Death
Exercise 34d
1. a. Discrete b. Continuous 2. 30
c. Discrete d. Continuous 25
e. Discrete f. Discrete ?? 20
g. Discrete h. Continuous % 15
i. Discrete j. Discrete & 10
5
3. a
a. 60 b. 3225 0NTe0 161 162 12 164 165 166 167 168 169
. 182 eight (cm)
c. 205 d. 255
175 152
& 725 £ 35
176 101
& 25, h 55
i. 54% j. 23%

Chapter 35: Central Tendency and Spread 433

Exercise 34e

L.

35 Histogram Showing Distribution of Catch

Number of Fish

a. i. No labels on axes

ii. Notitle

iii. Incorrect scale on horizontal axis

iv. Incorrect values drawn for histogram

00 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 &0 85 90 95 100

Frequency

Weight (kg)

130 140 150 160 170 180 190 200
Height (cm)

Chapter 35: Central Tendency and Spread

Exercise 35a

1.
3.

a. 10.125 b. 775
There are many such sets, eg 21, 22, 23, 24, 25.

Exercise 35b

2.

aooe

There are many such sets

Exercise 35¢

1.
3.
4.

Median=273 LQ=16 UQ=
Median = 4 LQ=
Median =3 LQ=
. Median = 48—;- LQ=32 UQ=

312 UQ=
2 UQ=

a. Median 2.5, mode 2, range 10

a. 141 b.
There are many of each

Exercise 35d

1.

a. X=5,8=3

b. i. x=15,s=3 ii.
c. i. ¥X=50,8=30 ii.
a. x=11,5=2 b
e. x=4,8=2 f

1.41

c. 479 (2dp)

42 There is no mode
43 Mode=4.3
3 Mode =3

2.

73 There is no mode

80

2. a. Median 4, mode 4, range 7

c. 2.3 d.

larger

Mean is increased by 10, standard deviation is unchanged.
Both mean and standard deviation are multiplied by 10.

. Xx=30,5s=10

x=3,8=1

c. x=26,5=2
g X=6,s=2

d.

x=120,5s=40



Chapter 36: Other Data Displays

435

434 Answers
3. a. Median =4, mode =4, range =6, mean=4,s=2
b. i.  Median =7, mode =7, range = 6, mean="7,s =2
ii. Median = 12, mode = 12, range = 18, mean=12,s =6
iii. Median = 104, mode = 104, range = 6, mean = 104, s =2
iv.  Median = 400, mode = 400, range = 600, mean = 400, s = 200
v. Median = 2, mode = 2, range = 6, mean = 2, s = 2
vi. Median =2, mode = 2, range = 3, mean=2,s = 1
4. a. i. [Number 1 121341357 Total
Frequency | 10 [10 |10 {10 |10 50
ii. mean =3, standard deviation =2 or 1.4142 (4 dp)
b. Smaller; values are clustered closer to the mean.
¢ Mean increases by 10, standard deviation unchanged.

Exercise 35e

1. a.
3. a

X=11.5,s=79 b. x=49,5s=52 2. a. x=65.1,5s=302 b. x=574,s=412
First has mean of about 2.3 the second has mean of about 4.7, standard deviation is

about 1.5 for both.
i. For first, x 3,s=1.5
ii. For first, x = 4.6, s =3.0

For second, x=5.7,5s=1.5

For second, x =9.4, s =3.0

iii. For first, x=2.3,s = 1.5 For second, x=4.7,5s= 1.5

Chapter 36: Other Data Displays

Exercise 36a

1. a 50% b. 35% c. 60% d. 4 litres e. 2.5 litres
f. | Amount of Oil Used (L) | No. of Cars
0<x<1 10
1<2 10 "
2<3 10 5
3<4 20 bS]
4<5 17 5
5<6 18 L
6<7 3
7<8 3
8<9 4 1 2 3 4 5 6 7 8
9<10 0 Amount of Oil Used (litres)
2. a. 504 b. about 4 years
45 c. about 4.8 years
40 4 d. about 76%
35 4 e. about 2.1 years

Exercise 36b

1. a
C 50

40 1

Percentage of Cost

301

20 4

Interest

Goals per Game

Labour

Interest Cost = $27 295 970, Labour Cost = $15 869 750

Transport

s

b. 13515
o ;2)2 c. 35.5+0.5 years
180 ] d. 17 +1 years
160 ] e. 80%5
1405
120 1
100:
80:
60 1
407
204
’% 0 0 3 4 s & 10
4. a 20 b. 17 c. 11 d 3 e. 9
5. a |Goalspergame [0 |12 {3 |41(5]|6 |7
Cum. Frequency | 3 | 8 [20 ]34 |44 [52|56 |60
60.1 . ° * b. Median = 3 goals per game
509 ¢. Mean=3.38
28 40- * d. UQ =5 goals per game
;§§ 10 + e. about 57%
ES
O 204
104
R EEEEEEERE

43.2° (if exact)
Interest labour etc.,
are not numerical
and cannot be placed
on a number line.

Raw Other
Materials

Apple
B BM
W wang
B NEC
B Others



436 Answers

Proportions of Ethnic Groups

Algols B8 Fortrans . Logos . Others

b.  The group “Fortrans” constantly declined over the thirty years. Conversely, the group
“Others” steadily increased while the groups “Algols” and “Logos” both fluctuated.
c. The pie graphs don’t show the total number of people represented.

| a@ b@ CQ
M North Island [1 South Island

The three graphs illustrate the declining percentage of the NZ population living in the
South Island.

Exercise 36¢c

| PR 2. a. 00- b. Group B is higher in quartiles,
o0 median and maximum than
504 w0 Group A. Both have same
70 minimum. Group B has siightly
404 601 greater spread.
10 50+
401
201 ol I -
20+ 60
10
104 01 _I_J 507
Exercise 36d 40-
1. a 516 b. Median=34 ¢ 4] 2. 1340
442245 LQ=25 12424 5
3{13445678 UQ=42 201 11{12557899
2942556 101888999
" 104
042 04

Chapter 37: Misleading Uses of Statistics 437

Exercise 36e

1 A 2. A
204 1704
* < x 13
154 x 1604 ®x x %
t 3 x
-1 x
104 % 150
* * x ] :
5 x ] 140 x
E 3
® e
10 15 20 25 30 35 100 110 120 130 140 150

There is a tendency for performance in the
clean and jerk to rise as the snatch rises.
Some correlation.

Some points have been omitted.
There appears to be no correlation.

Chapter 37: Misleading Uses of Statistics

Exercise 37
1. a. No vertical scale b. Suppressed vertical scale
c. Data missing for 1991, 1993 d. Uneven vertical scale
e. Slanting scale f.  Results for 1995 and 1996 have been combined.
2. a. Slanting scale with Waitakere Products’ bars at the far end of the scale creating the

illusion that their profits are much smaller than those of Rutherford.

b. Bars for Rutherford are darker than those of Waitakere which diverts the attention of
the observer to those bars. Furthermore, they are fatter, creating the illusion of bigger
profits.

c. Scale for Waitakere is missing. The fact that Waitakere has a diminishing profit
against Rutherford’s increasing profit is highlighted. Missing scale makes it
impossible to tell whether Waitakere’s profits are still much larger than those of
Rutherford.

3. a. isunfair to Waitakere. Volume of Rutherford’s barrel is four times that of Waitakere.
is fair. Volume of Rutherford’s barrel is twice that of Waitakere.

c. is unfair to Rutherford. The volumes of the barrels are the same. All the taps suggest
is that Rutherford’s oil supplies might run out twice as quickly as Waitakere’s.

d. is unfair to Waitakere. The area of Rutherford’s “dollar” is four times that of
Waitakere’s.

e. is unfair to Waitakere. The volume of Rutherford’s container is about eight times that
of Waitakere’s.

Chapter 38: Time Series
Exercise 38a
(1) and (2) exhibit a secular upward trend with daily periodic movement. In the case of (1) there

is an uncharacteristic “flattening” of this trend for a period of about 10 days near the middle of
the graph. In the case of the second graph there is a “jump” at the beginning of June.



438

Answers

Exercise 38b

1. b.| Time | Value | Moving Average
1 13
2 15 13.333333
3 12 12.666666
4 11 13
5 16 15.333333
6 19 18 )
7 10 | 17 Time
= = Moving Average (c)
2. b. | Time|Volume |Moving Averagea,c.
1 25
2 23
3 19 18.5 °
4 14 17 E
5] 13 | 15 2
6 17 13.1666667
7 16 11.8333333
8 11 10.3333333
9 8 7.8333333 9 — r————
01 6 1 2 3 4 5,6 7 8 9 10 1 12
11 2 Time (months)
= = Moving Average (c)
d 53
Exercise 38¢c
1. Time | Value | Moving Average | Ratio/Moving Average
1 13
2 15 13.333333 1.125
3 12 12.666666 0.947368
4 11 13 0.846154
5 16 15.333333 1.043478
6 19 18 1.055555
7 19 17 1.117647
8 13
Time | Ratio/Moving Average Ratio/Moving Average
2 1.1
3 0.9
4 0.8
5 1.0
6 1.1
7 1.1

2 3 4 5 6 7

Examination of the graph shows some periodicity of about 20% maximum from the
moving average.
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3.

Month |Length | Moving Average ]Ratio/Moving Average

2. b.l:

Jan

Feb

Mar

0.8

1.14

May 4.5

1.33

Jun 5.5

1.09

Jul 6.5

0.92

2
2
2
Apr 4 4.5
6
6
6
8

Aug 7.5

1.07

Sep | 10 8.5

1.18

Oct 10 9.5

1.05

Nov 10 10.5

0.95

Dec

d. [Month | Ratio/Moving Average
\7Mar 0.8

Apr 1.14
May 1.33

Jun 1.09

Jul 0.92

Aug 1.07

Sep 1.18

Oct 1.05

Nov 0.95

Examining the graph (2d) indicates that
there is some periodic fluctuation about
the moving average of a maximum of 20%.

a=94,b=46,c=625,d=49

Chapter 39: Probability

Exercise 39b

v

R e

a. 19_6 b. —17-6- c. 1
a. % b. —% [ 17—6
a. % b. % [ %
a. —2% b. 15—9 c. 5%
a. % b. % c. %
a. % b. —115 c. %
a. % b. % c. 1
g. % h. %

a. —;‘5 b. ;—; c. 515
a %—g— b. ;—3 c. —5§2—

-

a,c.

Ratio/Moving Average

JFMAMIJASOND

—— Time Series (a)
~ = Moving Average (c)

<

I

|or

f. 0
5
f. o
3
f. 9
3
f. )
20
f. 5
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Answers Chapter 39: Probability 4141
10. i (B,B,B,W, W} i £ i 2 4 a & b 3 c. 3 ¢ 2
b. i BB BB BB WB w .09 .. 6 . 12 240 132 272 487 312
B, ; . ; zB WIBI Wzg Woos i o0 v 5% 5. a oy b. 02 c Tm d 55 e S0
B]B1 52 2 1 2450 1770 600 870
BW W ’gv va‘g} VWVZ 6. 2 3 b 3510 € 3540 d- 350 & 3540
10 A 3 A 1 1 1 1
BW, B,W, BW, WWw, Wiw 7. a 7 b. 5 ¢ % d. 2 e 5
¢. i BB, BB, BB WB WB L il v 4, 12 i
BB, Bj ‘ BB WER W .o dil 55 iv. 55 v.55 Exercise 39d
BW, W, W , . a 53 b 13 c. 160  d 121 e 2L &
B W, B,W, BW - : : . © 160 © 160
3 v ’ 40 h 22 . AL 128 k. No-one is in both groups
1. a i (B,B,R,R,W} i L i 2 & Te0 © 160 © 160 160 ' group
v 5 5 1. There are nineteen people who do both m. ‘Being unemployed’ 54
1 g,g, gzg( g,g, gzg, WB, i % ii. % iv. 2 n. ‘Belong to Party Z 0. ‘Belonging to Party Y or Party Z’ P e
12 272 11922 Dy VVB2 5 2. b,(
bR oR RR RR, WR, 3. a 0975 b 00287 c 09713 d. 0.00082369
B'W W R.Rz gzls‘} WR, 4. a {3,4,5,6,7,8} b. {1,2,6,7,8} «c 1{3,56,7} d {1,2,4,57,8] e ¢
' 2 : , wWwW 5. a (E.E),(E,E) (E,E) (E,E) b. (E,, E), (E, E)
c. i BB, B,B, RB RB WB A g4 8 12 e i + a1 TR v, 2 v. 2 vii 2
BR, R, RB, RB, wp 20 20 Mg Vo ; ’ ; 3 ; ;
BR, R, RR, RR WR’ vil. g viii. 0 ix. ¢ X g xi. g xii. ¢
BW B,W 1 R'W WR. 3
. 2 iii. 1 iv. 0 .s
120 a i (MM M.MW,W) i L i L b i 4 op B g 2 Xt X XV 3
. » ] lz 3 T3 ’ 9 M5 m. -y 6. a 3 b 5 c 3 d 3 e 6 f 6
Cc. 1L % ii. _% ii. .3_ iv. 11_5 . -3 -3 -4 v 3 3
3 g. P(EUF) = P(E) + P(F) - P(ENF)
Exerclse 39¢ 7w i 2w Lm0 v kw0
;4 - s 4 ; 1 1
L a i % g2 i 3 boi L L1 o vi. 3 vii. O vili. 3 ix. 3 X. 3
5 5 Sy i 75 fii. b. 60 c. P(A)+PB)#1
2. a . B b i L 3 e 1 L2 7
< 10|< 150 . L 3 u 3 1. g 1v, g A% § Exercise 39e
10 B
: 5 < 10 a,b 2. none are independent 3. There are many possible answers for each
start T, 0 4. a. i,iiare independent b. i. -9% ii. ;—g
T _10
L 2 10=3 s 5. The probability of A and B occurring is not equal to the product of the probability of A and
5 g the probability of B.
N <zlo 6. a. independent: (E,E), (E,E), (E,E),(E,E)
T s complementary: (E,, E,), (E,, E,))
) mutually exclusive: (E, E)), (E,, E), (E, E), (E, E)
3. a K T b. i é i 4 i 2 gy 4 b. i. Firstmarbleisred  ii. Second marble is red
2 RL< W 8 8 T8 iii First marble is black and second marble is red
LR i iv First and second marbles are black
/ h w< R v. First marble is red or second marble is black
start A e i 2 oy 2 G 2 v, 2 v 5 v 18
. I T - _ iv. 3 Y i 5
N _r=—,, Vi, = vii 2 k. £ x 0 xio 1 xii. =
w 2% X T25 25 : 25 : ' 25
T W%<w xiii. % xiv. % XV. % XVi. % XVii. 595 XViii. —é—g
S 2
Xix. 5o XX
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Chapter 39 - Problems and Investigations
6 1
L2 2 4 3. 4

Chapter 40: Conditional Probability

Exercise 40a
é. 0.3 2. 095 3. 06 4. 0.035
. 04 7. 04 8. 042 9. 0.144
10. a. O/SP b. 0.59
M
03\ 0LP
M
S
Exercise 40b
1. 0.1 2. 04 3. 09 4. 081
6. . Apple | Acom | PC | Other | Total
Junior | 25 10 32 33 100 7
Senior | 40 8 30 22 100 .
Total | 65 18 62 55 200 9.

Exercise 40¢c

1. 08 2. 09 3002 4. 034
5

7 1% 8. a 02325 b. 0.6458

10. a. 04 32 32
a 5 b. 45 C %

Chapter 40 - Problems and Investigations

1. a 029 b, 186 246 )

296 ¢ sa0

5. 0.06
65
200

10
100

9. a. 051

187

& s

Chapter 41: Random Numbers and Simulations

Exercise 41a
1. a 4 b & 19

27 Y C. 27 d

£ 2 3

27 g‘ 27 h 1
2. a L 16 7

1(1) LT ¢ oo d.
3. a —— 4 1

100 b 100 ¢ 10 d.

Exercise 41b

27
26
27
16
100

1000

1. about 16% 2. about 7% 3. more than 90%

10.

30
100

33

55

80
137

Exercise 41¢

Chapter 42: The Normal Distribution 443

1. about 30% 2. about 50%

Chapter 42: The Normal Distribution

Exercise 42a

1. 0.1915 2. 03888 3.
7. 0.3049 8. 01151 9.
13. 0.0161 14. 05028 15.
19. 06217 20. 06179 21.

Exercise 42b

1. 042 2. 1.16 3.
7. 1587 8. -1.355 9.
13. 1.099 14. -0.129 15,

Exercise 42¢

1. a 05 b. 02734
g. 01974 h. 02413
2. a 03094 b. 04452
3. a 5 b. 6572
g. 7316 h. 2018
4. a 1288 b, 11935
d. 3157 e a=3.157,
5. a 00913 b. 09849
6. a 05403 b. 09690
7. a 00548 b. 04516
8. a 09911 b. 99.11%

Chapter 43: Networks

0.4953 4. 0.1359 5. 04194 6. 0.1286
0.1284 10. 02978 11. 03686 12. 0.1630
0.9469 16. 0.1255 17. 04725 18. 0.2260
0.6368 22. 09032 23. 00000 24. 09332

1.652 4. 1234 5. 070 6. 0.661
0.524 10. 1.036 11. 0516 12.  0.641
0.019

c. 0.0987 d. 0.1747 e. 04013 f. 0.5987
i. 03721 j. 0.1056

c. 02569 d. 01292 e 09834

c. 8.108 d. 6.155 e. 7.022 f 824
i. 4.625 j. 3.251

c. b=13.042,a=274

b=10.843

c. 03362 d. 3925kg e 33.238kg

c. 16375

c. 23 rides

c. 60.38% d. 27.94 minutes

Exercise 43a
1. B ‘Whangarei 2. Q
\ D
A b Auckland
Hamilton
C Tauranga
. /— = E
A "aupo
3. “ ™~
New Plymouth 5. A
Palmerston North T
/_ Tracy BenK \ Mary
/ ‘ W i Ia“ ()
anganui
“h E Pa
ul
~A— Ne‘)“’“ \Wellington Sue_//
Christchurch ( )
( Shane
Dunedin
F



444 Answers

Chapter 43: Networks
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Exercise 43b
1 A A 2 A C A—\
B/ c 5 /\C B\D )E/ =P g j
p D H—F ¢ ( ol
E/ F E/ F ( ) H/

Exercise 43¢

a B gt g b. 74.5 2. a 21, B b. 139
Ay \{Dy \o Wf Bl/ 14 "
C/6 yG |13 \

I 3

Exercise 43d

(5] A——F. K
1. I \ 2.

o
@JB—E \I -\ ./ Fé m/E
\

0] ¢ ~———
T

RouteisA-F-G-H-M-7J
Total distance 15

Route isA~-C-D-7J
Total distance 7

Exercise 43¢

L. Every vertex has an even number of edges.
F-A-B-G-F-B-C-D-E-H-C-E-F

2. There are exactly 2 vertices with an odd number of edges.
AFEHDBGABCDE

3 a ASGIDRECIDSESFlatpicicés

Double at DC, which is the least possible doubled distance.
b. 46

4. a F3G3c4DPHIYTESHicipiGIE3piaip
Double at DH, which is the least possible doubled distance.
b. 60

5. a C2A%B2K2ZB4D3r2Zy214y4G2p2G33E4ESc3k4E 2D
b. 63

Exercise 43f

1. a | Task| Timeto | Dependson b.| Task | Timeto | Dependson
complete complete
A 3 - A 2 -
B 2 - B 3 -
C 4 A C 3 -
D 2 A D 4 A
E 2 B,C E 3 B
F 3 B,C F 3 C
G 4 B,C G 2 D,E
H 3 D.E H 2 G,F
I 2 F
J 1 G c.| Task | Timeto | Dependson
K 4 H complete
L 1 LILLK A 2 -
B 3 A
2. a o Ok C 2 A
57 1 D 4 B
/ N 3?‘0 E 2 B
\ O/ F 1 C
o G 2 D
b. 73X H 3 E
o——‘}—-o—‘f»o-f-%i\‘—-o 1 1 F
b

&

O 3
Exercise 43g

o By

N \.
\@ \0/

D @/ 0\0

O

Time to completion is 10
Critical Pathis B-F -1

O * Time to completion is 19

Critical Pathis A-B-C-E-H-K
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Chapter 44: Polar Co-ordinates

447

Exercise 43h
1. a. Time to completion is 15
/ \. c. Critical Path is either
A-B-E-H-
@ 8/ A—]I;'—F—I—LL x
@/@ ® Ve
O —o®
x\/
O ;

2. m=4,n=5p=11,q=3,r=5x=1
Chapter 44: Polar Co-ordinates
Exercise 44a

3. A(15,22°), B (13,77°), C (10, 142°), D (14, -122°), E (14, -19°)

4. a. (45,117°) b. (5.8,59°) c. (5,-37% d. (64,-129°) e. (54,-22°
Exercise 44b
1. a. 4.1,29) b. (5.1,4.8) c. (-2.1,4.5) d. (6.1,-5.1) e. (-7.6,-4.8)
2. a (64,513% b. (5126.9) c. (6.7,-1534) d. (5.4,-111.8) e. (6.4, -38.7°)
Exercise 44c
l. a (54,-21.8°) b. (5.8,-59°) «c¢. (64, 128.7°) d. (5.6,26.6°) e. (2.4,123.0°
2. a (5.7,4.1) b. (6.0,5.6) c. (-2.5,4.8) d. (-6.1,-13.7) e. (1.8,-2.0)
Chapter 44 - Problems and Investigations
1. a. (20,30°

b. i (25,47°) ii. (15, 155°) iii. (5, -52°) iv. (19, -125°)
2. a. (20,589 b. (35, -29°) c. (5,-122°) d. (17, 163°)
3. a. (226,118% b. (258, 14% c. (327,-15°
4. a. b. c.

VaRY
P <
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GLOSSARY

ibsollute Value (p. 111): Another expression for modulus
cceleration (symbol a) (p. 241): The instant , i
ecett ot aneous rate of change of speed with
Acute Angle (p. 202, 211): An angle of size less than 90°.

I1)&d3dlmg (symbol +) (p. 1): An arithmetic operation. Adding rational expressions
Adjaceflt (l’). 364): Nodes joined by an edge are said to be adjacent.

.Advertl.ser s Scale (p. 309): A slanting scale used to create favourable
impressions.

Algebraic Conventions (p. 1, 5): See BEDMAS.
Algebra!c Expreissions (p. 4): A collection of algebraic terms.
ilgebrafc Fractions (p. 31): A rational expression with variables.

Igebraic Method (p. 123): Solving a problem using algebra. For straight lines
p. 11, 60-62; for straight lines and circles, p. 123~124. ’
Algebraic Term (p. 9): A product of numbers (called coefficients) and letters
(called. variables). Each of the variables may be raised to a power-
All Sc.lence Tgachers Cry (p. 212): A mnemonic used to remember the quadrants
in Whl.Ch the different trigonometric functions have positive values.
:nmnpl;tud(e (20 ?12); The magnitude of the coefficient of a sine or cosine function

ulus (p. 40): A disc with a smaller disc r i .

annlus (. emoved, where both discs have the
Antfd?rivativ.e (P. 235, 245): The result of antidifferentiating.
??gldlff.ergntlatlon (p. 235): also called integration. The opposite process to
itferentiation. Rules for antidifferentiation, p. 235; i i ;
xprowsions. o 235236 p ; notation with, p. 236; of
Applications: Of straight line equations, p. 92.
Arc (p. 230): Part of the circumference of a circle.
Area (p. 208): Under a curve, p. 246-250; of a trapezium, p. 250.
Area Rule (p. 208): A relationship used to find the area of any triangle given the
len.gth of two sides and the angle between them.
irg:ﬁmetlc Progression (p. 154): See arithmetic sequence.

rithmetic Sequence (symbol AP) (p. 154): A sequence wi

. . : th
difference between adjacent terms. ! i a constant
Associative Law (p. 5): For + or X, the use

. 3): s of brackets does not
A not affect the result,
Asymptote (p. 54): Line which a
. 34): graph gets closer and closer to, but

Average (p. 282): The mean of a sample. uinevertouches.

Average Speed (p. 187): Also called avera i
. . : e velocity. Th
of distance, with respect to time. # > The average raie of change

Bar Graphs (p. 262): Statistical graphs where vertical bars represent frequencies.

Glossary 449

Base Changing Rule (p. 144): Used to change from one base to another.
BEDMAS (p. 5): A mnemonic which gives the correct order in which arithmetic
operations are done.

Bias (p. 266): When the conclusions from a survey do not describe the
characteristics of the whole population.

Box Plots (p. 302): A form of data display.

Calculators, use of with: Repeated substitution, p. 3; linear equations, p. 14, 17;
formulae, p. 44; graphs, p. 47, 49, 52, 106; simultaneous equations, p. 63, 100;
quadratic equations, p. 73; circles, p. 121; indices, p. 132; sequences, p. 151;
gradients, p. 166; trigonometric equations, p. 177; derivatives, p. 178; graphs of
the trigonometric functions, p. 180; tangents, p. 181; turning points, p. 185;
trigonometry, p. 198; definite integrals, p. 246; area under curves, p. 248; standard
deviations, p. 249; measures of spread, p. 287, simulation of random events,

p- 349-350; polar co-ordinates, p. 384-385.

Calculus (p. 174): Differentiation, integration and associated processes and
graphs.

Census (p. 256): A survey where all the target population is surveyed.

Central Tendency (p. 281): The central value of a sample or population.

Circle: Equation of, p. 120-122; intersecting with a line, p. 123.

Circular Functions (p. 212): Another name for the trigonometric functions.
Clusters (p. 268): Randomly chosen representative subsets for collecting a sample
from.

Coefficient (p. 4): A number which multiplies a variable in a term.

Collinear: 3 or more points which lie on the same straight line.

Common Denominator (p. 33): A denominator common to two or more fractions.
Common Difference (p. 154): The constant difference associated with an

arithmetic sequence.
Common Factors (p. 26): Factors which divide into each term of an expression

without remainder.
Common Ratio (p. 158): The constant value associated with a geometric

sequence.
Commutative Law (p. 5): The order of two elements being combined by addition

or subtraction does not affect the result.

Complementary Events (p. 333): Events which are mutually exclusive and where
each outcome of a trial belongs in one of the events.

Compresses (p. 103, 218): Makes smaller.

Compression (p. 277): Shortening of the horizontal axis.

Concurrent (p. 100): Lines which go through the same point are concurrent.
Conditional Probability (p. 339): Probability over a subset of a sample space.
Congruent (p. 107): Identical in shape and size.

Connected Network (p. 364): Network with all nodes accessible along edges.
Constant (p. 70): A number (which does not vary).
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Constant of Integration (p. 235): A constant which results from integrating.
Finding the constant, p. 239.

Continuous Data (p. 277): Data for which another possible value lies between any
two values. On a cumulative frequency graph, p. 296.
Continuous Function (p. 51): A function whose graph is an unbroken line.

Continuous Population (p. 354): A population of values which are continuous.
See continuous data.

Cosine (symbol cos) (p. 197): A trigonometric function.

Cosine Rule (p. 206): A relationship between three sides and one angle of a
triangle.

Cover Up Rule (p. 115): Used for finding the horizontal asymptote of a hyperbola.
Cube Root (p. 131): A number which when cubed gives the original number,
Cubic (p. 68): A polynomial of degree 3.

Cubic Functions (p. 109): An expression of the form ¥ = cubic expression.
Cubics: Drawing graphs of p. 50-51; sketching graphs of, p. 109-110.
Cumulative Frequency Graph p. 295: A graph showing the number of a sample
or population with a value less than, or less than or equal to, a particular value.
Also called ogives.

Cycles (p. 365): Paths in a network that begin and end at a common vertex.

Data (p. 253): The numbers and information associated with statistics.

Data Display: Discrete, ungrouped data, p- 273; discrete, grouped data, p. 274;
continuous data, p. 277; data with non-equal intervals, p. 279.

Decimal Places (p. 2): The number of digits after the decimal point in a decimal
number.

Decreasing Function (p. 50, 182): A function whose ‘y’ values decrease as its ‘x’
values increase.

Deduction (p. 272): A conclusion drawn from a survey.

Definite Integral (p. 245): An integral calculated between two limits.

Degree (p. 68, 70, 109): The highest power of the variable in any of the terms of a
polynomial.

Denominator (p. 29): The integer or variable below the horizontal line in a
fraction.

Derivative (p. 174, 188): Gradient function.

Difference (p. 27): The result of subtracting two terms or numbers. Of two
squares, p. 27; of two cubes, p. 28.

Differentiating: simple, p. 174; with brackets, p- 175; negative indices, p. 177,
rational powers, p. 177.

Differentiation (p. 174): Finding a derivative.

Differentiable (p. 174): A function which can be differentiated.

Direct Proportion: Two quantities x and y are in direct proportion if their guotient
f is constant,

Disconnected Network (p. 364): Network in which some pairs of nodes are not
accessible along edges.

Glossary 451

Discontinuous Function (p. 51): A function whose graph has ébreak.
Discontinuity (p. 51): A point where a graph is no longer coptmuous.

Discrete Data (p. 272): Data where no other values are possible between the
values obtained in the data. On a cumulative frequency graph, p. 296-297. .
Discriminant (p. 75): A number calculated from the constants of a quadratic.
Dispersion (p. 281): Also called spread.

Distance between two points (p. 79) - |

Distributive Law (p. 5, 24): A law describing how bra?k.et's are u§e . .
Dividing (symbol +) (p. 1): An arithmetic operation. Dividing rational expressions,
p. 32. d - . th d- . .

Divisor (p. 32): The term ‘doing’ the division. . ' .
Domain ?p. 46, 114): The set of first elements in the ordered pairs of a relation. Of

a trigonometric function, p. 218.

Edges (p. 364): Lines between nodes in a network.
EFT (p. 376): Earliest finish time for a task. .
Elimination (p. 60): A method of solving simultaneous equations.
Empty Set (p. 333): A set with no elements in it.

Enlarge (p. 218): Make larger. N N

Enumeration (p. 150): One way of writing a sequence, by hstmg.

Equation (p. 11): A mathematical sentence involving an equals sign ?nd at leait‘
one variable. Trigonometric, p. 214-216; involving radians, p. 2.25; linear, P 1 ;
simultaneous, p. 60—63; of a straight line, p. 87-91; more complicated straight line
equations, p. 82; quadratic, p. 102-106. . ‘

E(i]uilaterzﬁ Triangle (p. 203): A triangle with all three sides the same length.
Equiprobable (p. 325): Events with equally likely -out'comes..

Erratic or residual variation (p. 315): Variations in time series that are not
secular or periodic. '

Estimate (p. 292): An approximation to an exact value.

i istical trial.

Event (p. 323): A possible outcome of a statistica ‘ o
Expangzng (p. 24, 236): Removing brackets from an expression by multiplying.
When antidifferentiating, p. 236-237. T

Exponent (p. 1, 4): Using exponents, p. 7 — 8. o '
Ef(gonential: Flinction (p. 138, 142): Inverse of the natural logarlthrr.nc fuqctlon.
Extrapolating beyond the Data (p. 308): A trend on a graph is continued into the

future.

Factorisifig (p. 26): Rewriting a mathematical expression as a product of simpler
factors. Factorising quadratics, p. 26.

Float (p. 377): The difference between the LST anq the EST fqr a ta§k.

Formula (Formulae, plural) (p. 1, 37): An algebraic efquatlon in which thf: .
mathematical relationship between different variables is expressed. Changing the
subject of, p. 41; using formulae, p. 43-44; and sequences p. 150.
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Fraction: A number expressed as a quotient. The top number is called the
numerator, the bottom the denominator. An algebraic fraction or rational
expression is a fraction with variables (p. 31).

E ree of bias (p. 266): When each member of the population is equally likely to be
included in the sample.

Frequency (p. 272): The number of times a value oceurs in a survey.

Frequency Histogram (p. 277): A diagram used to illustrate a continuous
population.

Frequency Table (p. 272): A table in which the frequency of events or data is
recorded.

Function (p. 46): A relation in which each element of the domain appears in only
one of the ordered pairs of the relation.

General Term (p. 148): Also called the nth term.
Geometric Progression (p. 158): A geometric sequence.

Geometric Sequence (symbol GP) (p. 158): A sequence where each term gives a
constant value when divided by the previous term

Gradient (p. 81, 183, 164-166, 167): The ratio of the ﬁ% of a straight

line. Relationship with angles, p. 85; of a tangent, p. 179, 183; of a normal, p. 179;
on a distance-time graph, p. 187-188. ,
Gradient Function (p. 169): A function which maps a point onto its gradient,
Graph.(p. 46): A set of ordered pairs plotted on a grid. Of a sequence, p. 151,
Graphical method: Solving a problem using a graph. For straight lines,

p- 55, 92, 99; for straight lines and circles, p. 123.

Graphs: Drawing graphs, P. 48-51; sketching graphs, p. 48-52; of parabolas,

p. 102-106; of cubics, p. 109-110; of the modulus function, p. 98-99; involving
square roots p. 113; of hyperbolas, p. 114-116; of trigonometrical functions

p- 217-220. ’
Grouped Data (p. 274): Data displayed in groups.

Hist.ograms (p. 277): Bar graphs on which continuous data are displayed.
Horizontal Asymptote (p. 114): A horizontal line which a graph approaches but
does not cross. The value which is excluded from the range of a hyperbola.
Hyperbola (p. 114): The graph of a function of the type y = éﬁ: g
Hy;l)otenuse (p. 38, 79): The side of a right-angled triangle opposite the right
angle.

Image (p. 142): The object after it has been transformed.

Increasing Function (p. 50, 182): A function whose ‘y’ values increase as its ‘x’
values increase.

Independent (p. 347): Uninfluenced by preceding outcomes.

Independent Events (p. 336): Two events where the outcome of one has no effect
on the outcome of the other.
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Index (p. 1, 4): An alternative expression for exponent. Working with indices,
p. 126-131.

Inequation (p. 21): A mathematical sentence involving an inequality.

Initial Line (p. 380): The positive horizontal direction from which angles are
measured in polar co-ordinates.

Instantaneous Velocity (p. 188): The velocity at a particular instant.
Integral (p. 235): Another word for antiderivative. And area under a curve,
p. 246-247.

Integration (p. 235): See antidifferentiation.

Intercept (p. 48, 103): The point where two or more lines meet.
Interquartile Range (p. 285): The difference between the upper and lower

quartiles.
Intersection (p. 333): The set containing the elements common to two or more

other sets.
Interval Notation (p. 171): a notation for subsets of the real numbers, using

brackets.

Interviewers (p. 258): The people who conduct a survey.

Inverse Function (p. 138, 142): The function which reverses the effect of another
function.

Inverse Relation (p. 46): The relation obtained by reversing elements within each
ordered pair of a relation.

IQ Test (p. 355): A test to determine human intelligence whose outcome is a

number.

Irrational Number (p. 222): A number which cannot be written as the quotient of
two integers.

Isosceles Triangle (p. 39, 80): A triangle with two sides of equal length.

Like Terms (p. 4): Terms which may be combined by adding or subtracting.
Limit: The value a function approaches. And sequences, p. 152.

Line (p. 87): Applications of straight line equations, p. 92; intersection with
another line, p. 99; intersection with a circle, p. 123.

Line Segment (p. 97): A line between two points.

Linear (p. 11): An equation or polynomial in which the highest power of any
variable is 1.

Listing (p. 150): Also called enumeration.

Local Maximum (p. 182, 185): A turning point where a function changes from
increasing to decreasing.

Local Minimum (p. 183, 185): A turning point where a function changes from
decreasing to increasing.

Loops (p. 364): Edges that connect a node to itself.

Lower Quartile (p. 283): The value for which 25% of the sample or population is
less than or equal to. Also called the 25th percentile. On a box plot, p. 302.
LST (p. 377): Latest start time for a task.
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m (p. 81): Commonly used symbol for gradient.

Mapping Notation (p. 49): A way of representing functions.

Market Research (p. 257): A poll taken for commercial purposes.
Mathematical Modelling (p. 18, 37): The process where problems described in
words are changed into equations.

Matl:ix (p. 26): An array of numbers in rows and columns (plural matrices)
Maxgma (p. 103, 182-185): The maximum value of a quantity or function. '
Maximum Turning Point (p. 50, 103, 182-185): A turning point where a function
changes from increasing to decreasing.

Meafl (p. 282): The sum of all the values divided by the total number of values
Median (p. 283): The middle value of a population or sample. On a cumulative.
fre.quency graph, p. 296; on a box plot, p. 302.

MEdPoint (p. 97): The point halfway between the end-points of a line segment
anfma (p. 103, 182-185): The minimum value of a quantity or function. ‘
M!nfmum Spanning Tree (p. 367): A spanning tree with lowest edge sum.
Mmlmum Turning Point (p. 50, p. 103, p. 182-185): A turning point where a
function changes from decreasing to increasing.

Mode (p. 284): The most frequently occurring value.

Mod.ulus (symbotl Ix1) (p. 111): The function which makes all numbers positive
MOVl-llg Averages (p. 316): Method of analysing secular trends in time series dz':\ta
Multlp!ying (symbol X) (p. 1): An arithmetic operation. Multiplying rational .
expressions, p. 31.

Mutually Exclusive (p. 332): Two events which cannot happen together.

Nat.u.ral Logarithm (p. 136): A function with domain {x: x> 0}, ie defined for all
positive numbers. General properties, p. 137-138.

Nature (p. 75): T!le number and type of roots of a quadratic equation.

Na_lt.ure of a Turning Point (p. 50): Whether a turning point is a maximum or a
minimum.

Network. (p. 364): Diagram consisting of nodes and edges, used to represent
information. Networks containing numbers, p. 366-368.

Nodes (p. 364): Points in a network.

Normal (p. 179): A line perpendicular to a tangent.

Normal Dl.strlbutlon (p. 354-363): The distribution which describes heights
lengths, weights and many other features of nature. ’

Norma.l .Table (p. 355 and appendix): A table giving the areas under normal
probability curves. See appendix.

nth term (p. 148): The member of a sequence associated with n.
Numerator (p. 29): The integer or variable above the horizontal line in a fraction.

Ogives (p. 295): See cumulative frequency graph.

Parabolas (p. 70, 102-106): Graphs of quadratic functions.
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Parallel lines (p. 83, 86, 95): Lines with the same gradient.
Percentile (p. 284): Generalisations of the median and quartiles. 25th Percentile,
also called the lower quartile, p. 283; 50th percentile, also called the median,
p. 284; 75th percentile, also called the upper quartile, p. 284; on a cumulative
frequency graph, p. 296-297.
Period: Of a trigonometric function, p. 218.
Periodic Movements (p. 315): Variations about a general trend in a time series.
Perpendicular Lines (p. 95-96): Lines at right angles to each other.
Pie Graphs (p. 300): Graphs used to show proportions.
Piloting (p. 257): Pre-testing the questions to be used in a survey.
Plotting (p. 48): Transferring the ordered pairs of a relation accurately onto a
graph.
Point of Inflection (p. 54, 170, 185): A point where the derivative has a maximum
or minimum value.
Point Symmetry (p. 50): A graph which can be rotated through 180° about a point
onto itself.
Polar Co-ordinates (p. 380): method of describing a point’s position using
distance and angle.
Pole (p. 380): Reference point for polar co-ordinates.
Political Poll (p. 257): A survey used to obtain political information.
Poll (p. 257): A survey which seeks opinions from people.
Polynomial (p. 68-69, 70): A function which is the sum of several terms.
Population (p. 281): The values of interest in a survey or experiment.
Population Mean (symbol ) (p. 355, 282)
Power (p. 1, 4, 8): An alternative expression for exponent.
Power Form (p. 7-8): Any number written as a power of another number.
Primes: Numbers that have only two factors.
Probability (p. 323): A measure of how certain it is that an event will occur.
Calculating probabilities for normal distributions, p. 360-361.
Probability Density Graph (p. 354): The limiting graph as the sample size gets
larger of a relative frequency histogram.
Probability Tree (p. 329): A diagram used to calculate probabilities.
Proof (p. 131, 198, 202, 206): Statements showing that a relationship is correct.
Proportion (p. 276): A comparison of different amounts.
Pythagoras’ Theorem (p. 79, 120, 198-199): The square of the hypotenuse equals
the sum of the squares of the other sides of a right-angled triangle.

Quadrant (p. 211): One of four regions defined by the x and y axes.

Quadratic (p. 26, 68): A polynomial of degree 2. Drawing graphs of p. 47-48;
sketching graphs of, p. 102-106; on a cumulative frequency graph, p. 259, 260.
Quadratic Equation (p. 70): Solution of, p. 71-72; roots of, p. 74-75.

Quadratic Expression (p. 25): A mathematical expression which can be written in
the form Ax2+ Bx+ C, where x is a variable and A, B and C are constants.
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Quadratic Function (p. 70, 102): A function of the form y = quadratic expression

Qllal tlleS (p- 283). l WO ]lumbe] S aSS()Clated Wlt]l t] 1€ centr al te de]lcy Of sa
381 f mples
QueStIOIlllall (4 (p. 259)- A SCries 01 written queStl()l 1S.

Q.u.ot.lent (p. 29): An expression with a denominator and numerator; the result of
dividing two numbers or variables.

gadi:ms (p. 222): A natural unit for measuring angle size.

andom Numbers (p. : ini i
ot s (p. 346): A set of numbers not containing any predetermined
Random Selection (p..266, 268): A method for collecting a sample in which every
member of the population has the same chance of being selected.

Range (p. 46, 114): Th i i
function!)p. 2,1 Ny ): The set of second elements from a relation. Of a trigonometric

gange (p. 285): A simple measure of spread.
ate of Change (p. 92, 164-165): The i i i
: gradient of a line or .

p. 187; other quantities, p. 188. urve. Of distance,
ﬁatlo (p. 158): A comparison of two or more quantities.

atio to Moving Average (p. 318-319): Techni iodi
variation in a time series. due tsed 0 analyse periodic
Ratlon:fll Expression (p. 31): Any quotient consisting of two algebraic
expressions,
Rational Powers (p. 131): A power where the index is a rational number.
ﬁav;lf lli)lata (p. 272): Data at an early stage of analysis.

eal Numbers (p. 49): The largest set of numbers t
peal Numbs ers that can be represented on a

Rearranging (p. 41, 70): i i i

it anotr vakablebecomes e b XPeIon ofen o
Reciprocal (p. 6, 32): A multiplicative inverse. The reciprocal of Tis %’;
Recipr(.)cal Powers (p. 133): Used for solving equations with indiyces '
Recur:snvely (p. 150): One way of writing a sequence. .

Relatson (p. 46): A set of ordered pairs, usually numbers.

Relative Frequency (p. 276): The proportion of total occurrences of any value.

Relative Frequency Histogram ¢ Hi i i
Nelative e y g (p. 354): Histogram showing relative frequency

Respondent (p. 259): The person being asked questions in a survey.

Sample (p. 253, 266, 281): A small part of a population being investigated.
Sample Mean (symbol X) (p. 282): The mean value of a sample.

Sample Space (p. : i i
> triali pace (p. 324): A set whose elements describe every possible outcome of

f:mqle Standard Deviation (symbol s) (p. 286): The standard deviation of a
mple.
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Sample Survey (p. 256): A survey where a small section of the target population
is investigated.

Sampling (p. 256): Taking a subset of a population.

Scatter Diagram (p. 306-307): Graph used with paired data.

Sector (p. 230): A region formed by two radii and an arc.

Secular Trend (p. 316): A general tendency for increase, decrease or stability in

time series.
Sequence (p. 148): A function which associates a real number with each natural

number.
Series (p. 153): The sum of the successive terms of another sequence.
Set Builder Notation (p. 47): Symbols used to describe sets and relations.
Sigma Notation: (symbol ) (p. 153): Notation associated with sequences and
series.
Simplifying (p. 4): Changing an algebraic expression into a simpler form.
Simultaneous Equations (p. 60, 99, 123): Equations, each of which contains the
same variables, and which usually have a common solution.
Sine (symbol sin) (p. 197): A trigonometric function.
Sine Rule (p. 208): The relationship between one side of a triangle and its opposite
angle, and a second side and its opposite angle.
Sketch Graph (p. 102): A quickly drawn graph of a function showing the key
features.
Slope (p. 81, 164, 165): Another expression for gradient.
Solution Sets (p. 22): The set of solutions to an equation or inequation,
Solving (p. 11): Finding the values of the variables which make an equation or
inequation true. Solving equations, p. 11; solving inequations p. 21.
Spanning Tree (p. 366): A tree including all vertices and whose edges are in the
network.
Speed (symbol v) (p. 187, 241): Also called velocity. The rate of change of
distance with respect to time.
Spread (p. 281): How far the data is spread from the central value.
Spreadsheet (p. 15, 44, 191, 193): Numerical solution method for solving
equations etc by computer. Use in: statistics, p. 287-288; data display, p. 305-306;
time series, p. 319-321; simulating random events, p. 348-349, 351.
Square Root (p. 131): A number which when squared gives the original number.
Standard Deviation (symbol s or 6) (p. 286): A measure of spread. The square
root of the variance.
Statistics (p. 253): The collection, display and analysis of data.
Stem and Leaf Diagrams (p. 303-304): Diagram used in data display, similar to

tally charts.
Strata (p. 267): Important groups in a population which must be represented in a

survey.
Stratified Sampling (p. 267): Choosing a sample so that subgroups of the

population are proportionally represented.
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Structured Questions (p. 259-261): Questions where the answer falls into

predetermined categories.

Subject (p. 41): The variable appearing on its own on one side of the equals sign

in an equation or formula.

Substitution (p. 1, 43, 62, 66): The process of replacing variables with numbers or

other variables.

Substitution Method (p. 62): A method of solving simultaneous equations.

Subtend (p. 199, 230): Lie under.

Subtracting (symbol —) (p. 1): An arithmetic operation. Subtracting rational

expressions, p. 33.

Sum (p. 27): The result of adding two or more numbers or like terms. Of two

cubes, p. 28; of the first n terms of an arithmetic progression, p. 157-157; of a

geometric progression, p. 160; sum to infinity, p. 161~162; of rational expressions

p. 33.

Suppressed Scale (p. 309): A vertical scale with points plotted over a smaller

range of values.

Surd (p. 202): The root of a rational number which is not rational itself, such as 2.
Survey (p. 255): A statistical investigation in which data is collected. Purpose of,

p. 257; execution of, p. 258.

Systematic Method (p. 267): A quick method for collecting a sample.

s

Table (p. 47): Used to represent some of the ordered pairs of a relation.

Tallies (p. 272): Vertical and diagonal lines used to record frequencies.

Tally Chart (p. 272): A table in which tallies are displayed.

Tangent (p. 179, 123): A straight line that touches a curved line in one place.

To graph, p. 169, 179-181.

Tangent (symbol tan) (p. 197): A trigonometric function.

Target Population (p. 255): The population being investigated in a survey.

Term (p. 37, 68, 148): One member of a sequence or expression.

Time Series (p. 314): A sequence of values of a variable over time.

Time to Completion (p. 376): Longest path in a critical path diagram.
Trapezium (p. 250): A quadrilateral with one pair of parallel opposite sides.

Tree (p. 366): A connected network without cycles.

Trial (p. 324): One repetition of an experiment.

Triangles: labelling of, p. 206.

Triangular Brackets (p. 150): Used to write a sequence.

Trigonometric Equation (p. 214-216): An equation involving the sine, cosine or
tangent functions.

Trigonometric Function (p. 212): The functions sine, cosine and tangent etc.
Turning Point (symbol TP) (p. 103, 182): A point where a function changes from
increasing to decreasing (or vice versa) and the gradient of a tangent at the point is
zero. Nature of, p. 183; finding turning points, p. 184-185.
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Unerouped (p. 273): Data displayed as single unit.s. - .
Unlgike tI:armsp(p. 4): Terms which cannot be combined by adding or subtracting.

Unstructured Questions (p. 261-262): Questions for which the answer does not

fall into predetermined categories. o
Ialeper (;)uartile (p. 284): The value for which 75% of the sample or population 1s

less than or equal to. On a cumulative frequency graph, p. 296; on a box plot,
p- 302.

Variable (p. 4, 37): A letter which represents a number.

i : f spread.
Variance (symbol s2) (p. 285): A measure 0 .
Velocity (symbol v) (p. 187, 241): The instantaneous rate of change of distance

ith ect to time. . '
V“;;m: ?;?agrams (p. 325): A diagram used to illustrate the relationships between

two or more sets. -
Vertical Asymptote (p. 114): A vertical line which a graph approaches but does

not cross. The value which is excluded from the doma%n ofa hypelrbola. '
Vertical Line Test (p. 48): Applied to a graph to find if a relation is a function.
Vertices (p. 364): Points in a network.

Word Problems (p. 18, 64, 92): Problems written in words rather than in
mathematical form.

x Intercepts (p. 48, 74): The points where a graph cuts the x axis.

y Intercept (p. 48): The points where a graph cuts the y axis.
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APPENDIX

Mathematical Symbols

Sets
be A b is an element of A.
cg A ¢ is not an element of A.
Uore The universal set.
¢or{}  Theempty ornull set.
A’ The complement of A.
AcB A'is a subset of B.
AzB A is not a subset of B.
AUB
AnB
n(A) The number of elements in set A.
Ao B
A=B
AxB The cross product of A and B.
Language
such that
and so on
therefore
= is equal to
#* is not equal to
= is approximately equal to
< is less than
< is less than or equal to
> is greater than
2 is greater than or equal to
= implies
3 sum
Ix the positive square rqot of x
+x plus or minus x
Ixl the absolute value of x

Number Sets

PO~ £ 2

Natural numbers.
Whole numbers.
Integer numbers.
Rational numbers.
Irrational numbers.
Real numbers.

The union of A and B, i.e., the set containing elements in A or B.
The intersection of A and B, i.e., the set containing elements in both A and B.

A is equivalent to B, i.e., A and B contain the same number of elements.
A is equal to B if they have exactly the same elements.

Mathematical Formulae

Area
1

7 bh
bh

1
Edldz

[}
360

triangle
rectangle or parallelogram

rhombus or kite

2
e X TI° sector

Geometry

V4 angle

ZABC } The angle defined by the points
or ABC/ A,BandC.

AB The line segment A to B,

" parallel to

4 perpendicular to

A triangle

° degree

T Pi=3.14159

Probability

P(A) The probability of event A occurring.
X The mean of a sample.

s.d.orsd The standard deviation of a sample.
a? square, side a

—;—(a+b)h trapezium

o’ circle

4mr? sphere

Logarithms
Ify=b*thenlogy=x
log x + log,y = log,xy
logx —log,y = logl%

log,x” = nlog,x

‘Ify=e‘thenx=Iny=logy

log,x
IOgbx = log,b

log x = 2.3026 x log x

Co-ordinate Geometry

Distance

d=) G -1 + 0, -3

Gradient

_hh

H7H

Perpendicular and Parallel Lines

y=myx+c andy=myx+c, are parallel if m, = m, and perpendicular if m; X m, = -1

am <+ gt = g™

am X a° = amtn

(am)n = gm" (a_b)‘“ = a"b™
=1 Gfa#0) T =a

L =™ (faz0)
a

Mid-point of a Line

mid-point (x‘ ;XZ, %)
Lines

y=mx+c¢

y-y, =mx—x)
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Volume

1 AL
B cube, side [. gAh pyramid (A = base area)
Ibh cuboid %nﬁ sphere

. 1

%bhl triangular prism gnrzh cone
nrth cylinder
Logarithms and Indices

Indices
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Clrcles Compound Angles
2_ . . . A+tan B
24y 2“ ’ ,  isthecircle with centre (0,0) and radivs r , sin(A£B)=sin AxcosBEcosAxsinB  tan(A+B)=Tornas T
x—a)" +(@y-b) = circle with centre (a,b) and radius r cos (A+B)=cos Axcos BFsir :sinB
Perimeter
C = 1d or 21 . " . Sums and Products
= T circumference of a circle
6 5 sin C + sin D = 2sin (half sum) x cos (half diff.) 2sin A X cos B = sin (A + B) + sin (A - B)
360 < 47T arc length of a sector ] ] ] .
sin C — sin D = 2cos (half sum) x sin (half diff.) 2cos A X cos B = cos (A + B) + cos (A — B)
Tri cos C + cos D = 2cos (half sum) x cos (half diff.)  2sin A x sin B = cos (A — B) —cos (A + B)
rigonomelry cos D — cos C = 2sin (half sum) x sin (half diff.)
sinf =3 0 = opposite N Triangles
a
cosf =y h = hypotenuse ? Sinerule; A_=_b_-_¢_ sinA_sinB_sinC g
p=2 . . L] [ merulel GyAT sinB snC O & b ¢
tan 6 = a = adjacent side a Cedd?
Cosine rule: a2=b2+c>—2bccos A or cosA = >+ =2 a
h?=a% + ¢? Pythagoras’ theorem osie ¢ 2bc c
1 .
. jangle: ==—absinC
Special Angles ‘ Area of triangle: Area 3 A . c
0 | 0°[30°[45°|60°[90°
. 1lils - Sequences and Series
sinB@| 0 2|52 1 30
2 Arithmetic Series Geometric Series
cos 0] 1 ? Lll1p ) /3
2 1 a+@+d) +@+2d)+@+3d)+... at+ar+af+ar+...
1 ° o
tan 8| 0 % 113 45 60 t=a+(@m-1)d t =ar’
1 1 o _a(l-t
S,=2Qa+@-1d Sa="i=g "1

S.=-2forlrl<1
1-r

sin(90° + 6) = cosB

f 3 y g
ili
(x,y) COS(90o x 9) = ¢sine PrObab ry
L ::y sin(180° £ 6) = Fsind P(A)=1-P(A")
g d > cos(180° £ ) = -cosH P(A or B) = P(AUB) = P(A) + P(B) - P(ANB)
A and B are independent events <> P(AnB) = P(A) x P(B)

sin(360° — 0) = -sin®
COS(36O0 - 6) = cosO
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Mean, Variance and Standard Deviation

Statistic | Sample of Ungrouped Data Samples of Grouped Data
Zx
Mean X=— x= i
n f.
1
Variance 2 oD 2 EO-NE
n Zfi
_ Z-/\'z 2 szf 2
=——x = 1 1 b
0
Standard
Deviation =V s=vs?
Calculus

Differentiation of a Sum

f+g)=f+g°

Quotient Rule

(ﬁ)_ gxf —fxg
g 2
g

Product Rule

fxg=f'xg+fxg’

s dwy) gy d
ie. —==y 4 ¥
& o TG

Composite Function Rule
(fog)"=fogx g~
i.e. if u = g(x) and y = f(u) then

Areas Under Normal Probability Curve

The tabulate value is the probability that the standardised normal variate z
(with u=0, 6=1) lies between 0 and z e.g. P(0 <z < 1.43) = 42.36%

L T Y
oo d6)_va-ud Y
dx 2 dx du dx
Integration
Function Indefinite Integral Definite Integral
_ b b
y = () Jydx = [f(x) dx [ ydx =] f(r)dx
a a
0 k 0
c cx+k c(b-a)
- ( 1 xn 1 n+l n+l
B —a
n#-1) n+1 t k n+1

z 0 1 2 3 4 5 6 7 8 9 12345 6(7 89
0.0 | .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0275 .0319 .0359 4 8 12|16 20 24|28 32 36
0.1 |.0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0754 4 8 1216 20 24|28 32 36
0.2 1.0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 .1141 4 8 12]15 19 22|27 31 35
2 0.3 ].1179 .1217 (1255 .1293 .1331 .1368 .1406 .1443 .1480 .1517 4 8 1115 19 22|26 30 34
0.4 |.1554 .1591 .1628 .1664 .1700 .1736 .1772 .1808 .1844 .1879 4 7 11/14 18 2225 29 32
0.5 |.1915 .1950 .1985 .2019 2054 .2088 .2123 2157 .2190 .2224 37 10{14 17 21|24 27 31
0.6 |.2258 2291 .2324 2357 .2389 .2422 .2454 2486 .2518 .2549 36 1013 16 1923 26 29
0.7 {2580 2612 .2642 2673 2704 2734 2764 .2794 .2823 .2852 36 912 15 1821 24 27
0.8 | 2881 .2910 .2939 .2967 .2996 .3023 .3051 .3078 .3106 .3133 36 811 14 17{19 22 25
0.9 | 3159 .3186 .3212 .3238 3264 .3289 .3315 .3340 .3365 .3389 35 8|10 13 15/18 20 23
1.0 |.3413 .3438 3461 .3485 .3508 .3531 .3554 .3577 .3599 .3621 25 719 12 1416 18 21
1.1 |.3643 .3665 3686 .3708 .3729 .3749 .3770 .3790 .3810 .3830 24 6(8 10 12114 16 19
1.2 {.3849 .3869 .3888 .3907 .3925 .3944 .3962 .3980 .3997 .4015 24 5{7 911113 15 16
1.3 |.4032 4049 4066 .4082 4099 4115 4131 4147 4162 4177 23 5|6 8101113 14
1.4 |.4192 4207 4222 4236 4251 4265 4279 4292 4306 4319 1346 7 81011 13
1.5 | .4332 4345 4357 4370 4382 4394 4406 4418 4429 4441 12415 6 7,810 11
1.6 | 4452 4463 4474 4484 4495 4505 4515 4525 4535 4545 12345 6/7 89
1.7 | 4554 4564 4573 4582 .4591 4599 4608 4616 4625 4633 1233 4 56 78
1.8 | .4641 4649 4656 4664 4671 4678 4686 4693 4669 .4706 112(3 4 45 6 6
1.9 | 4713 4719 4726 4732 4738 4744 4750 4756 4761 4767 1122 3 44 5 5
2.0 | 4772 4778 4783 4788 .4793 4798 4803 4808 4812 4817 01 1]2 2 313 4 4
2.1 | .4821 .4826 .4830 4834 4838 4842 4846 4850 4854 .4857 01 1]2 2 2/3 3 4
2.2 |.4861 4864 4868 4871 .4875 4878 4881 4884 .4887 .4890 ot 1|12 2/2 33
2.3 |.4893 4896 .4898 .4901 .4904 .4906 .4909 4911 .4913 .4916 00 1|1 1 2/2 2 2
2.4 (.4918 4920 4922 4925 4927 4929 4931 4932 4934 4936 00 1(1 1 111 2 2
2.51.4938 4940 .4941 4943 .4945 4946 4948 .4949 4951 4952 0001 1 11 11
2.6 | 4953 4955 .4956 .4957 .4959 .4960 4961 4962 .4963 .4964 000|0 1 1y1 1 1
2.7 | .4965 4966 4967 4968 .4969 4970 4971 4972 4973 4974 000{0 0 1|1 1 1
2.8 | 4974 4975 4976 4977 4977 4978 4979 4979 4980 .4981 000|{0 0 0|0 0 1
2.9 | 4981 4982 4982 4983 .4984 4984 4985 4985 4986 .4986 00 0|0 0 0|0 O 1
3.0 | 4987 4987 .4987 4988 .4988 .4989 4989 .4989 .4990 .4990 000{0 0 0/0 0 O
3.1[.4990 4991 .4991 4991 .4992 .4992 4992 .4992 .4993 .4993 000{0 0 0/0 0O
3.2 |.4993 4993 4994 4994 4994 4994 4994 4995 4995 4995 0000 0 0/0 0O
3.3 |.4995 4995 4.995 .4996 .4996 .4996 4996 .4996 .4996 4997 000{0 0 0/0 0 O
3.4 |.4997 4997 4997 4997 4997 .4997 4997 4997 4997 .4998 000|(0 0 0,0 00
3.5 |.4998 4998 .4998 4998 4998 .4998 4998 .4998 4998 .4998 000{0 0 0|0 O O
3.6 |.4998 4998 .4999 4999 .4999 .4999 .4999 4999 .4999 .4999 000{0 0 0|0 0 O
3.7 1.4999 4999 4999 4999 4999 4999 4999 4999 4999 4999 0000 0 0|0 0 O
3.8 .4999 4999 4999 4999 .4999 .4999 4999 .4999 .4999 4999 0000 000 00
3.9 |.5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 .5000 000({0 0 0{0 0 O









